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The  third  annual  report  of  the  University  Research  Initiative  project  at  UCSB 
on  High-Temperature,  High-Performance  Composites  consists  of  sections  compiled 
in  a  total  of  six  books.  The  first  section  in  Book  1  is  concerned  with  the  properties 
and  structure  of  bimaterial  interfaces  and  the  related  problem  of  coating  decohesion 
and  cracking.  The  second  section  describes  research  on  the  strengths  and  fracture 
resistance  of  brittle  matrix  composites  manufactured  with  fibers,  whiskers  and 
ductile  phases.  This  information  is  presented  in  Books  2  and  3.  The  third  section 
addresses  the  flow  and  creep  strength  of  reinforced  systems,  with  emphasis  on  effects 
of  aspect  ratio  and  the  incidence  of  damage,  and  is  offered  in  Book  4.  The  fourth 
section,  Books  5  and  6,  describes  work  on  processing  of  intermetallic  and  ceramic 
matrices  and  composites,  as  well  as  numerical  modelling  of  the  melt-spinning 
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SECTION  2:  STRENGTH  AND  FRACTURE  RESISTANCE 

FIBER  REINFORCEMENT 

The  axial  tensile  properties  of  a  range  of  fiber  reinforced  ceramics  have  been 
rigorously  evaluated  and  shown  to  be  consistent  with  models  previously  developed 
in  the  program.  In  particular,  the  matrix  cracking  stresses  and  the  ultimate  strength 
have  been  predicted  through  the  models  based  on  independent  measurements  of  the 
elastic  properties,  the  interface  sliding  stress,  the  interface  debond  energy,  the 
residual  strain  and  the  in  situ  strengths  of  the  fibers.  The  basic  models  applicable  to 
tensile  properties,  as  well  as  the  methods  for  measuring  the  important 
microstructural  properties,  are  thus  concluded  to  capture  the  essential  features  of 
composite  behavior. 
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Mode  I  resistance  curve  measurements  have  been  made  on  composites  heat 
treated  to  produce  fiber  interfaces  having  sufficient  sliding  resistance  that 
delamination  cracking  is  suppressed  (Sbaizero).  The  materials  and  test  specimens 
lead  to  large  scale  bridging  and  the  measured  data  require  correction  for  this,  as 
elaborated  below.  The  crack  growth  behavior  has  also  been  numerically  simulated 
(Iiom  and  McMeeking)  based  on  bridging  and  sliding  traction  laws  derived  in 
previous  research  within  the  program.  Good  agreement  between  the  simulation  and 
experimental  data  is  demonstrated  for  an  interface  sliding  stress  consistent  with  the 
measured  fiber  pull-out  lengths.  The  results  also  reveal  that  frictional  dissipation 
during  pull-out  provides  the  main  contribution  to  the  toughness  ( *  20  MPa  yfm 
at  steady-state)  and  that  large  scale  bridging  effects  lead  to  substantial  overestimates 
of  actual  toughness  levels  when  conventional  linear  elastic  fracture  mechanics 
formulae  are  used. 

Delamination  cracking  has  been  investigated  in  a  laminated  composite 
(Sbaizero  et  al.)  and  the  data  have  been  interpreted  based  on  solutions  for  mixed 
mode  cracking  in  anisotropic  media  (Suo).  Delamination  crack  growth  resistances 
have  been  deduced  and  shown  to  be  governed  primarily  by  the  matrix  fracture 
energy,  with  some  contribution  from  distributed  fibers  that  bridge  the  crack 
surfaces.  The  crack  is  also  found  to  progress  into  a  steady-state  trajectory  along  a 
laminate  interface;  furthermore,  the  initial  crack  path  rotates  toward  that  interface  in 
a  sense  governed  by  the  sign  of  Kn. 

To  further  understand  these  effects,  a  new  method  for  fabricating  ceramic 
composites  has  been  invented  (Folsom  etal.).  The  method  involves  bonding 
together  thin  ceramic  sheets  and  thin  layers  of  fibers  to  form  a  multiple  sandwich 
composite  comprising  of  alternate  layers  of  ceramic  and  fibers.  The  thin,  strong 
ceramic  sheets  are  formed  by  a  method  used  to  make  ceramic  substrates  for 
electronic  packaging.  The  fiber  layers  can  be  in  the  form  of  either  aligned  fibers  or 
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cloth,  which  are  penetrated  with  an  appropriate  bonding  agent,  e.g.,  an  epoxy  resin, 
metal  or  ceramic  powder.  The  composite  is  formed  by  sandwiching  the  ceramic 
sheets  with  fiber  layers  and  then  bonding  the  ceramic  sheets  to  the  fiber  layers  with 
an  applied  pressure  at  the  appropriate  temperature.  Current  work  emphasizes 
composites  formed  with  epoxy  resin,  carbon  fiber  prepregs  laminated  between 
ceramic  sheets  comprised  of  cither  alumina,  transformation  toughened  zirconia,  or 
glass  by  hot-pressing.  Because  processing  is  simple  and  carried  out  at  low 
temperatures,  large  numbers  of  composite  modifications  are  being  explored. 

Fracture  resistance  caused  through  bridging  by  fiber  and/or  by  ductile 
reinforcements  has  been  addressed  in  the  large  scale  bridging  regime  (Zok  and 
Horn),  by  experiments  conducted  on  metal  reinforced  ceramics  (Velamakanni  et  al.), 
on  fiber  reinforced  ceramics  (Sbaizero  et  al.)  and  on  a  metal  fiber  reinforced  polymer. 
The  results  establish  a  strong  influence  of  large  scale  bridging  on  the  apparent 
fracture  resistance,  consistent  witi.  numerical  simulations  of  crack  growth  in  such 
materials.  An  approximate  analytical  solution  has  also  been  developed  that 
correlates  well  with  the  data  and  may  be  used  for  interpretation  purposes  and, 
furthermore,  generates  actual  material  resistances  from  the  experimental  results. 
Additionally,  this  work  clearly  indicates  that  nominal  fracture  toughness  results  can 
substantially  overestimate  actual  properties  and  must  be  used  with  caution. 

DUCTILE  REINFORCEMENT 

Following  the  results  of  the  previous  year  which  highlighted  the  importance 
of  interface  debonding  and  of  the  reinforcement  ductility  (Ashby  et  al.)  on  the 
toughness,  a  systematic  study  has  been  completed  on  the  effects  of  those  variables 
(Cao  et  al.;  D&ve  et  al.).  For  this  purpose,  experiments  have  been  conducted  on 
composite  cylinders  and  on  laminated  systems  consisting  of  TiAI  and  Nb/Ti  alloys 
(thickness,  2R),  with  various  thin  oxide  coatings  and/or  reaction  product  layers 
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between  the  matrix  and  reinforcements-  The  results  reveal  that  Y2O3  coatings  inhibit 
reactions  and  also  allow  extensive  debonding  (debond  length  d  -  20R),  consistent 
with  its  relatively  low  fracture  energy  (Pf  25  Jm-2).  For  high  ductility 
reinforcements,  such  as  high  purity  Nb,  debonding  leads  to  a  large  work  of  rupture 
(%  -4  6-7).  In  the  absence  of  a  coating,  more  limited  debonding  occurs  (d  -  5-6R) 
along  a  a-phase  reaction  product  layer,  resulting  in  a  smaller  work  of  rupture 
(X  "  2.5).  Furthermore,  for  the  latter,  X  is  found  to  be  similar  for  composite 
cylinders,  for  laminates  and  for  actual  composites.  High  strength,  low  ductility 
reinforcements,  such  as  Ti-33%  Nb,  indicate  different  characteristics.  In  this  case, 
extensive  debonding  (induced  by  Y2O3  coatings)  results  in  abrupt  reinforcement 
rupture  and  small  %  (1-1.5).  However,  when  debonding  is  suppressed  by  averting 
the  formation  of  a  brittle  reaction  products  layer,  inhomogeneous  deformation  in  the 
Ti/Nb  apparently  suppresses  necking  and  allows  a  moderately  large  work  of 
rupture  (X  «  2-3  in  laminates  and  X  ■  4-5  in  composites).  The  approach  needed  to 
achieve  optimum  toughening  thus  depends  sensitively  on  the  flow  and  fracture 
behavior  of  the  reinforcement.  An  important  effect  of  matrix  crack  offset  on  X  has 
also  been  found  (Ashby)  in  the  sense  that  X  increases  as  the  offset  angle  increases.  It 
remains  to  ascertain  how  this  benefit  can  be  encouraged  in  actual  composites. 

An  essential,  related  aspect  of  this  study  concerns  diffusion-couple  annealing 
experiments  which  have  been  used  to  explore  interactions  between  y-TiAl  matrices 
and  ductile-phase  reinforcements  based  on  f}-(Ti,Nb)  alloys.  The  nature  and  rate  of 
evolution  of  the  interfacial  layers  have  been  characterized  and  the  interdiffusion 
coefficients  of  Nb  and  A1  in  the  fi-(Ti,Nb)  phase  have  been  calculated  for  the 
900-100°C  temperature  range  using  a  Matano-Boltzmann  analysis.  While  the 
interdiffusion  coefficients  are  dependent  on  alloy  composition,  the  activation 
energies  were  found  to  be  quite  similar  in  all  cases,  about  250  +  40  kj/mole 
(Jewett  et  al.). 
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A  process  for  producing  ceramics  with  an  interpenetrating  network  of  a 
metallic  alloy  has  been  invented  (Velakammani  et  al.).  In  this  process,  ceramic 
powder  is  packed  within  a  pyrolyzable  preform,  e.g.,  an  organic  fiber  felt,  by 
pressure  filtration.  The  preform  is  then  pyrolyzed  at  low  temperature  of  produce  a 
powder  compact  containing  pore  channels  remnant  of  the  preform.  The  ceramic 
powder  is  densified  at  higher  temperatures  without  eliminating  the  pore  channels 
which  at  infiltrated  with  a  molten  metal.  A  systematic  study  of  the  fracture 
toughness  based  on  the  above  variables,  which  can  be  changed  with  this  new 
processing  method,  is  in  progress.  Initial  studies  have  emphasized  AI2O3  and 
transformation  toughened  Zr02  matrices  containing  20  pm  fibers  of  a  Al-Mg  alloy 
with  an  architecture  remnant  of  a  needled  felt  used  to  create  the  channels  within  the 
ceramic.  Squeeze  casting  is  used  to  intrude  the  molten  metal  into  the  pore  channels. 
Preliminary  fracture  mechanics  testing  to  determine  crack  growth  resistance  as  a 
function  of  crack  length  has  shown  that  the  ductile  bridging  ligaments  increase 
fracture  toughness. 

Studies  of  the  deformation  behavior  of  the  reinforcements  have  provided 
additional  insight.  Deformation  of  TiNb  involves  rafted  dislocation  pile-ups  in 
narrow,  coarsely  distributed  slip  bands  that  extend  large  distances  away  from  the 
crack  surfaces.  Fracture  occurs  at  the  intersection  of  these  bands.  In  the  Nb  system, 
twinning  and  slip  occur  in  the  y  matrix  around  the  interface  and  near  the  crack 
plane,  Furthermore,  debonds  along  the  <7  phase  reaction  product  layers  appear  to 
initiate  at  sites  where  the  twins  intersect  this  layer: 
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MATRIX  TOUGHENING 

An  investigation  of  ceramics  toughened  with  whiskers  (Campbell  et  al.)  has 
established  both  the  prevalent  contributions  to  toughness,  as  well  as  the  realistic 
toughening  potential.  The  two  principal  toughening  contributions  derive  from  the 
extra  surface  oneigy  associated  with  debonding  along  the  amorphous  phase  at  the 
interface  and  the  energy  dissipated  as  acoustic  waves  when  the  whiskers  fail  in  the 
crack  wake.  These  contributions  can  lead  to  toughness  of  order  Kc  »  10 
Much  larger  toughness  could  be  induced  by  encouraging  frictional  dissipation  by 
sliding  and  pull-out  along  debonded  interfaces.  Direct  measurements  of  these 
effects  (Ashby)  produce  an  opportunity  to  understand  how  this  contribution  can  be 
understood  and  emphasized. 

Fracture  resistance  effects  have  also  been  explored  for  process  zone 
toughening  mechanisms  (Stump  and  Budiartsky;  Horn  and  McMeeking).  These 
results  show  that  the  resistance  curves  exhibit  a  peak  preceding  steady-state  and  that 
the  peak  height  is  related  to  the  gradient  in  volume  fraction  of  transformed  material 
in  the  process  zone,  f(y),  in  the  sense  that  uniform  transformation  in  the  zone  leads 
to  the  maximum  peak  height.  A  comparison  of  simulated  fracture  resistance  curves 
with  experimental  results  (Horn  and  McMeeking)  reveals  good  agreement  when 
independent  measurements  of  f(y)  and  of  the  process  zone  size  and  shape  are  used 
to  set  the  magnitudes  of  the  parameters  used  in  the  simulation. 

The  overall  toughness  of  a  reinforced  system  may  involve  multiplicative 
effects  between  matrix  toughening  and  reinforcement  toughening.  Matrix 
toughening  behaviors  include  the  transformation  and  whisker  mechanisms  noted 
above,  as  well  as  twin  toughening.  Multiplicative  effects  with  reinforcement 
toughening  occurs  primarily  with  process  zone  mechanisms  (twinning, 
transformation,  etc.).  Analysis  of  the  coupled  toughening  (Stump  and  Budiansky, 
Horn  and  McMeeking)  have  demonstrated  conditions  that  provide  the  extremes  of 
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multiplicative  and  additive  behavior.  Also,  resistance  curves  applicable  when 
multiple  mechanisms  operate  have  been  simulated.  These  calculations  provide  the 
insight  needed  to  select  matrix  microstructures  consistent  with  that  reinforcement 
scheme  of  choice. 
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H.  C.  Cao,  B.  J.  Dalgleish,  H.  E.  Dfeve,  C.  K.  Elliott 
A.  G.  Evans,  R.  Mehrabian  and  G.  R.  Odette 
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ABSTRACT 


A  cylindrical  test  specimen  for  evaluating  the  toughening  of  brittle 
intermetallics  by  ductile  reinforcements  has  been  evaluated.  A  processing 
procedure  capable  of  producing  specimens  has  been  devised,  using  HIPing,  and  a 
method  for  the  tensile  testing  of  the  specimen  has  been  established.  Resuits  are 
presented  for  y-TiAl  reinforced  with  Nb  and  a  Ti-33at%Nb  alloy.  The  toughening 
imparted  by  these  materials  is  interpreted  in  terms  of  their  strength,  ductility  and 
interface  reactions,  as  well  as  loss  of  constraint  mediated  by  the  extent  of  debonding 
along  the  reaction  product  layers.  Finally,  the  results  are  compared  with  those 
previously  obtained  on  actual  composites. 
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1.  INTRODUCTION 


The  concept  whereby  a  brittle  material  can  be  toughened  using  ductile 
reinforcements  is  now  well  established.  Indeed,  this  approach  has  been  used  to 
toughen  both  ceramics  1“*  and  intermetallics,5  resulting  in  increases  in  the  critical 
stress  intensity  factor  by  as  much  as  four  hundred  percent.  The  mechanism 
primarily  responsible  for  the  increased  toughness  has  been  attributed  to  the  plastic 
work  that  occurs  in  the  ductile  ligaments  as  they  stretch  to  failure  between  the  crack 
surfaces.2'*'*  The  toughness  systematically  increases  with  increase  in  length  of  the 
ductile  bridge  zone  and  eventually  realizes  a  steady-state  level  at  a  maximum  bridge 
length  governed  by  ligament  rupture.6  At  steady-state  the  increase  in  toughness, 
A</0  is  given  by,  3<7 

A£c»fo0Rx  ‘  ‘  (1) 

where  f  is  the  area  fraction  of  ductile  material  on  the  fracture  surface,  0O  is  the 
uniaxial  yield  stress,  R  is  a  representative  cross  sectional  radius  for  the 
reinforcement  and  X  is  a  "work  of  rupture"  function  which  depends  on  the  debond 
length  at  the  reinforcement  matrix  interface,  d,  the  plastic  displacement  at  ligament 
failure,  u*,  and  the  work  hardening  coefficient,  n.  The  ductile  reinforcements  may 
also  increase  toughness  by  crack  deflection5  and  by  trapping  mechanisms.  However, 
the  dominance  of  the  plastic  work  contribution  has  been  verified  for  several 
toughened  composites,5'8  leading  to  identification  of  ^0  /  R,  d  and  u*  as  critical 
parameters  controlling  the  toughness.  These  parameters  are  interdependent  and 
governed  by  the  combined  properties  of  the  reinforcements  and  the  interfaces.  In 
particular,  deformation  of  the  ductile  phase  takes  place  under  evolving  conditions 
of  constraint  associated  with  debonding  from  the  elastic  matrix,  strain  hardening 
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and  large  geometry  changes  due  to  necking,  crack  propagation  or  shear  band 
formation.  Easy  debonding  leads  to  lower  deformation  stresses  and  higher 
ductilities,  whereas  strong  bonding  increases  the  effective  deformation  stresses  but 
decreases  the  ductilities.  The  interactions  between  these  variables  are  clearly 
complex.  However,  it  is  noteworthy  that,  for  highly  ductile  reinforcements,  such  as 
Nb  in  TiAl  and  Pb  in  glass,  the  effects  on  X  appear  to  be  manifest  in  a  single  plastic 
stretch  parameter,3  u*/R  (Fig.  la),  with  the  effects  of  debonding  implicit  in  the  trend 
with  plastic  stretch.  Conversely,  Ti-33at%Nb  reinforcements  in  TiAl  give  an 
anomalously  high  work  of  rupture. 

The  properties  of  the  ductile  phase  and  interface  are  mediated  by  their 
respective  microstructures.  For  example,  precipitation  hardening  in  the  ductile 
phase  increases  <J0,  hut  may  also  diminish  the  ductility.  Debonding  is  expected  to  be 
a  function  of  the  constitutive  properties  of  the  ductile  phase,  as  well  as  the  fracture 
energy  of  the  interface  and/or  reaction  product  layers.  The  purpose  of  the  present 
study  is  to  establish  a  composite  cylinder  test  procedure  that  allows  systematic 
investigation  of  the  issues  outlined  above  for  composites  having  practical  utility. 

The  test  procedure  is  based  both  on  the  concept  that  toughening  can  be 
described  in  terms  of  the  stress/displacement  relationship  for  a  composite 
cylinder2'3*6*7  (Fig.  lb)  and  on  the  original  success  of  testing  such  specimens 
conducted  on  the  model  glass/Pb  alloy  system.3  This  approach  is  extended  in  the 
present  study,  by  developing  solid-state  processing  methods  suitable  for  composite 
cylinder  testing  applicable  to  material  combinations  having  practical  importance. 
Specifically,  the  procedures  are  developed  for  a  TiAl  matrix  reinforced  with  pure  Nb 
alloys  and  a  Nb  alloy.  However,  the  methods  have  broad  applicability  to 
intermetallic  and  ceramic  matrix  composites  reinforced  with  high  melting 
temperature  ductile  alloys. 
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Ancillary  characterization  techniques  are  used  to  relate  the  macrostructure 
and  microstructure  to  the  mechanical  performance  of  the  composite  specimens. 
Furthermore,  the  results  of  the  composite  specimen  tests  are  compared  with  actual 
toughness  measurements  made  on  similar  alloys  fabricated  by  powder  processing 
procedures.5 

2.  THE  TEST  SPECIMEN 

The  basic  test  specimen  consists  of  a  concentric  cylinder  shown  in  Fig.  2,  with 
an  outer  matrix  bonded  to  a  central  ductile  reinforcement.3  The  specimen,  after 
processing,  is  circumferentially  notched  and  procrackcd  up  to  the  reinforcement.  A 
key  experimental  variable  is  the  notch  geometry  in  the  vicinity  of  the  wire. 
Precracking  is  facilitated  by  a  deep  notch  with  a  low  flank  angle  which  terminates 
close  to  the  wire  interface.  However,  in  order  to  accurately  simulate  the  behavior  of 
the  reinforcement  in  the  actual  composite,  it  is  also  important  that  the  matrix 
maintain  an  appropriate  degree  of  elastic  constraint.  Clearly,  this  requirement 
places  limits  on  the  notch  width  and  the  distance  between  the  notch  tip  and  the  wire 
interface.  The  appropriate  balance  between  these  requirements  depends,  in  turn,  on 
the  combined  properties  of  the  composite  cylinder  and  the  method  of  precracking. 
Hence,  identifying  appropriate  notching  and  precracking  techniques  was  one  of  the 
objectives  of  this  preliminary  work. 


2.1  PROCESSING 

Test  specimens  have  been  prepared  using  the  following  general  sequence  of 
operations:  casting  cylinders  of  TiAl  matrix  material;  introducing  a  concentric  hole; 
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inserting  the  wire  with  a  small  clearance  into  the  hole;  creeping  the  cylinder  onto 
the  wire  to  create  a  pressure-diffusion  bond  between  the  matrix  a.\d  reinforcing 
alloy.  Such  matrix  cylinders  with  an  outer  diameter  of  9mm,  consisting  c> 
Ti-50.5at%Al,  were  acquired  from  TiMet.  The  microstructure  of  the  matrix 
consisted  primarily  of  single-phase  y-TiAl  with  a  small  proportion  of  OC2.  A  ^mm 
diameter  concentric  hole  was  bored  into  each  cylinder  using  a  lathe  with  a  diamond 
drill.  The  wires  were  acquired  from  Teledyne  Wah  Chang,  extruded  to  a  diameter  of 
slightly  less  than  2mm,  and  annealed  at  1060*C  for  4  hours. 

The  wires  were  inserted  into  the  TiAl  matrix  hole  and  the  composite 
incorporated  into  a  Ti  can.  The  can  was  evacuated  and  sealed  by  welding.  The 
canned  system  was  inserted  into  a  hot  isostati:  press  (HIP)  and  exposed  to  a 
pressure/heating  cycle  (182  MPa  at  1200°C  for  either  2  or  4  h)  capable  of  creeping  the 
matrix  onto  the  wire  and  creating  a  diffusion  bond. 


2.2  SPECIMEN  PREPARATION 

Subsequent  to  HIPing,  tensile  test  specimens  were  machined  on  a  precision 
lathe.  First,  the  outer  radius  of  the  canned  system  was  turned  to  ensure  that  the 
reinforcement  was  centrally  located.  A  concentric  circumferential  notch  was  then 
introduced  into  the  specimen  midplane.  Three  types  of  notches  were  employed 
(Fig.  3),  in  order  to  investigate  a  range  of  possible  procedures.  The  first  procedure, 
notch  type  A,  used  for  the  Ti-33at%Nb  specimens  consisted  of  initial  notching  with 
a  carbide  tool  yielding  a  2  mm  outside  width  tapering  at  a  low  flank  angle  to  within 
about  100pm  of  the  wire  interface  (Fig.  3a);  in  this  case  the  tip  was  further  sharpened 
using  a  thin  diamond  blade.  A  similarly  sharpened  notch,  type  B,  was  used  for  one 
Nb  specimen,  except  that  the  flank  angle  was  zero  and  the  root  located  about  300pm 
from  the  wire  interface  (Fig.  3b).  The  third  procedure,  notch  C,  used  for  the  second 
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Nb  specimen,  involved  diamond  grinding  at  a  flank  angle  of  90*  to  within  about 
400 jim  of  the  interface  (Fig.  3c). 

After  notching,  stainless  steel  gripping  threads  were  adhesively  bonded  to 
each  end  in  an  alignment  jig  in  order  to  maintain  concentricity,  by  using  an 
adhesive  that  maintains  a  bond  up  to  the  load  levels  expected  upon  testing.9 

Tensile  test  specimens  of  the  reinforcement  wire,  annealed  at  1060°C  for  4h, 
were  also  prepared.  A  2cm  central  gauge  section  was  formed  on  a  7.5  cm  long  2mm 
diameter  wire,  by  abrasive  removal  of  approximately  250jim  with  abrasive  paper. 
Threaded  ends  were  then  adhesively  attached  in  an  alignment  jig. 


2.3  TESTING  PROCEDURES 

Testing  of  the  composite  cylinder  was  performed  in  uniaxial  tension.  Load 
train  alignment  was  achieved  by  coupling  the  grips  to  a  universal  joint  on  the  top 
and  a  Teflon  lubricated  ball  seating  fixture  on  the  bottom.  The  tests  were  conducted 
under  displacement  control  at  l^m/s.  Displacements  were  measured  in  the  gauge 
section  using  an  axial  extensometer  attached  to  the  specimen.  The  tests  were  also 
monitored  optically,  by  using  a  long  focal  length  microscope  coupled  with  a  video 
recorder,  capable  of  magnifications  up  to  100.  The  real-time  optical  observations 
were  found  to  be  useful  in  characterizing  the  general  features,  as  well  as  detailed 
aspects  of  crack  initiation  and  reinforcement  deformation. 

Precracking  was  carried  out  as  an  integral  part  of  the  tensile  test.  Ideally,  the 
precrack  should  extend  from  the  root  of  the  machined  notch,  up  to  the 
reinforcement  wire,  at  a  load  below  that  required  to  yield  the  wire.  Then,  the  wire 
deformation  commences  from  a  very  sharp  crack,  and  the  entire  elastic-plastic 
stress/deformation  curve  for  the  reinforcement  is  monitored.  This  condition  is 
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difficult  to  achieve,  but  is  most  closely  approximated  by  precracking  at  a  slow  rate 
with  a  low  compliance  loading  train. 


3.  MECHANICAL  CHARACTERISTICS 

3.1  REINFORCING  ALLOY  WIRES 

Tensile  tests  on  the  Nb  and  Ti-33at%Nb  alloy  wires  gave  the  true  stress/strain 
curves  shown  in  Fig.  4.  The  properties  are  summarized  in  Table  I.  The  Nb  wire 
exhibited  an  upper  yield  stress  of  140MPa  followed  by  a  yield  drop  (■■  20MPa)  and  a 
region  of  Ludcr’s  strain  (0.001  to  0.01).  At  higher  strains,  hardening  was  rapid  with 
strain  hardening  exponent  n  *•  0.3.  The  uniform  engineering  strain  upon 
formation  of  a  diffuse  neck  was  about  0.3  and  the  ultimate  tensile  stress  200MPa. 
The  total  engineering  fracture  strain  was  about  0.  '5  and  the  reduction  of  area  (RA) 
0.98.  The  Ti-33at%Nb  alloy  wire  exhibited  very  different  behavior.  This  material 
had  a  much  higher  yield  stress  of  430MPa,  but  deformed  with  negligible  strain 
hardening,  following  a  slight  stress  drop  of  ~  20MPa.  The  wire  failed  by  the 
development  of  a  pronounced  local  neck  at  a  total  engineering  strain  of  only  0.16 
and  a  RA  of  0.89.  Optical  observation  revealed  the  formation  of  a  large  number  of 
surface  slip  bands  immediately  following  yield  and,  at  higher  strains,  indicated  the 
development  of  external  facets. 

3.2  COMPOSITE  CYLINDERS 

Tensile  tests  on  composite  cylinders  resulted  in  stress/displacement  curves 
(Fig.  5)  qualitatively  similar  to  those  previously  reported.3  The  test  parameters  are 
summarized  in  Table  II,  including  the  ligament  "work  of  rupture”  evaluated  using 
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(2) 


u*/R 

X  *  J(0/oo)d(u/R) 


where  a  U  the  stress  and  u  the  crack  opening  displacement. 

The  specimens  containing  Nb  reinforcements  experienced  a  load  drop  upon 
crack  formation  (F>g.  5)/  followed  by  a  broad  stress  maximum  at  stresses  in  the  range 
1.0  to  1.70o  for  displacements  u  between  0.2  and  1.0R.  Final  fracture  occurred  at  a 
critical  stretch,  u*/R  -  2.0.  The  "work  of  rupture*'  %  was  about  1.7  for  notch  typeC 
and  2.6  for  notch  type  B.  The  difference  between  the  two  specimens  is  attributed  to 
the  large  load  drop  involved  in  precracking  with  notch  C  (Fig.  5).  The 
reinforcement  morphology,  observed  optically,  revealed  a  broad  neck  accompanied 
by  considerable  debonding,  followed  by  final  failure  after  extensive  necking.  Such 
deformation  and  failure  can  be  characterized  as  low  strength,  low  constraint  and 
relatively  high  ductility.  Consequently,  the  above  result  for  notch  B  accords  well 
with  the  work  of  rupture,  plastic  stretch  relation  applicable  to  ductile  reinforcements 
(Fig.  1). 

Tests  on  specimens  with  Ti-33at%Nb  reinforcements  revealed  matrix  crack 
extension  well  below  the  yield  stress  of  th'.  wire  and  hence,  no  load  drop.  The 
normalized  stress  exhibited  a  maximum  of  about  1.70o,  the  fracture  displacement 
was  about  0.75R,  and  the  fracture  work  parameter  %  *  0.75.  Optical  observations 
revealed  the  formation  of  an  asymmetric,  "crack-like"  neck,  with  the  sharper  side 
propagating  to  final  fracture  without  evident  debonding.  The  associated 
deformation  patterns  were  similar  to  those  observed  in  the  unconstrained  tensile 
wire  test.  This  deformation  and  failure  behavior  can  be  characterized  as  high 
strength,  low  constraint  and  relatively  low  ductility.  However,  the  work  of  rupture 
is  anomalously  low  (cf.  Fig.  1).  The  discrepancy  is  believed  to  be  caused  by  multiple 
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fracture  of  the  matrix  around  the  notch  because  of  the  proximity  of  the  notch  tip  to 
the  wire,  as  discussed  below. 


4.  MICROSTRUCTURAL  AND  FRACTOGRAPHIC 
OBSERVATIONS 

4.1  INTERFACES 

The  interfacial  regions  have  been  studied  using  a  variety  of  analytical  and 
electron  microscopy  techniques  on  polished  cross  sections,  as  well  as  on  foils 
prepared  by  mechanical  dimpling  followed  by  ion  beam  thinning.  Such  studies 
indicate  that  a  15pm  reaction  layer  has  formed  between  the  TiAl  matrix  and  the  Nb 
wire  (Fig.  6a),  although  the  width  of  the  reaction  zone  is  expected  to  be  a  function  of 
time,  temperature  and  pressure,  as  well  as  the  gap  width  between  the  matrix  and  the 
wire.  The  compositions  of  the  different  regions  in  the  reaction  layer  are  assessed 
from  line  scans  (points  1  to  20  in  Fig.  6b).  The  measured  compositions,  plotted  on 
the  1200°C  isotherm  of  the  Ti-Al-Nb  ternary  phase  diagram10  (Fig.  7)  suggest  the 
reaction  zones  summarized  in  Table  III.  These  results  are  in  good  agreement  with 
the  diffusion  couple  experiments  of  Hsieh  otal.11  Transmission  electron 
microscopy  of  the  reaction  layer  is  currently  underway  to  clarify  the  nature  of  the 
phases  present  between  the  Ct  (<X2  below  ~  1120°C)  and  G  fields.  In  particular,  it 
would  be  of  interest  to  see  whether  Tj,  T2  or  other  phases  have  formed  and  to 
determine  if  solid-state  transformations,  other  than  a  to  (X2,  occurred  upon  cooling, 
because  the  studies  of  Jewett  et  al.10  have  shown  that  the  region  between  a,  Tj,  T2 
and  Y  is  sensitive  to  the  cooling  rate. 

The  reaction  zone  between  TiAl  and  the  Ti-33at%Nb  was  about  lOOfim  thick 
(Fig.  8a).  The  composition  was  analyzed  from  points  1  to  12  (Fig.  8b)  and  plotted  on 
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the  phase  diagram  in  Fig.  7.  The  different  zones  in  the  reaction  layer  are 
summarized  in  Table  HI. 


4.2  DEFORMATION,  DEBONDING  AND  FRACTURE 

Scanning  electron  microscopy  (SEM)  investigations  of  the  fracture  surfaces 
have  revealed  major  differences  between  the  Nb  and  the  Ti-33at%Nb 
reinforcements.  The  Nb  reinforcement  exhibited  extensive  plastic  deformation  (i.e., 
a  large  reduction  in  area)  and  debonding  (Fig.  9).  Fracture  occurred  by  void 
nudeation  and  growth  (Fig.  9a).  Cross  sections  indicated  debonding  to  a  depth  of  the 
order  0.8-1.25R  (Fig.  9b).  Investigation  of  the  Nb  surface  in  the  plastic  stretch  zone 
indicated  attached  brittle  fragments  cracked  in  a  mudeake  pattern  (Fig.  9b).  This 
observation  suggests  that  debonding  occurred  predominantly  within  the  brilllt 
reaction  product  layers,  probably  the  <3  phase  (see  Fig.  6).  Also,  plastic  blunting 
occurred  wherever  the  debond  terminated  at  the  ductile  Nb  (Fig.  9c). 

The  Ti-33at%Nb  exhibited  low  ductility  and  minimal,  if  any,  debonding 
(Fig.  10),  consistent  with  the  absence  of  a  brittle  reaction  product  layer  (see  Fig.  8). 
Deformation  in  the  TiNb  was  characterized  by  a  series  of  coarse  slip  steps  in  the 
regions  of  initial  necking.  The  final  fracture  surface  was  relatively  flat  and  revealed 
a  mix  of  facets  with  areas  of  ductile  rupture.  Also,  multiple  cracking  of  the  matrix 
and  of  the  reaction  product  layers  is  apparent  near  the  notch  tip. 


5.  TOUGHENING 

Initially,  it  is  instructive  to  compare  the  composite  cylinder  results  with 
measurements  and  observations  made  on  powder  processed  alloys  with  reinforcing 
phases  in  the  form  of  pancake  shaped  particles5,  about  20  to  40pm  thick.  Specifically, 
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the  Nb  phase  in  the  composite  is  relatively  soft  and  ductile,  forming  a  knife  edge 
fracture  surface,  with  considerable  debonding  from  the  y-TiAI  matrix.  Furthermore, 
the  deformation/fracture  behavior  of  the  Nb  in  the  alloy  is  almost  identical  to  that 
determined  for  the  composite  cylinder:  u*/R  -  1.6,  and  x  "  2.7  (Fig.  1). 
Consequently,  by  using  %  values  from  the  composite  cylinder  tests  along  with  the 
appropriate  values  of  f,  R  and  CT0t  for  the  powder  processed  alloy,  the  predicted 
toughness  increment  of  ISMPaVm"  for  the  composite  is  in  exact  agreement  with 
the  value  measured  for  the  alloy.  Moreover,  it  is  noted  that  composites  produced 
using  larger  reinforcement  radii  of,  say,  1mm  would  be  predicted  (Eqn.  1)  to  exhibit  a 
steady-state  toughness  of  68kjm~2  at  a  reinforcement  volume  fraction  of  0.2.  This 
toughness  coincides  with  a  critical  stress  intensity  factor  of  about  115MPaVm*. 
While  this  toughness  is  large,  it  is  important  to  appreciate  the  associated 
implications.  The  "steady-state"  toughness  is  manifest  only  after  appreciable  crack 
growth,  estimated  to  be  several  cm  for  bond  specimen  geometries.  Additionally, 
such  large  reinforcements  may  not  be  practical  in  many  cases. 

For  the  Ti-33at%Nb  system,  significant  differences  exist  between  the  results 
obtained  for  composite  cylinders  and  for  the  reinforced  alloys.12  In  particular,  the 
plastic  work  parameter  was  much  larger  for  the  alloy  (X  »  4.1)  than  that  obtained 
for  the  composite  cylinder  (X  ■  0.75),  although  u*/R  was  similar  (0.6).  This 
difference  is  governed  by  the  lack  of  constraint  in  the  composite  wire  specimens, 
resulting  from  multiple  cracking  between  the  notch  tip  and  wire  (Fig.  10). 

Finally,  it  is  emphasized  that  the  toughening  behavior  of  the  Nb 
reinforcements  in  yTiAl  is  much  less  than  the  optimum  measured  for  Pb 


t  Based  on  hardness  measurements,  the  Nb  in  the  alloy  had  a  effective  strength  about  a  factor  of 
about  1.75  larger  than  in  the  Nb  in  the  composite  cylinder. 
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reinforcements  in  glass7  (Fig.  1).  The  difference  is  attributed  to  different  debonding 
characteristics.  Further  study  of  such  effects  is  of  evident  importance. 


6.  CONCLUDING  REMARKS 

A  composite  cylinder  test  procedure  for  assessing  trends  in  the  ductile 
reinforcement  toughening  of  brittle  intermetallics  has  been  established.  The 
specimens  were  processed  by  HIPing  a  hollow  cylinder  c*  TiAl  onto  Nb  and  Nb-alloy 
wires.  The  composite  cylinders  were  then  notched  and  precracked  in  tension.  The 
results  of  the  tests  are  in  broad  agreement  with  the  behavior  of  reinforcements  in 
alloys  containing  similar  reinforcing  materials  and  previous  tests  of  constrained 
deformation  of  lead  wires  in  glass.  However  the  constraint  was  not  accurately 
simuiated  in  the  Ti-33at%Nb  specimens  which  experienced  multiple  fracture  of  the 
matrix  near  the  notch  tip.  This  conclusion  suggests  that  larger  distances  between  the 
notch  tip  and  wire  interface  are  required  to  maintain  appropriate  constraint  for  high 
strength,  low  ductility  reinforcements. 

The  tests  demonstrate  that  large  differences  in  deformation  and  fracture 
behavior  exist  for  soft,  ductile  Nb  and  the  stronger  but  less  ductile  Nb  alloy.  These 
differences  are  manifest  in  tensile  tests  as  well  as  in  actual  composites  and 
composite  cylinders.  Consequently,  the  need  for  further  study  of  the  behavior  of  Nb 
alloy  reinforcements  is  demonstrated. 


I 
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TABLE  I 


Tensile  Properties  of  Wires 


Material 

Yield  Stress 
(MPa) 

m 

I  1 

Uniform 

Strain 

Fracture 

Strain 

Reduction 

of  Area 

n 

Nb 

140 

200 

0.30 

0.45 

0.98 

0.3 

Ti-33at%Nb 

430 

— 

— 

0.16 

0.89 

~0 
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TABLE  II 

Tensile  Properties  of  Composite  Cylinders 


Reinforcing 

Material 

Maximum  Stress 

Plastic  Stretch 

u. 

Work  of  Rupture 

X 

Nb(C) 

1.4oo 

1.75R 

1.7 

Nb  (B) 

1.9c0 

2.6 

Ti-33at%Nb 

1.70o 

0.75R 

0.75 
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TABLE  III 


Reaction  Product  Regions 


a)  NbiTiAI 

Region: 

1-2 

3-4 

5-13 

15-13 

19-20 

Phase: 

a2 

t2 

a 

P 

b)  Ti-33at%Nb:  TiAl 

>£•  ,.n: 

1-2 

3-6 

6-12 

Phase: 

7 

oc?. 

P 
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FIGURE  CAPTIONS 


Fig.  1.  a)  The  worfc  of  rupture  as  a  function  of  plastic  stretch  and 
b)  calculated  stress,  stretch  curves. 

Fig.  2.  The  composite  cylinder  test  specimen. 

Fig.  3.  The  three  notch  configurations  used  for  tensile  testing  of  the  composite 
cylinder. 

Fig.  4.  True  stress-strain  curves  measured  for  the  Nb  and  Ti-33at%Nb  wires  in 
the  annealed  state. 

Fig.  5.  Tensile  stress/crack  opening  curves  measured  for  composite  cylinders 
with  Nb  and  Ti-33at%Nb  reinforcements. 

Fig.  6.  a)  Cross  section  SEM  micrograph  of  the  Nb  wire  in  the  TiAl  matrix, 

b)  Magnified  view  of  the  reaction  layer  between  TiAl  and  Nb. 

Fig.  7.  Ternary  phase  diagram  at  1200°C.  The  solid  circles  show  the  diffusion 
path  of  TiAl/Nb.  The  arrows  show  the  diffusion  path  of 
TiAl/Ti-33at%Nb.  [Preliminary  phase  diagram  is  from  Chang 
Perepezko.] 

Fig.  8.  a)  Cross  section  SEM  micrograph  of  the  Ti-33at%Nb  wire  in  the  TiAl 

matrix. 

b)  Magnified  view  of  the  reaction  layer  between  TiAl  and  Ti-33at%Nb. 

Fig.  9.  Scanning  electron  micrographs  of  fractured  Nb  composite  cylinder 
specimen 

a)  End  view  of  specimen  after  fracture  showing  necking  of  the  Nb  and 
interface  debonding 

b)  View  of  the  debond  region  showing  brittle  fragments  on  both  the 
Nb  and  TiAl  debond  surfaces 

0  A  view  of  the  end  of  the  debond  region  showing  brittle  crack 
extension  in  the  reaction  product  layers  and  blunting  in  the  Nb. 

Fig.  10.  Scanning  electron  micrographs  of  the  failure  process  in  the  Ti-33at%Nb 
composite  cylinder  specimen 
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(a)  Cross  section  SEM  micrograph  of  the  Nb  wire  in  the  TiAl  matrix. 

(b)  Magnified  view  of  the  reaction  layer  between  TiAl  and  Nb. 
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FIG.  7 


Ternary  phase  diagram  at  1200°C  [from  Chang  and  Percpezko  et  alj. 
The  solid  circles  show  the  diffusion  path  of  TiAl/Nb. 

The  arrows  show  the  diffusion  path  ofTiAl/Ti-33at.c.i.Nb. 
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SEM  VIEWS  showing  Ductile  Fracture  of  the  Mb  wire 
and  cleavage  fracture  of  the  adjacent  zone  in  the  TiAl  matrix 


FIG.  9A 


Debond  surface  in  TiAl  (matrix)/ 
Nb  (wire)  Fractured  specimin 
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FIG.  10 


SEM  Views  of  Fracture  in  TiAl/Ti-33at%Nb  Specimen. 
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Method  for  Processing  Metal  Reinforced  Ceramic  Composites 


Abstract 

A  new  process  is  developed  to  form  a  ceramic  containing  a  three  dimensional 
network  of  metal  reinforcement.  The  process  involves  four  steps:  1)  forming  a 
powder  compact  containing  a  continuous  network  of  either  organic  or  carbon 
material  by  pressure  filtration,  2)  pyrolyzing  the  network  to  form  channels  within 
the  powder  compact,  3)  densifying  the  powder  while  retaining  the  channel  network, 
and  4)  intruding  metal  into  the  channel  network  by  squeeze  casting.  Pressure 
filtration  is  used  to  form  the  powder  compact  containing  the  pyrolyzable  network 
either  by  mixing  slurries  of  powder  with  chopped  fiber  or  by  packing  powder  within 
pyrolyzable  preforms.  When  pressure  is  removed  after  filtration,  the  differential 
strain  recovery  of  the  powder  matrix  relative  to  the  organic  material  can  cause 
damage.  Such  damage  is  prevalent  for  a  powder  matrix  formed  from  flocced 
slurries.  However,  this  problem  was  avoided  by  using  dispersed  slurries  which 
produced  consolidated  bodies  that  alleviate  stresses  arising  from  differential  strain 
recovery  by  viscous  flow.  Metal  reinforced  ceramic  composites  with  different 
reinforcement  architectures,  volume  fractions  and  sizes  can  be  produced  with  this 
technique. 
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Abstract 

A  new  process  is  developed  to  form  a  ceramic  containing  a  three  dimensional 
network  of  metal  reinforcement.  The  process  involves  four  steps:  1)  forming  a 
powder  compact  containing  a  continuous  network  of  either  organic  or  carbon 
material  by  pressure  filtration,  2)  pyrolyzing  the  network  to  form  channels  within 
the  powder  compact,  3)  densifying  the  powder  while  retaining  the  channel  network, 
and  4)  intruding  metal  into ‘the  channel  network  by  squeeze  casting.  Pressure 
filtration  is  used  to  form  the  powder  compact  containing  the  pyrolyzable  network 
either  by  mixing  slurries  of  powder  with  chopped  fiber  or  by  pecking  powder  within 
pyrolyzable  preforms.  When  pressure  is  removed  after  filtration,  die  differential 
strain  recovery  of  the  powder  matrix  relative  to  the  organic  material  can  cause 
damage.  Such  damage  is  prevalent  for  a  powder  matrix  formed  from  fleeced 
slurries.  However,  this  problem  was  avoided  by  using  dispersed  slurries  which 
produced  consolidated  bodies  that  alleviate  stresses  arising  from  differential  strain 
recovery  by  viscous  flow.  Metal  reinforced  ceramic  composites  with  different 
reinforcement  architectures,  volume  fractions  and  sizes  can  be  produced  with  this 
technique. 

Introduction 

Metal  reinforcements  are  incorporated  into  ceramics  in  an  attempt  to  increase 
the  fracture  toughness  of  the  ceramic  matrix  and  impart  R-Curve  behavior.  To 
realize  these  properties,  the  reinforcements  must  act  as  bridges  behind  an  extending 
crack.  Consequently,  the  extending  crack  must  by-pass  the  reinforcement  and  the 
bridging  reinforcement  must  dissipate  energy.  Ductile  reinforcements  can  be  by¬ 
passed  because  of  their  much  larger  fracture  toughness  relative  to  the  matrix.  They 
dissipate  energy  through  constrained,  plastic  deformation.  The  magnitude  of  the 
plastic  work  per  reinforcement  times  the  number  intercepted  governs  the 
incremental  increase  in  fracture  toughness.  Toughness  increases  as  the  crack 
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extends  if  the  bridging  reinforcements  do  ftot:  immediately  fail.  This  increasing 
resistance  to  crack  extension  as  the  crack  grows  longer  is  known  as  R-Curve 
behavior  and,  if  significant,  can  make  the  strength  relatively  insensitive  to  crack 
length. 

Theoretical  work 1  suggests  that  the  improved  fracture  resistance  imparted  by 
a  highly  ductile  phase  will  increase  with  increase  in  its  volume  fraction,  yield 
strength,  and  bridge  diameter.  Recent  experimental  work  2  also  shows  that  some 
debonding  of  the  metal/ceramic  interface  will  increase  the  plastic  work.  It  would  be 
advantageous  to  fabricate  composites  wherein  these  fracture  related  parameters 
could  be  changed  in  order  to  test  theoretical  predictions  and  to  produce  optimally 
reinforced  microstructures. 

One  innovative  method  for  forming  metal  reinforced  ceramic  composites,  is 
under  commercial  development.3  This  method  involves  the  environmental 
reaction  of  a  molten  metal  (e.g.,  the  oxidation  of  certain  aluminum  alloys)  in  which 
a  reaction  product  (e.g.,  AI2O3)  continues  to  form  as  metal  is  wicked  though 
channels  within  the  reaction  layer  until  the  molten  pool  is  depleted.  This  unusual 
reaction  phenomenon  can  also  be  used  to  form  the  reaction  product  within  powder 
compacts  and  inorganic  fiber  preforms  4.  After  solidification,  the  metal  remaining 
in  the  channels  is  the  ductile  reinforcement 

All  other  metal  reinforced  ceramic  composites  are  formed  with  powder 
methods.  They  include  the  liquid  phase  sintering  of  ceramic  powder  with  a  molten 
met*l  (e.g.,  commercial  WC/Co  composites),  the  intrusion  of  a  molten  metal  into  a 
partially  sintered  powder  compact 5,  the  reduction  of  certain  polycrystalline  oxides  to 
form  a  metallic  phase  at  grain  junctions  *,  and  the  deformation  processing  (hot* 
pressing  and  HIPing)  of  powder/ refractory  metal  mixtures.  7  In  the  first  three  of 
these  methods,  the  metal  reinforcement  lies  at  and  along  grain  junctions  and  the 
size  of  bridging  ligaments  produced  during  fractufe  is  less  than  the  grain  size. 
Deformation  processing  can  produce  larger  diameter  reinforcements,  but  the  metal 
must  be  at  least  as  refractory  as  the  ceramic.  Reaction  between  the  ceramic  and 
metal  during  deformation  processing  can  also  be  a  concern. 

The  processing  method  introduced  here  has  the  potential  to  fabricate  many 
different  ceramic/metal  systems  in  which  the  architecture,  bridging  ligament 
diameter,  and  volume  fraction  of  the  metal  reinforcement  can  be  engineered  to 
optimize  fracture  behavior.  With  this  method  a  powder  compact  containing  a 
pyrolyzable  network  is  formed  by  pressure  filtration.  After  the  network  is  removed 
by  pyrolysis,  the  powder  matrix  is  densified.  Channels,  remnant  of  the  pyrolyzed 
network,  are  then  infiltrated  with  a  molten  metal. 

The  following  sections  review  pertinent  aspects  of  the  pressure  filtration 
method  used  to  incorporate  c  pyrolyzable  network  into  a  powder  compact  and  the 
procedures  used  to  form  a  metal  reinforced  ceramic.  Disruptive  phenomena 
produced  by  differential  strain  recovery  after  filtration  are  then  discussed  and 
methods  used  to  avoid  this  by  controlling  the  rheology  of  the  consolidated  body  are 
discussed.  Finally,  the  microstructures  of  different  composites  formed  by  this 
process  are  presented. 


Pressure  Filtration 


Pressure  filtration  is  a  method  for  consolidating  powders  from  a  slurry.  Large 
quantities  of  ferrite  components  are  produced  by  this  method.*  Furthermore,  with 
the  development  of  mold  able,  porous  plastic  die  materials  9,  sectors  of  the  ceramic 
industry  are  automating  plants  that  consolidate  complex  shaped,  day-based  ceramics 
by  pressure  filtration.  Pressure  filtration  it  also  a  desired  method  for  consolidating 
advanced  structural  components  in  which  heterogeneities  (agglomerates, 
indusions,  etc.),  which  lead  to  strength  degrading  flaw  populations,  are  removed  by 
colloidal  methods. 10 

During  pressure  filtration,  particles  within  a  slurry  build  up  a  consolidated 
layer  as  the  liquid  flows  through  the  layer  and  filter.  The  kinetics  of  pressure 
filtration  11  are  well  described  for  slurries  containing  cither  non-interacting  or 
repulsive  (dispersed)  particles.  12  The  function  describing  the  thickness  (h)  of  the 
consolidated  layer  as  a  function  of  time  was  derived  by  solving  Darcy's  differential 
equation  describing  flow  though  a  powder  bed.  This  function  includes  the  viscosity 
of  the  fluid  (q),  the  permeability  (k)  of  the  consolidated  layer,  the  volume  fraction  of 
solids  in  the  slurry  (ft)  and  consolidated  layer  (fc),  and  the  pressure  applied  to  the 
slurry  (P), 


In  deriving  this  expression,  it  is  assumed  that  the  permeability  is  constant  during 
filtration.  The  permeability  is  a  function  of  the  partide  size  and  partide  packing 
density. 

Consolidated  powders  exhibit  non-linear  elastic  stress-strain  behavior  similar 
to  that  described  by  Hertz  *3  for  two  spheres  pressed  together.  The  compressive 
stress  (o)-s train  (e)  response  of  a  powder  can  be  expressed  14  as  a  »  AC  3/2,  where  A 
depends  on  the  relative  density  of  the  powder  compact  (average  number  of  contacts 
per  partide)  and  the  elastic  properties  of  the  partides.  Fig.  1  describes  this  response 
for  AI2O3  powder  compacts  as  determined  with  strain  recovery  measurements  12 
after  pressure  filtration  of  both  flocced  and  dispersed  slurries.  As  illustrated, 
relatively  small  stresses  produce  large  strains  and  the  compact  becomes  stiffer  as  the 
stress  is  increased.  Thus,  after  a  powder  has  been  consolidated  and  the  pressure  is 
released,  large  elastic  strains  are  recovered  and  the  compact  expands. 

Since  the  consolidated  layer  is  formed  under  pressure,  it  stores  elastic  strain 
during  filtration.  After  filtration  is  complete  and  the  applied  pressure  is  removed, 
the  stored  elastic  strain  is  released  and  the  compact  grows.  Experiments  have  shown 
12  that  the  recovery  of  this  strain  is  time  dependent  and  that  the  rate  of  strain  release 
depends  on  the  rheology  of  the  saturated,  consolidated  body.  Bodies  consolidated 
from  dispersed  slurries  flow  despite  their  very  high  particle  packing  density,  because 
the  particles  still  repulse  when  pressure  is  released.  The  resulting  strain  occurs 


within  a  relatively  short  period.  Bodies  consolidated  from  flocced  slurries  appear 
stiff,  exhibit  thixotropic  rheology  and  continue  to  strain  for  many  hours.  In  these 
bodies,  as  the  particle  network  attempts  to  relax,  the  surrounding  liquid  is  placed  in 
tension,  causing  liquid  (or  air)’ to  flow  from  the  surface  to  the  interior  leading  to 
expansion  of  the  network.  The  time  required  to  dissipate  the  associated  stresses  by 
fluid  flow  is  governed  by  Darcy's  Law.  Dispersed  bodies,  on  the  other  hand,  appear 
to  strain  by  body  flow.  As  addressed  below,  these  strains  are  of  critical  importance  in 
the  structural  integrity  of  bocles  containing  either  reinforcements  or  pyrolyzable 
networks. 

Jamet  et  &L  15  were  the  first  to  show  that  a  powder  could  be  packed  within  a 
fiber  preform  using  pressure  filtration.  In  this  process,  schematically  shown  in 
Fig.  2,  a  fiber  preform  is  placed  on  top  of  the  filter  and  partides  within  a  slurry  flow 
through  the  preform  channels  to  build  a  consolidated  layer  within  the  preform 
during  filtration.  Before  a  consolidated  layec  builds  up  on  the  filter,  a  uniform 
pressure  exists  within  the  slurry  and  within  the  liquid  filled  (or  slurry  filled) 
preform.  As  the  consolidation  layer  builds  within  the  preform,  the  combined 
pressure  exerted  by  the  consolidated  layer  and  the  liquid  is  identical  to  the  pressure 
within  the  slurry.  That  is,  throughout  all  stages  of  pressure  filtration,  the  preform  is 
never  subjected  to  non-hydrostatic  loads  which  would  produce  disruptive  effects, 
such  m  preform  compaction  and/or  crushing. 

Our  experience  has  shown  that  the  success  of  this  processing  method  depends 
on  three  conditions.  Firstly,  partides  must  be  small  enough  to  flow  through  the 
preform  channels.  The  filtration  literature  suggests  that  the  partides  should  at 
least  be  7-10  times  smaller  than  the  percolation  channels  to  prevent  the  preform 
from  acting  as  a  filter.  However,  to  produce  a  compact  with  a  high  packing  density, 
the  partides  must  be  even  smaller.  This  requirement  was  made  evident  in  recent 
experiments  in  which  Lam  and  Lange  17  showed  that  the  reinforcement  did  not 
interfere  with  the  powder  packing  density  if  the  ratio  of  the  reinforcement  to 
particle  diameter  was  >  50.  Smaller  ratios  produced  lower  packing  densities.  When 
these  results  are  converted  to  channel  size,  they  suggest  that  the  partide  diameter 
should  be  at  least  100  times  smaller  than  the  average  channel  diameter.  Secondly, 
the  partides  can  not  be  attracted  either  to  themselves  (should  not  floe)  or  to  the 
preform  material  as  they  flow  through  the  channels.  That  is,  when  attractive 
surface  force  conditions  prevail,  the  channels  are  quickly  blocked,  the  preform  itself 
acts  as  the  filter,  and  a  consolidated  layer  builds  up  on  top  instead  of  within  the 
preform.  The  third  condition  was  made  evident  during  the  present  investigation. 
As  described  in  the  last  section,  it  concerns  the  differential  strain  between  the 
network  and  the  powder.  This  differential  strain  can  disrupt  the  powder  compact. 

Experimental  Approach 

Pyrolvzable  Networks 

Two  types  of  pyrolyzable  networks  were  used  in  this  study.  The  first  was  a 
three-dimensional  preform  consisting  of  interconnected  network  prior  to  pressure 


filtration  and  the  t>i<ond,  a  connective  fiber  network  formed  during  the  pressure 
filtration  of  alurries  containing  chopped  fiber*. 

Three  dimensional  preforms  are  commercially  available  in  a  variety  of 
arddtecturw  (reticulated  foams,  felts,  woven  and  knitted  mats)  made  from  a  variety 
of  pyrolyxable .  materials  (natural  and  synthetic  polymers,  and  carbon).  Although 
different  preform  architectures  and  materials  have  been  tested,  this  paper  will 
emphasize  the  use  of  reticulated  polyurethane  foams.  Because  of  their  large 
channel  size,  powder  can  be  packed  within  reticulated  foams  by  pressure  filtration 
using  either  dispersed  or  flocced  slurries.  Two  different  polyurethane  reticulated 
foams  were  used  in  this  study:  a  low  density  foam*  (-0.03  g/cc)  with  average  cell  and 
strut  of  250  pm  (40  cdls/cm)  and  50  pm,  respectively,  and  a  high  density  foam* 
(0.18  g/cc)  with  average  cell  and  strut  sizes  ci  250  pm  (120  cells/ cm)  and  150  pm, 
respectively.  As  described  below,  chopped  carbon  fibers  with  an  aspect  ratio  of  8 
(mean  diameter  11  pm  and  length  88  pm)  were  also  used  to  form  a  pyrolyxable 
continuous  network. 

Powder  Slurries 

Aqueous  alumina6  slurries  were  used  in  this  study.  .For  the  case  wherein  the 
slurry  was  used  to  form  a  consolidated  layer  within  the  polyurethane  reticulated 
foams,  the  interpartide  forces  were  altered  by  controlling  the  pH  of  the  slurry.  Zeta 
potential  measurements  for  this  AI2Q3  as  a  function  of  pH  showed  that  it  exhibits 
the  highest  zeta  potential  between  pH  2  and  4  (-60  mV).  Beyond  pH  4  the  zeta 
potential  decreases  gradually,  reaching  near  zero  around  pH  9.  Because  of  its  high 
zeta  potential  between  pH  2  and  4,  the  strong  electrostatic  repulsive  force  between 
partides  facilitate  dispersion  of  particles  in  the  water.  However,  around  pH  9,  van 
der  Waals  attractive  forces  dominate  electrostatic  repulsive  forces,  thua  causing 
partides  to  flocculate/ aggregate.  A  high-shear  field,  obtained  by  immersing  an 
ultrasonic  horn*  in  the  slurry  (pH  ■  4),  aided  in  breaking  apart  soft  agglomerates. 
Af  ter  this  dispersion  procedure,  the  average  particle  diameter  was  0.4  pm*.  In  this 
study,  either  dispersed  (pH  4)  or  flocced  (pH  8)  slurries  were  used  to  pack  particles, 
vie  pressure  filtration,  within  the  polyurethane  reticulated  foams.  Separate 
pressure  filtration  studies  with  these  alumina  slurries  in  flocced  and  dispensed 
slurry  states  produced  consolidated  bodies  with  relative  packing  densities  of  1*4% 
and  62%  by  volume,  respectively. 

Since  pourable  alumina  suspensions  are  required  for  pressure  filtration  into 
three-dimensional  preforms,  it  is  necessary  to  vary  the  solids  content  as  well  a ft  :he 
chemistry  of  the  slurry.  For  example,  alumina  with  an  average  particle  size  of 
0.4  microns  can  be  loaded  to  as  high  as  55  volume  percent  to  formulate  a  poura  'le 
aqueous,  dispersed  slurry.  On  the  other  hand,  with  the  same  alumina,  a  pourable 
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flocctd  slurry  can  be  made  with  a  maximum  solids  content  of  only  15  volume 
percent  In  this  work,  the  solids  loading  of  dispersed  and  flocced  alumina  slurries 
were  20%  and  15%  by  volume,  respectively. 

Pressure  Filtration  into  a  Three  Dimensional  Network 


Pressure  filtration  was  used  to  pack  particles  within  the  reticulated  foams. 
Because  of  their  very  large  channel  sue,  the  powder  could  be  consolidated  within 
the  foams  with  either  dispersed  or  flocced  slurries.  To  avoid  pressure  differentials 
within  the  foam  during  the  initial  stages  of  filtration  and  to  eliminate  entrapped  air, 
the  foam  was  soaked  with  the  same  fluid  and  surfactant  used  in  making  the  slurry 
prior  to  placing  it  on  top  of  the  filter  within  the  cylindrical  die  cavity.  The  slurry 
was  then  poured  into  the  cylinder  and  pressure  applied  to  the  slurry  with  a  plunger 
fitted  Into  the  cylinder  as  shown  in  Fig.  2.  Sufficient  slurry  is  used  such  that  the 
consolidated  layer  completely  fills  the  preform.  During  filtration  the  plunger 
displacement  is  monitored.  After  a  period  of  15  minutes  in  which  no  plunger 
displacement  is  observed,  filtration  was  terminated  by  releasing  the  pressure  and 
removing  the  composite  body  from  the  die  cavity.  A  maximum  pressure  of 
14.6  MPa  was  used  for  these  consolidation  experiments. 


Emiura  BUntouat  Qiopptd  Fiber*  fgwdg  Slmria 


As  detailed  elsewhere  l7,  alumina  powder  and  chopped  carbon  fibers  (10, 20, 
and  30  volume  percent,  based  on  solid  content)  were  dispersed  in  water  (pH  ■  8) 
with  0.1  weight  percent  (based  on  solid  content)  of  an  ammonia  based 
polyelectrolytet.  The  polyelectrolyte  was  used  in  these  experiments  to  facilitate 
wetting  of  carbon  fiber  in  water  and  to  codisperse  alumina  and  carbon  in  water. 
This  mixed  slurry  was  pressure  filtered  at  14.6  MPa  in  the  manner  described  above. 


Ktftwrk  llyrelyaia  and  Mifrix  Bmafiafon 


After  the  powder  compacts  containing  the  pyrolyzable  networks  are  removed 
from  the  die  cavity,  they  are  fully  saturated  with  liquid.  After  drying  the  composite 
bodies  at  50*C  for  24  hours,  they  were  pi  acta  in  an  air  furnace  and  heat  treated  to 
first  pyroiyze  the  organic  network/carbon  fibers  (heating  rate  of  l°C/min  to  800°C, 
4  hours  hold)  to  produce  the  desired  channel  network  and  then  to  densify  the 
ceramic  powder  (heating  rate  of  5°C/min  to  1550*C,  30  min.  hold)  while  retaining 
the  channel  network. 

Mttil  Infiltration 


The  last  step  is  accomplished  by  intruding  molten  metal  into  the  channels, 
remnant  of  the  pyrolyzed  network,  within  the  dense  ceramic  matrix  by  squeeze 
casting  l8.  The  advantages  of  squeeze  casting  are  that  infiltration  is  achieved  under 
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relatively  short  times,  preventing  extensive  metal-ceramic  reactions,  and 
subsequent  solidification  takes  place  under  externally  applied  pressure  which  results 
in  a  fine-grained  microstructure  free  of  shrinkage  voids.  To  accomplish  this 
intrusion,  the  ceramic  matrix  was  preheated  to  80CPC  and  then  placed  in  a  preheated 
steel  die.  A  molten  aluminum-4  wt.%  Mg  alloy,  held  in  a  separate  crucible  at  780*C 
was  then  poured  onto  the  preheated  ceramic  A  plunger  was  then  activated  by 
hydraulic  pressure*  to  force  the  molten  metal  Into  the  channels  at  170  MPa. 

Results  and  Discussion 

Difftrmtfil  Strain  Jkeprtry  ind  Sttuctunl  Integrity 

The  structural  integrity  of  the  dense  ceramic  (prior  to  metal  intrusion) 
containing  the  channels  remnant  of  the  reticulated  foam  was  observed  to  depend  on 
whether  it  was  produced  from  a  floored  or  a  dispersed  slurry.  In  repeated 
experiments,  flocced  slurries  produced  weak  materials  that  granulated  into  well 
defined  ceils  under  moderate  impact  loads.  Dispersed  slurries  produced  relatively 
strong  materials  in  which  the  crack  surface  traversed  the  channels  remnant  of  the 
pyrolyzed,  reticulated  foam.  Examination  of  fre'-ture  surfaces  of  bodies  produced 
from  flocced  slurries  with  the  scanning  electron  microscope  revealed  the 
intercellular  fracture  morphology  shown  in  Fig.  3a.  With  the  exception  of  the 
channel  walls,  the  surfaces  of  the  separated-  cells  appeared  rough  and  were  first 
thought  to  be  fracture  surfaces.  Upon  closer  observation  (Fig.  3b),  it  was  discovered 
that  only  the  center  portion  of  eadi  cell  surface  (appro xu~ately  15  %)  exhibited  a 
surface  morphology  typical  of  a  fractured,  poly  crystalline  ceramic  (trans-  and 
intergranular  fractured  grains).  Grains  on  the  surrounding,  rougher  surface  were 
not  fractured,  but  had  morphologies  typical  of  5  sintered  surface  (smooth  grain 
surfaces  and  equilibrium  boundary  grooves).  In  addition,  this  portion  of  each  cell 
surface  was  very  irregular  giving  an  appearance  of  bfeing  tom  prior  to  dens ifi cation. 
In  contrast,  the  bodies  formed  from  the  dispersed  slurry  were  much  stronger,  and 
when  fractured,  the  crack  plane  traversed  the  cells  as  shown  in  Fig.  4. 

Using  the  discussion  concerning  pressure  filtration,  it  can  be  hypothesized 
that  the  weakness  and  granulation  of  the  ceramic  formed  from  the  flocced  slurry 
was  caused  by  the  differential  recovery  strain  of  the  polymer  relative  to  the 
consolidated  powder  when  pressure  was  released  after  filtration.  As  shown  in  Fig.  2, 
a  typical  polyurethane,  with  a  bulk  elastic  modulus  of  approximately  1  GPa,  will 
recover  more  strain  than  the  powder  compact  after  both  are  subjected  to  the  same 
pressure.  That  is,  the  reticulated  foam  will  expanded  more  than  the  consolidated 
powder.  For  the  case  of  the  body  formed  from  the  flocced  slurry,  it  appears  that  the 
expanding  foam  separated  the  consolidated  powder  into  granules,  defined  by  the 
cells  within  the  foam,  when  pressure  is  removed  after  filtration.  This  problem  did 
not  arise  when  the  body  was  consolidated  from  the  dispersed  slurry. 

The  difference  in  disruption  between  the  body  consolidated  from  the  flocced 
slurry  and  that  within  the  body  produced  from  the  dispersed  slurry  can  be  explained 
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by  the  effect  of  body  rheology  on  the  stresses  generated  by  differential  strain 
recovery.  After  the  composites  formed  from  the  flocced  slurry  were  removed  from 
the  die  cavity,  they  appeared  stiff,  whereas  the  dispersed  slurries  produced 
composites  in  which  the  consolidated  powder  was  still  fluid  and  could  be  squeezed 
from  the  reticulated  foam  with  moderate  pressure.  It  can  be  concluded  that  the 
more  elastic  bodies  produced  from  flocced  slurries  produce  high  stress  and  could 
only  accommodate  the  differential  strain  by  cracking  (or  tearing).  Conversely,  the 
bodies  produced  from  the  dispersed  slurry  could  easily  alleviate  the  stresses  caused 
by  the  differential  strains  though  a  viscous  flow  process.  It  can  be  surmised  that  the 
disruption  produced  by  differential  stress  relaxation  after  pressure  filtration  could  be 
prevented  by  consolidating  with  a  dispersed  slurry  and  by  maintaining  the  particles 
in  a  state  of  repulsion  as  the  consolidation  strain  is  released. 

The  strain  recovery  associated  with  powder  consolidation  is  of  great 
importance  to  ceramic  processing,  especially  while  processing  composite  systems. 
Inclusions  within  the  powder  which  are  either  stiffer  (for  example,  dense 
agglomerates,  whiskers  and  fibers)  or  more  compliant  (organic  inclusions  as  lint, 
hair,  and  polymer  fibers)  store  less  or  more  strain  relative  to  the  powder  compact, 
respectively,  during  consolidation.  When  stress  is  removed,  an  isolated  inclusion 
with  a  lower  elastic  modulus  will  expand  relative  to  the  powder  matrix,  produce 
radial  tensile  stresses  within  the  surrounding  powder,  and  cause  cracking.  On  the 
other  hand,  an  inclusion  with  a  higher  modulus  will  contract  relative  to  the  matrix 
and  may  separate  from  the  powder  matrix  Lange  and  Miller 12  have  shown  that  (in 
monolithic*)  disruptive  phenomenon  can  also  be  avoided  by  increasing  the  strength 
of  the  interparticle  bonds  through  additions  of  certain  polymers. 


Observations  of  polished  sections  showed  that  the  only  porosity  remaining 
after  network  pyrolysis  and  ceramic  densificadon  was  associated  with  the  channels 
remnant  of  the  pyrolyzed  network.  Relative  densities  >  0.98  were  measured  for  heat 
treated  bodies  that  did  not  contain  the  pyrolyzable  material.  Linear  shrinkage 
measurements  of  bodies  containing  the  pyrolyzable  networks  were  identical  to  those 
without  the  network.  This  observation  shows,  as  expected,  that  the  channel 
network  produced  within  the  powder  compact  during  pyrolysis  shrinks,  but 
certainly  does  not  disappear  (Fig.  5).  The  surfaces  of  these  channels  produced  by  the 
pyrolyzed  carbon  fibers  (Fig.  5b)  are  typical  of  a  sintered  surface:  smooth  grain 
surfaces  and  grain  boundary  grooves. 

Polished  sections  of  metal  intruded  materials  produced  with  the  low  and 
high  density  reticulated  foams  (Fig.  6)  reveal  that  the  architecture  of  the  metal 
reinforcement  replicates  the  architecture  of  the  pyrolyzed  foams.  Metal  was 
observed  to  intrude  into  all  sharp  comers  of  this  structure.  Infiltration  of  molten  A1 
alloy  was  attempted  into  alumina  preforms  containing  10, 20  and  30  volume  percent 
channels.  However,  an  interconnected  network  of  metal  was  only  obtained  with 
the  preform  containing  30  volume  percent  channels  (Fig.  7). 

An  investigation  of  the  fracture  behavior  of  these  and  other  metal  reinforced 
composites  fabricated  by  this  new  method  has  been  initiated.  Preliminary  fracture 


experiments  show  that  the  aluminum  alloy  bridges  cracks  and  undergoes 
constrained  plastic  deformation  (Fig.  8). 

Conclusions 

A  new  and  simple  process  is  developed  to  form  a  three  dimensional  network 
of  metal  reinforcement  in  a  densified  ceramic  matrix  This  new  processing  method 
not  only  allows  the  processing  of  *  range  of  metal/ceramic  composite  systems, 
which  may  nol!  be  processed  by  other  methods,  but  also  allows  the  materials 
engineer  to  manipulate  the  architecture,  volume  fraction  and  the  size  of  the  metal 
reinforcement  The  key  combined  features  of  this  discovery  are  a)  powder  can  be 
packed  either  within  or  around  a  network  of  a  second  material  by  pressure  filtration, 
b)  after  powder  packing,  the  network  material  can  be  removed  to  define  a 
continuous  network  of  channels,  c)  after  the  network  material  is  removed,  the 
powder  compact  can  be  made  dense  by  a  high  temperature  heat  treatment,  and  d) 
after  derislficaoon  or  the  ceramic  matrix,  molten  metal  is  intruded  into  the  network 
channels  to  create  the  desired  reinforcement  network  configuration.  Using  this 
approach  alumina-aluminum  alloy  composites  with  metal  architectures  similar  to 
that  of  reticulated  foam  and  of  randomly  oriented  fibers  were  processed. 

It  was  also  demonstrated  that  the  differential  strain  recovery  between  the 
consolidated  powder  and  the  reinforcement  if  a  critical  issue  in  processing 
composites.  Damage  inflh '  xi  by  this  differential  strain  can  be  eliminated  by 
controlling  the  rheology  o  *  consolidated  body  through  the  used  of  dispersed 
slurries  and  maintaining  ite  of  interparticle  repulsion  as  strain  is  relieved. 
Stresses  induced  by  diffc  .  strain  in  these  bodies  appear  to  dissipate  by  viscous 
flow.  Relations  between  differential  strain  recovery,  body  rheology  and  stress 
dissipation  are  a  subject  of  future  research. 
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Figures 


Fig.  1  Strain  recovered  in  alumina  powder,  pressure  filtered  as  dispersed  and 
flooced  slurries. 12  Elastic  behavior  of  a  polymer  with  a  bulk  elastic  modulus  of 
1  GPa  is  also  shown  for  comparison. 

Fig.  2  Schematic  of  pressure  filtration  into  a  pyrolyzable  preform. 

Fig.  3  a)  Micrograph  of  intercellular  fracture  of  alumina  preform  containing 
interconnected  channels  which  are  remnant  of  pyrolyzed  reticulated  foam  pressured 
filtered  from  a  floceed  slurry,  b)  Higher  magnification  of  cell  surfaces  showing 
fractured  surface  (dark  region  at  the  center)  is  surrounded  by  sintered  surface. 

Fig.  4  Micrograph  of  intercellular  fracture  of  alumina  ceramic  containing  channel 
network  remnant  of  pyrolyzed  reticulated  foam  pressured  filtered  from  a  dispersed 
slurry. 

Fig.  5  a)  Micrograph  of  alumina  ceramic  containing  continuous  channel  network 
remnant  of  pyrolyzed  carbon  fibers,  b)  Higher  magnification  showing  sintered 
surface  of  one  channel. 

Fig.  6  Micrograph  of  alumina  ceramic  containing  channel  network  produced  by 
pyrolysis  of  low  density  (a)  and  high  density  (b)  reticulated  foams  intruded  with 
aluminum  alloy  by  squeeze  casting. 

Fig.  7  Polished  section  of  alumina  containing  approximated  30  volume  percent 
aluminum  alloy  intruded  by  squeeze  casting  into  channels  remnant  of  pyrolyzed 
carbon  fibers. 

Fig.  8  Interaction  of  crack  with  aluminum  alloy  'fitter'  produced  during  squeeze 
casting  into  channel  network  of  pyrolyzed  carbon  fibers.  Note  that  metal 
reinforcement  bridges  crack  and  deforms. 
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ABSTRACT 


Kclationships  ihat  govern  trends  in  the  toughness  of  ceramics  and  ceramic  composites  with  mierostrueture  are 
.wil-dcvclopcd.  The  status  of  present  understanding  is  reviewed.  Two  principal  mechanistic  elates  arc  described: 
process  and  bridging  rone  mechanisms.  Process  zone  mechanisms,  which  include  transformation,  microcrack  and  twin 
toughening  arc  shown  to  be  governed  by  the  sire  of  the  zone  and  by  the  non-linear  strain  provided  by  the  mechanism. 
Bridging  zone  mechanisms  exhibit  toughness  dictated  by  a  coupled  measure  of  the  strength  of  the  reinforcement  and  a 
mpmre  displacement:  toughening  by  fibers,  whiskers  and  ductile  networks  arc  mechanisms  of  this  type.  Both  types  of 
mechanism  demonstrate  resistance  eurve  behavior,  dominated  by  crack  w-ake  effects.  Imeracnons  between  mechanisms 
ate  briefly  addressed. 


NOTATION 


tt  linear  thermal  expansion  coefficient 

|1  monoclmic  angle 

Ci  fracture  energy  of  interface 

IV|  fracture  energy  of  matrix 

l"i  fracture  energy  of  fiber 

C  imcrocrack  densiiy  parameter 

l's  maximum  microcrack  density  parameter 

l'i|  strain  tensor 

l'  «  sucss-frce  strain 

5,,  Kronecfcer  delta 

t)  microcrack  density  parameter 

SI  ratto  of  Young's  modulus  of  fiber  to  matrix.  E|/Em 

0,|  stress  tensor 

0  i  critical  stress  for  transformation 

C.,  steady-state  matrix  cracking  stress  in  composite 

C.  equivalent  stress 

Ou  ultimate  strength  of  composite 

O  applied  stress 

5  mean  stress 


X  shear  resistance  of  interface  after  dcbonding 

Or  misfit  strain  for  mictocnckmg 

X  ilucnlc  reinforcement  toughening  parameter 

Jl  friction  coefficient 

v  Poisson's  ratio 

v  Poisson's  ratio  for  mtcrocraekcd  body 

•V,  Reference  area  1m1 

II  bulk  modulus 

fi  bulk  modulus  of  tnicrocrackcd  body 

c  microcraek  dimension 

d  debond  length 

1-,  Young's  modulus  of  composite 

L:m  Young’s  modulus  of  mainx 

t-f  Young's  modulus  of  fiber 

l:  non-dimensional  crack  closure  force 

f  volume  fraction 

G  shear  modulus 

0  'hear  modulus  of  mtcrocraekcd  body 

tj  strain  energy  release  rate 

tji  critical  strain  energy  release  rate  for  the  composite 

At);  increase  in  toughness  of  composite  above  matrix  toughness 

h  process  zone  width 

h,,  fiber  pull-out  length 

I  l-integral 

« 

J  J-intcgial 

K  stress  intensity  factor 

Kup  crack  tip  stress  intensity  factor 

K«.  stress  intensity  factor  associated  with  applied  loads 

Kc  critical  stress  intensity  factor  for  composite 

Ko  critical  stress  imc.--  lily  factor  for  crack  tip  extension 

AK  crack  shielding  stress  intensity  factor 

AKC  increase  in  critical  stress  intensity  factor  above  matrix  value 

I  slip  length 

L  bridging  zone  length 

Lj  gauge  length 

m  shape  parameter  for  fiber  strength  distribution 

n  work  hardening  rate 

p  axial  residual  axial  stress  in  the  matrix  in  aligned  fiber  composite 

q  residual  stress  normal  to  interface  in  fiber  composite 

R  reinforcement  radius 

r  distance  from  crack  front 

s  saturation  matrix  crack  spacing 

s(J  deviatoric  stress 

S  fiber  strength 

So  scale  parameter  for  fiber  strength  distribution 


I  stress  acting  on  reinforcement  between  crack  surfaces 

t'  residual  stress  work 

u  crack  opening  displacement 

«•  craek  opening  upon  remfoteemcni  rupture 

V  uniaxial  yield  strength 


1.  INTRODUCTION’ 

The  objectj  /c  of  research  concerned  with  structural  ceramics  is  the  generation  of  materials  having  high  reliability. 
To  achieve  this  objective,  there  arc  two  fundamentally  different  approaches  tFig.  1.1 1;  (law  control  and  toughening. 
The  first  approach  accepts  the  brittleness  of  the  material  and  attempts  to  control  the  large  extreme  of  processing  flaws. 
The  second  approach  attempts  to  create  microstntcturcs  that  impart  sufficient  fracture  resistance  tFig  I  2i  that  the 
'■length  becomes  insensitive  to  the  site  of  flaws  tFig.  1.3).  The  former  has  been  the  subject  of  considerable  rescatch 
that  identifies  the  most  detrimental  processing  flaws,  as  well  as  the  processing  step  responsible  for  those  flaws  tLangc 
1989.  Evans  1982.  Rice  1977).  The  toughening  approach  has  emerged  more  recently,  and  has  the  obvious  advantage 
that  appreciable  processing  and  post-processing  damage  can  be  tolerated  without  compromising  the  structural  reliability 
(Evans  1989.  Cook  etal.  1985). 

The  resistance  of  brittle  solids  to  the  propagation  of  cracks  can  be  strongly  influenced  by  nucrosuuciurt  and  by 
die  use  of  various  reinforcements.  The  intent  of  the  present  article  is  to  provide  a  succinct  review  of  the  known  effects 
of  microsuucture  and  of  reinforcements  on  the  fracture  resistance.  In  most  cases,  toughening  results  in  resistance-curve 
characteristics  (Fig.  1.2),  wherein  the  fracture  resistance  systematically  increases  with  crack  extension.  The  individual 
mechanisms  include:  transformation,  microcracking,  twinning,  ductile  reinforcement  and  fiber/whisker  reinforcement. 

An  underlying  principle  concerns  the  essential  role  of  non-linearity  in  toughening,  as  manifest  in  mechanisms  of 
dissipation  and  energy  storage  in  the  material,  upon  crack  propagation.  Consequently,  the  potent  roughening 
mechanisms  can  be  modelled  In  tr.ms  of  stress/displaccment  constirutive  laws  for  representative  volume  elements 
(Fig.  1.4),  Furthermore,  the  toughening  can  be  explicitly  related  to  stress/displaccment  hysteresis  (Fig.  1.4),  as  will  be 
elaborated  for  each  of  the  important  mechanisms.  The  general  philosophy  thus  adopts  the  classical  concept  of 
homogenizing  the  properties  of  the  material  around  the  crack  and  then  formulating  a  constitutive  law  that  characterizes 
the  material  response.*  ‘This  approach  rigorously  describes  the  toughening  behavior  whenever  the  length  of  the  non¬ 
linear  zone  is  appreciably  larger  than  the  spacing  between  the  relevant  microstmctural  entities.  Such  conditions 
invariably  exist  when  the  material  exhibits  high  toughness.  The  coupling  between  experiment  and  theory  is  another 
prevalent  theme,  because  toughening  is  sufficiently  complex  and  involves  a  sufficiently  large  number  of  independent 
variables  that  mictostiucturc  optimization  only  becomes  practical  when  each  of  the  tmponant  modes  has  been  described 
by  a  rigorous  model,  validated  by  experiment. 

The  known  mechanisms  can  be  conveniently  considered  to  involve  either  a  process  zone  or  a  bridging  zone 
(Fig.  1 .5).  The  former  category  exhibits  a  toughening  fundamentally  governed  by  a  critical  stress  for  the  onset  of  non¬ 
linearity  o*^  in  elements  near  the  crack  and  by  the  associated  stress-free  strain  c]j  (Evans  and  Cannon  1986, 
McMeeking  and  Evans  1982,  Budiansky,  Hutchinson  and  Lambropoulos  1983,  Marshall,  Drory  and  Evans  1983).  The 
resulting  stress-strain  hysteresis  of  those  elements  within  a  process  zone  then  yields  a  toughness,  given  by  (Marshall, 
Drory  and  Evans  1983), 


'Models  that  discretize  micro  structural  details  are  typically  less  ngoruis.  because  three-dimensional  interacuons  along  the  crack  ironl  arc  not 
readily  described. 
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Fig.  I .  I  Approaches  to  achieve  high  reliability  ceramics. 
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Resistance  curve  behavior  characteristically  encountered  in  tough  ceramics.  Kr  is  the  fracture  resistance  and 
Aa  is  the  crack  advance. 
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Fig.  1.3  Schematicnl  representation  of  dependance  of  strength  on  flaw  sue. 
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Pig.  I  5  A  schematic  diagram  illustrating  both  process  zone  and  bridging  zone  mechanisms  of  toughening. 
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where  &ljc  is  ihc  increase  in  critical  strain  energy  release  rate  where  the  crack  is  long."  f  is  the  volume  fraction  of 
toughening  agent  and  h  is  the  width  of  the  process  zone  in  steady-state  (McMecking  and  Evans  5982.  Stump  and 
Rudiansky  1989).  Transformation,  mictocrack  and  twin  toughening  arc  mechanisms  of  this  type. 

The  bridging  category  exhibits  toughening  governed  by  hysteresis  along  the  eraek  surface  (Evans  and 
McMecking  1986.  Rudiansky.  Amazigo  and  Evans  1988)  induced  by  inuct  material  ligaments, 

At/e  =  2/  Jt(u)du 

o  (1.2) 

where  2u  is  the  crack  opening.  2u»  the  opening  at  the  edge  of  the  bn  ’ging  zone.  I  the  tractions  on  the  crack  surfaces 
exerted  by  the  intact  toughening  agent  (Fig.  l.S)  and  /  is  the  area  fraction  of  reinforcements  along  the  crack  plane. 
Ductile  reinforcements,  as  well  as  whiskers  and  fibers,  toughen  by  means  of  bndging  tractions. 

In  the  ■toughest"  matenals.  a  steady  state  cracking  phenomenon  occurs  (Avesion.  Cooper  and  Kelly  1971. 
Marshall.  Cox  and  Evans  1985,  Budiansky,  Hutchinson  and  Evans  1986.  McCartney  1988),  wherein  the  crack 
extension  stress  becomes  independent  of  crack  length.  For  such  materials,  die  toughness  is  usually  non-unique  and  not, 
therefore,  a  useful  design  parameter.  Instead,  the  steady-state  cracking  stress  and  the  ultimate  strength  become  the  more 
relevant  material  properties.  Transitions  between  toughness  control  and  steady  state  cracking  are  thus  of  major 
significance. 

'  "Short  cracks  and  cracks  without  fully  developed  process  rones  give  smaller  changes  in  toughness,  as  elaborated  m  the  section  on  resistance 
curves. 


Some  of  the  materials  to  be  considered  in  tins  review  along  with  the  associated  mcehanisms  of  toughening, 
coupled  w»h  the  highest  verifiable  toughness  for  each  mechanism,  arc  summarized  in  Table  1.1.  This  list  is  impressive 
when  it  is  appreciated  that  conventional  ceramics  have  a  toughness.  K,  *  1  -  3MPaVm\  I  lowcver.  some  caution 
is  also  necessary  because  the  highest  levels  of  toughness  cannot  always  be  used  10  effectively  enhance  strength  and 
reliability. 


Table  t.l  Tough  Ceramics 


Mechanism 

Highest 

Toughness 

(MPas/m 

Hxemplary 

Material 

Limitation 

Transfomution 

-20 

ZrPjtMgO) 

HfOj 

T  >  900K 

Microcracking 

-  10 

AljOyZrOi 

SixNa/SiC 

T  >  13GQK 
Streneth 

Metal 

Dispersion 

-  25 

AIjOj/AI 

ZrBj/Fr 

AIjOvNi 

WOIO 

T  >  I300K 
Oxidation 

Whiskers 

-  15 

SijN'a/SiC 

SijNa/SiiHa 

AljOi/SiC 

Oxidation 

Interface 

T  <  I500K 

Fibers 

2  30 

LAS/SiC 

AlsOx/SiC 

SiQSiC 

SiOC 

Processing 

Interfaces 

Gatings 

1  >  ? 

LAS.  Lithium  Aluminium  Silicate  Glass-Ceramic 


The  article  is  organized  as  follows.  Chapters  2-4  summarize  transformation  effects  with  Chapter  2 
concentrating  on  phase  transformations  in  ZrO 2.  Chapter  3  encompasses  in  situ  transmission  electron  microscopy 
observations  and  toughening  is  covered  in  Chapier  4.  Microcode  toughening  is  considered  in  Chapter  5.  Chapter  6 
summarizes  ductile  reinforcement  toughening.  The  paper  concludes  with  an  assessment  of  fiber/whisker  toughening  and 
strengthening. 


2.  PHASE  TRANSFORMATIONS  IN  2x0; 


While  a  variety  of  lattice  dtsplacivc  transformations  have  been  identified  in  different  inorganic  materials  (Kriven 
1982.  1988),  the  martensitic  phase  transformation  that  occurs  in  2tO>  is  most  widely  used  for  toughening.  ZrO: 
undergoes  several  phase  transformations  upon  cooling  from  the  melt  (Subbarao.  1981).  At  least  three  crystallographic 
modifications  exist,  which  possess  cubic  (c).  tetragonal  it)  and  monoclinic  (m)  symmetry  and  arc  stable  at  high, 
intermediate  and  low  temperatures: 

melt  — cubic  — J2222£_>  totraconal  . . >  monoclinic 

'  ll<U’C 

Hie  high  leinpcraiurc  c  phase  has  the  fluontc  stnreturc  iFtn^mi.  whereas  the  other  polymorphs  n.  I’-Wnmc.  m.  I‘2|,w 
arc  distorted  versions  of  this  structure  (Fig.  2.1 1.  The  i  -*  m  transformation  is  manensinc  tn  nature  (.Subbarao  1981. 
llansal  and  lleucr  1972. 1974). 

Tough  2rOy  alloys  typically  contain  fine  l-ZrOy  panicles  within  a  ceramic  matnx.  For  such  matcnals.  the 
martensite  start.  Mj,  temperature  is  suppressed  below  room  temperature.  Also,  the  martensitic  transformation  within  die 
i-ZtO’  panicles  can  be  induced  by  stress,  especially  the  stress  field  associated  with  propagating  cracks.  This 
transformation  is  the  source  of  toughness  in  ZrO’-comaining  ceramics  ( lleucr  and  Hobbs  1981,  Claussen,  RUhtc  and 
lleucr  1984.  lleucr  cl  al.  1986.  SOmiya,  Yamamoto  and  Hanagida  1988,  Green,  Hanmnk  and  Swam  1989.  Garvic, 
llanmnk  and  Pascoc  1975,  Evans  and  Cannon  1986). 

An  important  rheme  will  be  rhe  difficulty  involved  in  nucleating  rhe  martensitic  phase,  with  emphasis  on 
nuclcation  in  small  pirticlcs.  Such  nuclcation  and  growth  aspects  of  manensinc  transformations,  while  traditionally  of 
great  concern,  have  been  undcremphasized  in  many  treatments  of  transformation-toughening  in  ceramics.  Furthermore, 
since  growth  velocities  of  manensitic  interfaces  approach  the  speed  of  sound,  the  nuclcation  step  in  the  t  -t  m 
transformation  ofZrOiis  of  primary  importance. 

Several  types  of  microstructure  can  be  used  as  a  basis  for  2rO’-toughencd  ceramics  tZTC).  Of  panicular 
imponancc  are  two  different  compositions,  materials  I  and  It,  shown  on  the  phase  diagram  (Fig.  2.2).  Material  I  may 
be  denstfied  in  the  t-Zr02  phase  field  and  cooled  to  room  temperature  (RT).  Then,  provided  that  the  grain  size  is  less 
than  the  critical  size  required  for  the  transformation,  a  single- phase  t-2rO’  material  may  be  produced  (Tetragonal 
2irconta  Polycrystals:'  T2P).  Composition  II  (Fig.  2.2)  consists  of  t-ZrOy  in  a  cubic  matrix.  Generally,  these 
materials  arc  sintered  in  (he  cubic  phase  field,  but  on  cooling  to  the  two-phase  field,  the  tetragonal  phase  forms  as 
precipitates.  The  size  and  size  distribution  of  the  tetragonal  precipitates  depends  on  the  thermal  treatment  in  the  two- 
phase  field.  The  1-2x02  precipitates,  when  small,  remain  tetragonal  upon  cooling  down  to  very  low  temperatures  (liquid 
He).  This  class  of  material  is  referred  to  as  partially  stabilized  zirconia  (PSZ).  The  shape  of  the  t-ZxOi  panicles  depends 
on  the  siab'*izing  agent  (lleucr  and  Hobbs  1979,  Claussen.  Ruble  and  lleucr  1984,  Green,  Hanmek  and  Swam  1989). 
Conversely,  large  precipitates  transform  thermally  to  m-2K>2.  Finally,  TZP  may  be  used  as  one  of  the  components  tn  a 
composite  material.  Such  materials  are  referred  to  as  2x02  dispersed  ceramics  (ZDC).  The  predominant  system  is 
A^Oj-ZrOy  (zirconia-toughcncd  alumina,  ZTA).  Die  size  and  distribution  of  the  Z1O2  regions  depend  on  the 
processing  conditions. 

The  t  -» m  phase  transformation  (Fig.  2.3)  involves  a  set  of  transformation  strains  that  increase  the  volume  and 
change  the  shape  of  the  parucle/grain.  Isolated  grains  invariably  transform  provided  that  the  nuclcation  conditions  are 
satisfied.  However,  for  grains  embedded  in  a  matrix,  strain  energy  changes  tend  to  oppose  the  transformation.  Then, 


Fig  2  2  A  schematic  meta!  oxtdc>xirconia  phase  diagram  showing  routes  for  fabricating  three  different  mitrostructurcs. 


Fig.  2.3  A  schematic  representation  of  the  zirconia  phase  transformation.  The  normal  phase  transformation  to 
monoclinic  is  represented  by  going  from  A  to  B  and  indicated  that  the  zirconia  panicle  undergoes  a  size  and 
shape  change.  The  materiai  surrounding  the  panicle  will  oppose  the  transformation  and  it  is  the  strain  energy 
that  is  involved  in  this  constraint  that  allows  the  tetragonal  phase  to  be  retained.  As  shown  in  C,  the 
transformation  from  A  to  C  can  be  aided  by  an  applied  stress. 


for  the  transformation  to  proceed,  the  system  has  to  be  “supercooled*  to  sufficiently  increase  the  chemical  driving  force. 
The  retention  of  t-ZrO;  to  room  temperature  can  be  controlled  by  several  microstructur.il  and  chemical  factors,  such  as 
grain  sire  and  alloy  content. 

The  mlcrostnictures  of  these  materials  can  be  characterized  by  methods  which  depend  on  the  level  of  resolution 
required  for  the  identification  of  structures  and  morphologies.  Usually,  electron  optical  instruments  are  needed.  Tor 
example,  scanning  electron  microscopy  has  allowed  the  determination  of  the  grain  sizes  and  of  phases  in  ZrOy  materials 
down  to  dimensions  of  about  0.1  Jim,  whereas  transmission  electron  microscopy  ITEM)  has  allowed  the  identification  of 
phases  and  defects  to  the  atomic  level.  Some  typical  TOM  micrographs  obtained  for  Mg-PSZ,  2TA  (with  intcrciystalline 
ami  intracrystallinc  ZrO’)  and  Y-TZP  particles  arc  depicted  In  Figs.  2.4- 2.6.  Major  defects  is  these  materials,  such  as 
dislocations  and  precipitates,  have  also  been  analyzed  by  conventional  TEM  tllirsch  ct  al.  1977,  Ruble  and  NVilkcns 
p)X2.  Refiner  19X4).  while  analytical  TEM  has  allowed  the  characterization  of  chemical  compostiion  with  high  spatial 
resolution  of  -  4nm  (I  Iren.  Golstcm,  Joy  1979.  Egerton  1986).  Finally,  high-resolution  TEM  (I  IREM)  has  allowed  the 
determination  of  the  atomistic  structure,  wherein  experimentally  obtained  images  have  been  compared  with  results  of 
image  simulations  using  specific  models  (Spence  1988,  Buseck,  Cowley  and  Eyring  1988). 

2.1.  The  Cuhic-to-Tetraronal  Phase  Transformation 

Pauling  (I960)  provided  a  Set  of  semiempiricaJ  "rules*  for  predicting  crystal  structures  of  inorganic  materials 
based  on  radius  ratio  considerations.  AXy  compounds  with  large  cations  and  radius  ratios  approaching  I 

should  have  the  fluorite  structure,  whereas  those  with  small  cations  and  radius  ratios  <  0.4  should  have  tetrahedral 
coordination  and  crystallize  with  one  of  the  silica  structures.  Intermediate-sized  cations  should  form  AXy  compounds 
with  the  rutile  structure.  The  radius  ratio  (qtTjOi  in  eightfold  coordination  is  0.59.  This  radius  ratio  is  much  lower 
than  that  for  other  materials  with  the  fluorite  Structure  (CcOy  0.68,  UOj  0.70,  ThOy  0.75,  CaF;  0.85,  HgF;  0.86, 
CdF;  0.88,  SrFj  0.94.  etc.).  Consequently,  pure  c-ZrOj  is  stable  only  between  2370°C  and  the  melting  point  at 
«  2680°C  (Smith  and  Cline  1962).  The  instability  of  C-ZrOv  at  lower  temperatures  docs  not  lead  to  a  rutile  form  of  ZrOj 
because  the  Zr4*  ion  is  large.  Instead,  (•  and  m-ZrOi  form  at  progressively  lower  temperatures.  Both  of  these 
polymorphs  are  distorted  versions  of  the  fluorite  structure  (Fig.  2.1). 

The  electronic  structure  of  both  c-  and  t-ZrO’,  calculated  using  quantum  mechanical  cluster  techniques,  yields 
additional  insight  into  the  stability  of  these  polymorphs  (Morinaga  ct  al.  1983,  Jansen  and  Gardner  1988, 
Zandichnadcm  ct  al.  1988).  Such  calculations  reveal  that  t-ZrOy  is  more  covalent  than  the  c-polymorph:  28  percent 
and  22  percent,  respectively.  The  higher  covalency  of  t-ZrO’  leads  to  a  larger  band  gap  and  a  lower  center  of  mass 
energy  of  the  valence  band.  Consequently,  t-ZrO 2  is  generally  more  stable  than  c-Zr02.  However,  at  elevated 
temperature.  c-ZrOy  is  more  stable  because  it  has  a  higher  entropic  contribution  to  the  free  energy. 

Virtually  all  the  rare  canh  ions  in  solid  solution  reduce  the  c  -* « transformation  temperature.  Additionally, 
when  Z1O2  looses  oxygen,  the  c  phase  in  the  resulting  nonstoichiomctric  ZxOy-x  has  a  larger  stability  field 
(Zandiehnadem  1988).  Quantum  mechanical  calculations  by  Morinaga  et  aJ.  (1983)  and  Jansen  and  Gardner  (1988) 
show  that  (here  is  a  large  change  in  the  electronic  structure  and  in  the  energy  of  the  valence  band  as  anions  arc  displaced 
from  their  ideal  fluorite  positions.  Consequently,  since  the  charge  compensating  defects  in  both  rare  canh  doped  and 
oxygen  deficient  ZrOy  are  oxygen  vacancies,  it  is  likely  that  the  stabilization  of  c-ZrOy  is  related  to  local  structural 
relaxation  around  the  anion  vacancies  (Morinaga  et  al.  1983). 


2.5  b 


Fig.  2.5  TE.M  micrograph  of  an  AljOj  ceramic  containing  dispersed  7jQj  panicles 

a)  Irregular-shaped,  faceitcd  Z1O2  panicles  are  intcrcrystallinc; 

b)  Regular-shaped  ZxOi  panicles  are  intru crystalline:  the  orientation  of  the  particle  is  random 
matrix. 


Itg  2ft  TIuMnuetpgraphufaTZ0«nrttH:whtehis  tjfam  sire  range  u  0  Sjim. 


These  iiabtliiatioo  effects  ate  manifest  tn  the  phase  diagrams.  Stubiean  (1988)  describes  the  exact  solubility  of 
MgU  m  its*  and  t-ZiOi  wh  reasonable  ccruimy  tfig.  2.7).*  Conversely,  the  details  of  phase  equilibria  m  '/jQJC  ' 
are  elusive.  The  last  major  attempt  tStubkan  19*1)  has  been  the  subject  of  four  revisions  involving  either  the 
composition  or  temperature  of  the  Invariant  eucecioid  and  the  stability  fields  of  the  imcrmcdlaic  compounds.  ^fCaZraOu 
and  d'-Ca^i^Ou.  The  most  rceent  diagram  shows  that  $|  and  6:  art  stable  below  1235*  and  1355*C.  respectively, 
while  the  eutectoid  is  at  ll40*Cand  17  mol%  CaO.  Morinaga  ct  al.  U983)  and  Pascual  and  Duran  (l  9*3)  pointed  out 
that  uncertainty  exists  in  the  YjOj'eStOi  system.  .Many  of  the  problems  arise  from  the  use  of  classical  techniques  with 
poor  spatial  resolution.  Funnennore,  the  free  energy,  composition  curves  art  relatively  flat. 

Enhanced  precision  is  illustrated  by  studies  of  subsolkius  equilibria  using  analytical  electron  microscopy  to 
determine  tbe  compositions  of  the  coexisting  t-  and  c-ZrOj  with  high  spatial  resolution  and  with  calibrated  standards  to 
determine  absolute  concentrations  tRuhlc  et  al.  198-1.  Lamed  et  al.  1984).  The  data  iFfg,  2,8)  obtained  using  crystals 
containing  6  or  8  wt%  Y^Ox.  grown  by  skull  melting  and  annealed  for  long  times  between  I3<X)*C  and  I600*C  have  an 
absolute  uncertainty  ±  0,2T  and  represent  the  best  determination  to  date  of  subsolidus  phase  equilibria  in  a  ceramic 
system  in  which  both  coexisting  phases  show  appreciable  solid  solubility 


!  The  km-shated  l-ZrOi  precipitates  found  in  this  alloy  are  consilient  with  the  geoinetncal  inn  stem  anon  theory  of  Khschaiuryan  ( I9SJJ, 
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Rg.  2.7  The  ZiOi  rich  end  of  the  M gO-ZrOi  equilibrium  phase  diagram. 


Fig.  2.8  Zirtonia  rich  end  of  the  yttrit-iirconla  equilibrium  diagram.  The  equilibrium  compositions  were  determined 
by  energy  dispersive  x-ray  spectroscopy. 


M  ThcTttTaiional-i^NlnooclinioTnntrr^iaiion 
2.11,  Crystallography 

11k  vr>'Wllogfaphiv  a'pc'-"  of  i*'c  nuncn\nw  l  -» in  transfomutmti  m  Mi;  jtc  well  c'UHi-.hc.l  and  the  ba*u 
results  arc  siitnnunzcd  lit  the  Appendix.  lixpcnmcmal  studies  show  that  the  s  axis  of  the  i/jO;  »<  parallel  to  the  v.  axis 
.•I  m  Vi< );  rise  nonvant'lnng  vomponems  of  the  xvmmcmcal  unvonstraincd  iransionmtmn  strain  tensor.  t 7 .  defined 
a  nit  rc'p<\t  to  the  tetragonal  i.utu.c.  is  for  pure  Mi;  iKmen  «  al  l«x|  i 

cfi  *  laHWicotfl  l  ■  it  00149 
f  T 

c  jj  ■  ilit'rtii)  -  I  *  0,024.12 

c\t  a  ic'i'/eO  -  I  ■  0.02386  i2.ll 

cn  a  cxi  -  1/2  tan  p  «  0.08188 

The  shear  components  have  ihc  largest  values,  while  ihc  volume  strain  ai  room  temperature  fc7  *  c7,  f  e7,]  is  about 
4.7*1!. 


2.2.2.  Strain  Fields 

Strain  fields  that  occur  in  association  with  TrO;  panicles  arc  important  to  the  transformation,  as  elaborated 
below.  Consequently  the  local  strain  Held  in  the  r/ia  rix  surrounding  a  zirconia  panicle  has  been  examined  by  IIVEM 
tRUhlc  and  Kriven  1982.  1983).  The  strain  analysis  was  performed  at  intracrystalline,  regular-shaped,  spherical  and 
slightly  ellipsoidal  t-ZrOj  panicles  completely  embedded  in  the  AI>Oj  matrix.  Extended  contrast  fringes  arc  visible 
around  the  embedded  panicles  when  the  matrix  is  imaged  under  two-beam  dynamical  diffraction  conditions.  By  imaging 
the  Al’Oj  surrounding  the  panicles  with  different  diffraction  vectors  (Fig.  2.9)  and  different  orientations,  it  was 
dcicmuncd  (hat  an  anisotropic  strain  field  surrounds  the  t-ZrOy  inclusions  and  that  the  panicle  is  a  center  of  dilatation. 
The  strain  anisotropy  is  attributed  to  the  anisotropic  thermal  expansion  mismatch.*  Preliminary  experiments  comclating 
the  strain  field  with  the  internal  orientation  of  tetragonal  phase  (RUhle  and  Kriven  1983)  are  consistent  with  the 
hypothesis  that  maximum  misfit  with  respect  to  the  alumina  matrix  occurs  along  c(.  Computer  simulated  images  from 
contrast  calculations  based  on  the  above  model  match  well  with  the  observed  tetragonal  strain  field  (Madcr  and  RUhle 
1982,  Madcr  1987).  Additionally,  approximate  contrast  calculations  conducted  using  clastic  dipoles  yield  misfit 
parameters  which  agree  reasonably  well  with  those  expected  from  the  misfit  strain  tRUhlc  and  Kriven  1983.  Madci 
1987). 


Transformed  particles  are  internally  twinned,  leading  to  very  high  displacement  fields  localized  at  the  panicle- 
mamx  interface  (Fig.  2.10).  A  scmiquanutaitve  analysis  by  RUhle  and  Kriven  1 1983)  and  Madcr  ( 1987)  indicates  that 
the  panicle  is  a  center  of  compression  due  to  the  volume  tncniasc  and  that  the  strain  field  symmetry  axis  ts  perpendicular 
to  the  internal  twin  plane.  Hie  tr,„  "formation  and  deformation  twinning  mechanism  for  a  transforming  ZrOj  panicle  in 
an  AliOy  suggested  by  the  observations  is  summarized  in  Fig.  2.1 1  (Kriven  1988). 


*  The  specimens  were  fabricated  in  equilibrium  at  -  ISWC. 


rig.  2,9  a-f)  HVEM  analysis  of  (he  anisotropic  strain  field  in  the  alumina  matrix  surrounding  an  intragranular  t-ZrO; 
panicle  which  fonned  a  center  of  dilatation  at  room  temperature.  The  panicle  was  imaged  in  bright  field  and 
dark  field  modes  under  two-beam  dynamical  conditions  with  the  plane  normals  (diffraction  vectors  g) 
indicated. 


Fig,  2.10  HVEM  micrograph  of  strain  fieldsduc  to  internal  monoclinic  twins,  localized  at  the  panicle-matrix  interface. 
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I’tfi  2  1 1  Suggested  transformation  and  deformation  twinning  mechanism  for  a  transforming  ZrOj  panicle  in  an 
CX-AIjOj  matrix  tKriven  1982. 1988). 

2.2.3.  Nocleaiion 


Hie  nocleaiion  of  manensne  ean  be  treated  using  either  a  discrete  analysis  with  the  structure  of  the  mancnsttc 
pita*  or  by  invoking  a  gradual,  diffuse  transition.  In  the  former,  classical  approach,  the  interfacial  and  strain  energies 
associated  with  martensitic  nuclei  prevent  their  forming  by  conventional  statistical  fluctuations  [homogeneous 
nucleattoni.  Possible  sites  for  heterogeneous  nudeanon  ("embryos")  are  thus  infcncd  (Knapp  and  Dchlingcr  1956. 
Kaulmann  and  Cohen  1958).  l;or  steels,  a  dislocation  array  susceptible  to  dissociation  has  been  proposed  as  the 
embtyontc  nucleus  (Olson  and  Cohen  19S1,  1982).  For  such  a  ease,  the  free  energy  function  describing  the  formation 
of  a  martensite  nucleus  of  volume  V  and  interfacial  area  S  can  be  expressed  as 

g  B  gO+Cgl +g«r  +geh)V+SY  ,,,, 

where  g°  Is  the  change  in  self-energy  of  the  dislocation  embryo,  gl  the  interaction  energy  with  the  nucleus,  s'11  the 
chemical-free  energy/unit  volume  accompanying  nucleus  formation,  g"  the  strain  energy  attendant  on  formation  of  the 
nucleus  and  ythe  parem/hunensite  interfacial  energy,  g1  can  be  expressed  in  the  fomi 


ol  -  0D,T 


(2.3) 


where  is  the  prior  stress  field  associated  with  the  dislocation  and  cT  the  unconstrained  transformation  strain.  If 
c*  is  an  invariant  plane  strain,  as  must  approximately  be  true  for  any  martensitic  reaction,  the  nucleus  is  expected  to  be 
a  thin  plate  of  radius  r  and  semithickness  t,  for  which 


gHf  =  K  l/r 


(2.4) 


where 


K 


(2.5) 


where  |1  and  V  are  the  isotropic  shear  modulus  and  Poisson’s  ratio,  respectively,  and  Yt  and  e„  the  deviatoric  and 
dilatational  components  of  e]j.  If  the  nucleus  is  coherent,  f  consists  of  a  "chemical”  term,  whereas  if  it  is 


xmicoberent,  an  additional  term  due  10  (he  shon-range  stress  Helds  of  interfacial  dislocations  must  also  be  taken  into 
account. 

A  plot  of  trends  in  $  with  n.  the  number  of  atoms  in  a  nucleus  (Fig.  2.12)  illustrates  the  basic  features.  Far 
homogeneous  nuclcation.  Ag*  represents  the  activation  energy  necessary  for  a  structural  fluctuation  to  achieve  a  critical 
embryo  sire  n*.  As  already  mentioned.  Ag*  for  homogeneous  nuclcation  is  very  large,  because  of  the  magnitude  of  the 
strain  and  interfacial  energy  terms  in  Eqn.  (2.2).  Chen  and  Chiao  ( 1983.  1985)  verified  for  the  ZrO;  transformation 
that  such  nuclcation  is  essentially  impossible.  When  strain  “embryos"  are  present,  a  much  smaller  activation  barrier  may 
exist.  Furthermore,  in  principle,  the  defect  interaction  can  be  so  large  that  “barricrlcss*  nuclcation  Is  possible. 

I  lowevcr,  as  elaborated  below,  this  nuclcation  mechanism  seems  unlikely  in  Yj Oy. 

A  itimdiustcal  transformation  (Fig.  2.13)  requires  a  diffuse  interface  between  parent  and  transformed  lattice  as 
proposed  hv  Calm  and  Hilliard  (1958).  The  transformation  may  be  nucleated  if  lattice  anharmonicny  leads  to 
instabilities,  preferentially  activated  at  lattice  defects;  thir  process  has  been  termed  "localized  soft  mode*  (LSM) 
nuclcation  (Suzuki  and  Wuuig  1975).  Such  transformations  are  likely  if  one  or  more  clastic  constant  has  a  marked 
temperature  dependence  as  the  transformation  temperature  is  approached.  Soft : ants  should  occur  near  free  surfaces 
(Clapp  1973),  as  well  as  adjacent  to  grain  boundaries  and  interphase  interfaces,  and  be  encouraged  by  strains  arising 
from  coherency,  thermal  expansion  mismatch,  etc.  (Gufnin  and  Gobin  1981).  Nucleus  formation  occurring  at  loealiicd 
soft  modes  adjacent  to  t-ZrO;  interfaces  provides  the  best  rationalization  of  available  dau,  as  elaborated  below. 

i)  Tetragonal  ZrOi  Polycrysuls  (TZP) 

In  V203-comaining  t-ZrOj  polycrysuls  (Y-TZP).  the  t-ZrOj  grains  are  S  ljlm  in  diameter  and  constitute 
i.  80  percent  of  the  microsoucture;  in  some  samples,  c-ZrOy  grains  are  present.  All  grains  arc  surrounded  with  a  thin 
continuous  amorphous  phase  (RUhle  et  al.  (984).  No  grain  boundary  dislocations  can  therefore  be  present. 
Nevertheless,  such  boundaries  are  sites  of  localized  residual  stresses  arising  from  the  thermal  expansion  anisotropy  of  (• 
Zr02a,  ■  7.1  •  10-VCand  ou  -  11.4-  10  «/*C  (Schubert  1986). 

YjOj  is  a  very  effective  stabilizing  solute  and  increases  the  difficulty  of  martensite  nuclcation.  Among  other 
manifestations  of  this  difficulty,  the  transformation  zone  found  from  fit  situ  crack  propagation  experiments  in  the  HVEM 
(see  Sect  3)1  is  discontinuous.  The  relative  stability  of  t-ZrOj  in  this  system  facilitaies  study  of  the  nuclcation  process. 
Specifically,  RUhle  et  al.  (1988)  have  shown  that  t-ZtOj  can  often  be  made  to  transform  during  TEM  observations,  due 
to  stresses  induced  by  electron  beam  heating  (ZrC>2  has  one  of  the  lowest  thermal  conductivities  among  inorganic 
crystalline  solids).  Nuclcation  is  found  to  occur  preferentially  at  grain  boundaries  and  grain  comers  and  it  is  possible  to 
photograph  various  stages  of  transformation.  Typical  examples  are  shown  in  Figs.  2.14  and  2.15  (RQhle  et  al.  1988, 
Heuer  and  RUhle,  1985).  A  typical  esxntially-featureless  high-angle  grain  boundary  exists  at  the  beginning  of  the 
experiment.  After  a  short  interval  of  electron  irradiation,  strain  contours  develop  at  a  specific  site  along  the  grain 
boundary  [the  arrowed  features  in  Fig.  2.14b}.  These  strain  contours  oscillate  during  the  experiment,  and  sometimes 
die  away.  Occasionally,  however,  a  small  lathe  cf  martensite  (m-ZrOj)  forms  out  of  ^  .*•*  oscillatory  contours  and 
begins  to  grow  across  the  grain,  (Figs.  2.14c  and  d).  It  is  notable  that  the  strains  close  to  dis.jcav'ons,  small-angle 
boundaries  and  stacking  faults  do  not  act  as  preferred  embryos.  For  example.  Fig.  2. 15  is  a  bright  Held/dark  Held  pair 
showing  several  martensite  lathes  (the  arrowed  features).  One  of  these  nucleated  at  a  grain  facet  and  grew  completely 
across  the  grain.  The  second  had  nucleated  at  an  otherwise  featureless  site  at  a  grain  boundary:  Note  that  ibex 


*  This  is  quite  different  from  dispersion-mug Sored  and  precipitation-toughened  materials,  fnr  which  uniform  zones  adjacent  propagating  cracks 
are  the  rule  (RQhle  et  al.,  1984). 


G 


2.12  Schematic  free  energy  curves  for  nue  leal  ion  via  a  classical  pain. 

a)  I  lomogcncou*  nuckation  for  which  a  very  high  nucleatwn  barrier  must  be  surmounted  to  form  the  critical 
nucleus  of  site  n*. 

b)  Heterogeneous  nucleatlon  in  the  ficighborhood  of  a  defect  of  energy  gD;  only  a  small  thermal  activation 
barrier,  Ag\  must  be  surmounted.  n“  denotes  a  strain  “embryo." 

e)  Banicr-lcss  heterogeneous  nuckation  (Guenin  and  Gobin  1982). 


classical 


n~  size  n 


Fig.  2.13  Classical  and  nondassical  nuclcation  paths.  A  nucleus  of  site  n’  of  the  martensitic  phase  is  characterized  by 

n«i. 

a)  The  classical  path. 

b)  and  c)  show  two  examples  of  nondassical  paths  (Olson  and  Cohen  1981, 1982). 


Fig.  2.14  Nucleatkm  in  Y-TZP.  (a)  Ai  the  beginning  of  ihe  experiment,  nj  defects  or  localized  strain  contour  are 
visible  on  the  grain  boundary,  but  develop  during  irradiation,  as  shown  by  the  arrowed  region  in  (b).  On 
continued  irradiation,  a  martensite  lathe  (a  m-ZrOj  plate)  develops  [the  arrowed  feature  in  (c)]  and  grows  into 
the  grain  (d).  Bright  field  electron  micrographs. 


nuckation  events  occurred  at  pain  boundaries.  despite  ihe  pretence  both  a  small  angle  pain  boundary  (SAGB)  and  a 
stacking  fault  (SF ).  This  mode  of  transformation  may  differ  from  that  found  in  bulk  maicrialt  due  to  the  lack  of 
conttraint  afforded  by  the  free  surface*  in  thin  foil  experiments.  Nevertheless,  the  oscillatory  ‘premonitory' 
phenomenon  shown  In  Fig.  2.14  is  precisely  that  expected  for  the  LSM  model  for  the  nuelcation  at  a  strain 
concentration. 

The  expected  strain  distribution  in  acubotdal  panicle  (an  adequate  model  of  a  pain  in  TZP)  embedded  in  a  solid 
possessing  both  elastic  and  thermal  expansion  anisotropy  (Sehmautkr  et  a|.  19X4)  includes  logarithmic  singularities  at 
edges  and  corners.1  Consequently,  the  expectation  for  of  achieving  a  critical  strain  over  the  nucleus  volume  increases 
wnh  increasing  grain  size,  qualitatively  consistent  with  a  particle  size  dependence  of  M<. 

ii'  Dispersion  Toughened  Ceramics 

In  dispersion-toughened  ceramics  (ZTS.  ZTA.  ZTM).  ihc  difficulty  or  nuelcation  is  round  ic  be  greater  for 
rounded  panicles  embedded  in  a  grain  than  for  facetted  panicles  at  grain  junctions.  Additionally,  the  nuelcation  difficulty 
increases  with  decreasing  panicle  size  and,  funhermore,  correlates  with  the  thermal  expansion  mismatch  to  the  matrix 
phase.  Thus,  t-ZrOj  inclusions  are  panicuiarly  stable  in  spinel  (RGhtc  ct  al.  19X4).  Conversely,  the  average  thermal 
expansion  coefficients  of  AljOj  art  less  than  those  of  pure  t-ZrOi  and  the  latter  is  in  residual  tension.  Consequently, 
intergranular  ZiO’  panicles  in  ZTA  have  a  well-defined  critical  panicle  size  (llcucrct  al.  19X2):  Mt  Is  above  room 
temperature  for  vinually  alt  panicles  i  O.fytm  (Fig.  2.16).  The  stress  concentration  at  grain  facets  exens  a  critical 
influence  on  manensite  nuelcation  in  these  materials  (as  the  panicle-matrix  interface  is  the  only  ‘defect*  visible  in  the 
TEM).  However,  spherical  intragranular  panicles  arc  extremely  stable  up  to  2]im  diameter  and  can  exhibit  an  Mj 
temperature,  less  than  20K  (Hcucr  et  al.  19X2). 

iii)  Precipitation-Toughened  Ceramics 

The  t-ZrOj  is  present  as  coherent  precipitates  in  partially-stabilized  ZxOj  (PSZ)  and  it  has  been  suggested  (Hcucr 
and  Hobbs  19X1,  KUhlcand  Hcucr  19X4)  that  the  size  dependence  of  M,  is  related  to  loss  of  coherency  during  extended 
Itigh-icmpcrature  aging:  the  interface  dislocations  xting  as  sites  for  heterogeneous  nuclcauon.  Indeed,  Chen  and  Chiao 
t  I'JXJ)  concluded  that  a  single  screw  dislocation  with  (001]  Burgers  vector  should  suffice  to  nucleate  the  transformation 
at  room  temperature.  I  lowcver.  vinually  all  PSZ  ceramics  studied  to  date  m  the  TEM  have  been  essentially  dislocation- 
free:  dislocations  could  not  be  imaged  even  at  precipitate-matrix  interfaces.  The  role  of  dislocations  as  nuclei  thus 
appears  ambiguous. 

Additional  aspects  of  the  nuelcation  emerge  from  consideration  of  transformations  in  Mg-PSZ.  The  t-ZrOj 
precipitates  in  this  material  are  lenticular  in  shape  (Fig.  2.17)  and  the  tetragonal  c  axis  (c()  is  parallel  to  (100)  of  the 
matrix.  The  aspect  ratio  of  the  panicles  Is  about  4  and  can  be  rationalized  on  the  basis  of  Khxhaturyan's  theory  (19X3) 
for  the  morphology  of  tetragonal  panicles  precipitated  coherently  from  a  cubic  matrix.  Specifically,  the  tctragonality  of 
t-ZrOj  in  Mg-PSZ  is  large,  1.021  (Green  et  al.  1989)  and  the  oblate  panicle  shape  minimizes  strain  along  c(.  However, 
the  panicle  tips  are  very  sharp,  as  visualized  by  comparison  of  the  actual  panicle  in  Fig.  2.1 1  with  a  perfect  ellipse  of 
the  same  aspect  ratio.  The  sharp  tips,  combined  with  the  aspect  ratio,  minimize  the  net  coherency  strain  energy  and 
imerf octal  energy  accompanying  precipitation.  When  coherency  is  lost,  the  misfit  dislocations  must  have  a  significant 
component  along  the  axis  of  greatest  misfit  such  that  1001]  edge-type  dislocations  on  (100)  planes  should  be  produced 


1  The  strain  levels  in  facetted  panicles  axe  not  sensitive  io  die  actual  grain  shape. 


1'ijg.  2. IS  I’antally  transformed  tetragonal  train  in  Y-TZP.  Several  martensite  laths  arc  arrowed.  having  formed  at a 
grain  facer  and  grown  across  ihc  grain  or  ai  a  grain  boundary  and  are  anil  growing.  Nueleatjon  hat  no( 
occurred  ai  a  small  angle  grain  boundary  (SAG8)  or  tracking  fault  tSF). 

a)  A  bright  Held  electron  micrograph. 

b)  A  dark  field  electron  microeraph. 


Zr02  Particle  Diameter, pm 

Fig  2  16  Microsuucturalcharactenzatton  of  AI’Oj-15  vol  %  ZrOj  ceramic  containing  mostly  intergranular  panicles. 
Size  distribution  of  ZrO;  panicles,  which  are  subdivided  for  each  size  group  into  those  with  t  symmetry  end 
those  with  m  symmetry.  The  cntical  panicle  size  is  0.6|lm. 


hjj  2  n  Comparison  of  t-ZiOj  pfccipiinc  m  Mg-PSZ  with  an  oblate  ellipso*!  having  (he  uwc  pnnetpal  ivc< 


tlleucr  ami  Rlihlc  19X4).  Such  dislocation*  differ  from  the  array  of  |00l|  screw  dislocations  on  a  tl  IQ)  slip  plane 
postulated  by  Oien  and  Chian  ( I9R3)  as  the  nucleating  defect. 

The  site  dependence  of  M*  for  l-ZrO;  panicles  is  pronounced  in  Mg-PSZ.  Panicles  of  the  type  shown  in 
Fig.  2.17  have  Mf  <  6K  (tleuer  ct  al.  19X2),  Coarsening  during  aging  causes  the  panicles  to  elongate  and  M,  to 
rapidly  increase;  Mt  for  overaged  panicles  can  range  to  >  I0CK.  Furthermore.  the  aspect  ratio  correlates  with  the  M*. 
Specifically,  Mg-PSZ  solution  annealed  at  2073K,  cooled  rapidly  to  room  temperature  and  aged  at  I673K  for  various 
times  revealed  that  samples  agrd  for  four  hours  or  less  had  M*  below  room  temperature,  while  M,  was  -  S75JC  for  si* 
hours  aging  and  -  725K  for  an  eight-hours  aging.  These  results  seem  most  consistent  with  the  LSM  model  with 
nucleation  facilitated  by  residual  stress  concentrations  at  sharp  panicle  tips. 

The  corresponding  sue  dependence  for  <<ZtOi  tn  Ca-PSZ,  lit  which  the  panicles  arc  cubotdal,  is  similar.  Tins 
similarity  is  probably  coincidental,  because  the  volume  strain  on  precipitation  is  smaller  m  Ca-PSZ  than  in  Mg-PSZ 
r  tl  5S9  and  f  I  95T.  respectively),  due  to  the  marked  difference  between  the  tome  radii  of  Ca-*  and  Mg'*  tl leuer 
and  Ruble  19X4).  However,  these  volume  strains  arc  modified  by  the  thermal  expansion  mismatch  between  e  and  t 
Mb.  such  that  trie  stress  concentration  at  cuboid  facets  to  Ca-PSZ  is  less  than  at  the  lens  ups  m  Mg-PSZ.  The  net  result 
is  a  stnular  cntteal  panicle  dimension  in  the  two  systems. 

The  corresponding  critical  sixe  in  Y-PSZ  is  relatively  large,  but  has  not  been  rigorously  determined.  Both  the 
tctragonality  and  the  volume  strain  on  precipitation  arc  small.  1.008  and  *  Q.Q25>,  respectively.  Also.  Y;Oj  is  much 
more  soluble  in  t-ZrOy  than  either  MgO  or  CaO.  Finally,  the  precipitate  morphology  is  unusual,  as  the  t-ZiOy  exists  as 
twinned  “colonies."  the  twinning  serving  to  further  reduce  coherency  strains  (of..  Khachaturyan  1983.  Lantcri  ct  al. 
1986). 


X  IS  SITU  OBSERVATION  OF  TRANSFORMATION 


In  situ  straining  experiments  performed  in  a  high-voltage  electron  microscope  with  crack  1  introduced  during  (he 
deformation  reveal  the  processes  occurring  around  crack  tips  (RUhle  cl  al.  19X4).  *I7J\  PSZ  and  ZTA  materials  have 
been  studied.  For  studies  on  ZTA.  the  AIjOj/ZiOj  powders  were  milled  for  different  times  to  vary  the  ZrO:  panicle 
sires.  The  sire  distributions  of  the  Al;Oj  and  ZiOj,  as  well  as  the  fraction  of  ZtOy  panicles  with  m  symmetry  were 
determined  by  TEM  (Fig.  3.1  and  Table  3.1).  Specimens  were  carefully  polished  to  a  thickness  of  40  to  XOjIm.  By  a 
special  ion  thinning  technique,  two  elongated  holes  with  a  transparent  ridge  between  them  were  formed  (Figs.  3.2  and 
3.3).  The  transparent  area  was  photographed  and  the  l-ZiOj  panicles  identified.  The  specimen  was  slowly  strained 
inside  a  high-voltage  electron  microscope  at  a  constant  rate  until  a  crack  was  initiated,  usually  ::  a  region  of  highest 
stress  concentration  such  as  a  thinner  area  in  the  ridge.  The  progress  of  the  crack  could  be  stopped  by  ceasing  to  apply 
further  strain.  The  t-ZrOj  panicles  were  observed  to  transform  suddenly  (Fig.  3.4)  ahead  of  the  crack  tip,  at  a  distance 
dependent  on  the  sire  of  the  panicle,  to  form  twinned  monoclinic  panicles  (Fig.  3.5).  After  the  relief  of  the  applied 
stress,  the  reverse  transformation  could  not  be  observed. 

The  spatial  distribution  of  rirconia  panicles  which  transformed  ahead  of  the  crack  as  it  progressed  through  the 
material  is  summarized  in  figs.  3.5  and  3.6.  The  general  shape  of  the  transformation  zone  could  be  outlined 
(Fig.  3.6).  although  its  dimensions  were  dependent  on  microstructute  homogeneity.  Clusters  of  ztreonia  panicles 
which  were  susceptible  to  transformation  even  at  larger  distances  from  the  crack,  modified  the  shape  of  the  zone.  The 
expected  transformation  ahead  of  a  crack  tip  within  a  well-defined  transformation  zone  was  thus  experimentally  verified. 
Funhermore,  the  zone  height  could  be  evaluated  by  investigation  of  the  t  -» m  transformation  in  the  100)im  long  wake 
of  the  crack.  The  results  are  summarized  in  Fig.  3.7. 
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Pig.  3,1  Site  (JiitnbutKM  of  Al*Oj  and  ZiOj  paint  in  two  Al>Oi  *  13  v<>)  ceramics,  The  fraction  of  m-7jO’« 
owed  ferexh  site  poop  of  (He  different  material*.  Material  I  (16-h  milling  time):  material  tl  tl2-h  miiHng 


Table  3.1  Site  range  of  the  different  site  group*— logarithmic  xale 
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0.10 
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0.13 
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0.32 
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11 

1.42 
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fig  Mm  Specimen  ami  Mnimr.fi  stage  foe  MJi«*tW3inln{e*penmemjG  Double  lil«nj  mining  stage. 


Fit:  '  J  Specimen  for  in  situ  sinminc  experiment*.  Tlie  ridge  between  the  two  holes  is  fnear'vi  transparent  to  1  McV 
electrons  tlow  magnification  TEND, 
ai  Unstrained  specimen, 
bj  Deformed  specimen  with  crack. 


Fig  '  i  Tfsr.if<«nuucw  of  grain  tn  from  of  s  erxk  Up. 
ai  Micrograph  taken  pner  to  straining. 

bi  MicnogrSpi>  taken  after  straining.  Marked  t-ZrOj  inclusions  iransformoi  to  m  symmetry.  Twins  can  be 
observed  in  trnt  m-ZiO;. 


Tlw  results  of  in  wu  straining  experiments  for  Mg  l»SZ  and  T7.P  eenmies  revealed  that  those  ceramics  form  a 
u>  narrow  transformation  rone .  However,  material  optimisation  leads  to  larger  widths  as  delected  cither  by  micro 
Raman  spectroscopy  (Clatke  and  Adar  1982k  or  by  optical  techniques  (Swain  and  Rose  l!>86*. 


present,  (b)  Crack  suns  to  propagate.  The  crack  is  marked  on  all  micrographs,  (c)  to  (0  Straining 
experiment.  Crack  propagates  by  increased  loading.  t-ZrOi  inclusion  transformed  to  m  symmetry. 


Fig.  3.6  Schematic  representation  of  (partial)  evaluation  of  straining  experiment.  The  specimen  was  strained  so  that  the 
crack  propagated  to  different  positions  { 1 , 2, 3. 4).  All  ZrO;-  inclusions  arc  marked  on  the  schematic  drawing. 
I  latched  areas:  ZrOi  grains  transformed  during  propagation  of  crack  from  hole  to  position  3.  Dark  areas: 
7_rO’  grains  transformed  during  crack  propagation  from  position  3  to  4.  The  transformation  zone  is  outlined. 


crack 


Fig.  3.7  Determination  of  transformation  zone  size  h  (perpendicular  to  crack).  The  fraction  of  transformed  ZrOi  grains 
is  plotted  as  a  function  from  distance  of  the  crack  for  materials  I  and  II. 


4.  TRANSFORMATION  TOUGHENING 


The  stress  induced  transformations  that  can  cause  significant  toughening  include  martensitic  (Evans  and  llcucr 
19X4)  and  fcrroelastic  (Virkar  and  Matsumoto  19X6, 19XX)  transformations,  as  well  as  twinning.  The  former  involves 
both  dilatational  and  shear  components  of  the  transformation  strain,  while  the  latter  typically  have  only  a  shear 
component. 

At  t lie  simplest  level,  transformation  toughening  can  be  regarded  as  a  process  dominated  by  a  volume  increase 
rddatational  stress-ftec  strain  C  f,t  t«e  Fig,  2.2 1  Then,  based  on  simple  concepts,  it  is  apparent  that  a  stress  induced 
frontal  process  zone  must  have  no  effect  on  ihc  crack  tip  Field  and  thus,  initial  crack  growth  must  occur  without 
toughening,  fig.  4.1  (McMccking  and  Evans  19X2,  Budiansky  et  al,  19X3),  However,  upon  crack  extension,  process 
zone  elements  unload  in  the  wake,  hysteresis  occurs  (Fig.  4.2)  and  toughening  develops,  given  by, 

^c/e  “  2/a<he^ 

where  <X-"  is  the  critical  mean  stress  for  supercritical*  transformation.  This  steady-state  level  of  toughening  is  attained 
after  substantial  crack  extension.  A  directly  equivalent  result  for  the  increase  in  critical  stress  intensity  factor,  AKc.can 
be  derived  by  considering  that  a  residual  compressive  stress  created  within  the  transformation  zone.  This  stress  inhibits 
crack  opening,  resulting  in  crack  shielding  such  that, 

AKt  c  0.22  Ec*  /Vh/(1  -  u)  (J  2) 

where  E  is  the  composite  modulus  (McMccking  and  Evans  1982). 

Evans  and  Cannon  (1986)  and  Green  ct  al.  (1989)  compared  the  theoretical  predicted  values  with  experimental 
.iata  based  on  actual  zone  size  measured  in  steady-state  (Swain  and  Rose  1986)  (Fig.  4.3)  and  revealed  that  Eqn,  (4.2) 
consistently  underestimates  the  toughness.  It  has  been  surmised  that  the  disparity  arises  because  shear  effects  have  not 
been  incorporated.  One  hypothesis  regarding  the  shear  strain  invokes  non-associatcd  (low  (Evans  and  Cannon  1986). 
Specifically,  it  is  presumed  that  the  shear  stress  (laminates  the  nucleaiion  of  the  transformation,  but  that  the  residual 
strain  is  predominantly  dilatational,  because  of  extensive  twinning  (Evans  et  al.  1981).  This  premise  results  in  a  zone 
profile,  in  plane  strain,  with  diminished  transformed  material  ahead  of  the  crack.  The  resultant  toughening  exceeds 
Eqn.  (4.2)  and  furthermore,  agrees  quite  well  with  experimental  data  (Fig.  4.3).  However,  the  necessary  zone  shapes 
are  not  consistent  with  experiment.  Some  inconsistency  thus  remains  to  be  addressed,  and  other  mechanisms,  such  as 
twin  induced  microcracking,  may  also  be  involved  (see  section  5). 

The  zone  size  h  represents  the  major  mlcrostructural  influence  on  toughness.  Clearly,  h  is  governed  by  a 
manensite  nucleation  law.  However,  a  fully  validated  law  does  not  yet  exist.  Consequently,  connections  between  h  and 
the  microstniciure  still  cannot  be  specified.  Nevertheless,  certain  trends  art  apparent,  based  on  the  free  energy  of  the 
fully  transformed  product.  Specifically,  *i  invariably  decreases  with  increase  in  temperature  and  decrease  in  panicle  size. 
A  temperature  and  particle  she  dependent  toughness  is  thus  inevitable  [or  this  mechanism. 


'Supercritical  refers  to  the  condition  »  herein  all  panicles  within  the  process  zone  fully  transform. 


Transformation 


Fi(,  4.1  Transformation  zones  illustrating  the  dimensions  used  in  describing  the  transformation  toughening  process:  a 
frontal  zone  and  a  steady-state  zone  for  a  dilatational  driven  transformation.  R-curve  for  zones  with 
intermediate  profiles  is  also  shown. 


fig.  4.2  A  schematic  stress-strain  curve  fee  the  supercritical  martensitic  transformation  indicating  the  critical  stress  and 
the  permanent  strain. 


Fig.  4.?  A  comparison  between  theory  and  rxoeriment  for  various  panially  stabilized  zirconia  materials:  AKU  refers  to 
a  zone  shape  dictated  by  the  equivalent  stress,  whereas  AKj  refers  to  a  zone  shape  governed  by  the  mean 
stress. 


Constitutive  law*  expressly  relate  the  components  of  the  stress  ami  transformation  strain  tensors  in  the 
transforming  solid.  The  stresses  arc  most  conveniently  expressed  in  terms  of  the  mean  stress.  0.  .  the  dcviatonc 
stresses.  s„  ■  <J,j  -  5,j  0.\  and/or  the  equivalent  stress.  oe  *  yj^n *i/~  am*  ,l,clr  var'a;,en  <1,lfin£ 
transfonnation.  Such  relations  arc.  in  fact,  the  ci|utvalent,  of  the  more  famdtar  constitutive  laws  used  to  describe  plastic 
deformation  ami  crack  tip  fields  in  clastic/plastic  solids.  A  viable  constitutive  law  must  account  for  the  effect  of  panicle 
>uc  and  shape  upon  die  incidence  of  transfonnanon  by  allowing  only  a  certain  fraction.  /.  of  the  solid  to  actually 
transform  at  a  given  imposed  stress  Cij.  The  simplest  yield  entenon  has  the  form  tCIten  and  Rcvcs-Morcl  19861, 

a/11  +  O../t  ■*  I 

•'here  Si  ami  t  arc  experimentally  determined  normalizing  parameters  that  depend  «m  f.  i 1  ana  partulc  *i;c 
I  xpcrtmcnts  pertormed  *>n  PS/  and  T/.I*  itTten  and  Reyes  Morel  I’WSi.  arc  simststcnt  with  this  iransloimatnm 
condition.  However,  knowledge  of  the  nuelcation  is  not  vet  sullietcm  to  allow  £i  am!  X  to  lie  expressed  explicitly  m 
tenttx  of  these  variables. 

'Hie  preceding  consmutivc  laws  provide  the  basts  for  determining  crack  up  fields  and  hence,  for  predicting  trends 
m  transformation  toughening,  as  discussed  below. 

ilJLCratK  Tip  Stress  fields 

McMecking  and  Evans  ( 1982)  poimed  out  that  the  general  form  of  the  crack  tip  stress  field  m  the  presence  of  a 
transfonnation  zone,  depleted  in  Fig.  4.4.  is  eharaetenzed  by  two  stress  intensity  factors.  Outside  the  zone,  for  small 
scale  transformation  (i.e.,  a  small  zone  compared  with  crack  iength  and  specimen  dimensions),  the  field  is  given  by  the 
linear  clastic  solution  (h  <  r  S  a) 


o  ■  (K„A/2k7)8 

<1  '  n  ,4.41 

where  K«  is  ibe  stress  Intcnsiiy  dciermined  by  iltc  applied  loads  and  r  is  ihc  distance  from  the  erack  up.  Close  to  the  up, 
the  transformation  strain  is  saturated  and  hence,  the  material  is  again  linear  and  can.  consequently,  be  characterized  by 
another  stress  intensity  factor  Kpp,  such  that 


°.i  B  OV^)V  ,4.51 

-f  r  .  , 

The  coefficient.  a,"j.  which  depends  on  polar  angle,  approaches  that  for  clastic  materials  when  e  V  “  '  au  is  small. 
Tlie  transfomiauon  may  thus  be  characterized  by  a  stress  tntensity  change  AK.  defined  as 

AK  =  K„  -K„ 

"P  (4.6) 


When  Kup  <  K«,  the  transformation  :one  shields  the  up  from  the  applied  loads.  The  fracture  behavior  is  governed  by 
the  values  of  K„p  and  K»  at  the  fracture  criticality.  Knowledge  of  the  stress  in  the  intervening  regions  is  not  required 
lor  analysis  of  the  ioughening  (Budiansky  ct  al.  1983).  Specifically,  the  near  tip  field  provides  a  plausible  crack 
cxiension  criterion 


(Kc/K)-' 


i4  (i 


where  K'i  if  the  Jraaure  feuuamee  of  the  ma.enat  m  the  tninv'otmatUM  :,we  i mmeihattlv  uheoti  of  the  crock  tip: 
whereupon.  the  observed  toughness  IS 


K,  a  K0  +  AK,. 


t4„S| 


v-ncrc  Ah\  »x  the  quanuiy  -  AK,  evaluated  at  the  fracture  criticality, 

4_T_Touehtninit  Motels 

there  arc  Iwm  equivalent  analytical  methtxls  for  determining  trends  m  tmighncvv  one  haved  <m  stress  intensity 
>  .!•-:>  ,m.l  itsc  •niter  with  ..uivervaiioii  intci-ralx  llmh  approaches  prcilut  the  umc  MtavHire.  h;.t  base  diltcrcrt  utility 
**vu  yain.tii*  4'iVtttiH  touelicmns  require  cluodattoo  ( oitxcqucntlv,  Nnh  upphxithcx  arc  hrtelty  d.^nlvd 

tt  Stress  Intensity  Factors 

Tltc  magnitude  of  AK  clearly  depends  on  tN:  shape  of  the  zone  and  on  the  components  of  the  transformation 
'tram  tensor.  Initially,  n  is  pertinent  to  consider  a  crack  in  an  untransfomted  parent,  such  that  a  frontal  rone  develops  as 
tltc  load  is  imposed.  .Subsequently,  a  steady-state  zone  of  uniform  width  over  the  crack  surfaces  tFig,  4. It  is 
examined.  McMccktng  and  Evans  (19X2)  have  shown  that  the  AK  levels  arc  different  for  these  two  zone 
configurations,  resulting  In  R •curve  effects. 

Frontal  zone.  When  the  long-range  strain  field  of  the  transformed  panicles  is  purely  dllatatlonal  t!.e„  an 
extensively  twinned  panicle  with  uniform  twins  and  thereby,  no  long-range  shear  strain),  the  mean  stress  may  dictate  the 
shape  of  the  transformation  zone,  which  then  has  the  shape  depicted  in  Fig,  4.1.  For  this  condition.  4K  «0 
However,  r.ine  shape  effects  may  be  important  when  the  zone  deviates,  for  some  reason,  from  the  simple  dilatations! 
shape.  Such  effects  might  arise  because  transformed  dilatant  regions  ahead  of  the  crack  0  <  ft/3  ptovldc  deleterious, 
positive  AK  contributions  (Kup  >  K«).  whereas  (hose  regions  at  8  >  jt/3  provide  negative  contributions. 
Consequently,  tf.  for  example,  the  zone  profile  were  deietmincd  solely  by  the  dcviatoric  stresses.  AK  <0  and 
appreciable  toughening  would  exist.  Such  effects  might  arise  when  transformation  occurs  by  an  auiocatalytlc  process,  in 
tlie  form  of  shear  bands  emanating  from  the  crack  tip  (Lambropoulos  19X6). 

Steady-state  zone.  The  calculation  of  AK  for  the  steady-state  configuration  is.  again,  most  straightforward  for 
tltc  purely  dtlautional  transformation.  For  this  case,  when  the  transformation  docs  not  reverse  in  the  wake  and  when  all 
particles  wiihin  h  are  transformed,  the  plane  strain  zone  width  for  small-scale  transformation  is 

h  _  V3(l 

I2.t  l  5* )  ,4.9) 


(Mc.Mcckmg  and  Evans  1982,  Budiansky  et  al.  1983).  The  corresponding  exient  of  crack  shielding  is  given  by 
Eqn.  |4,2). 

AK  =  -0.22E/  c*-x/h7(l  -v).  ,4,0) 


Tlie  supercmical  plane  strain  toughness  can  thus  be  expressed  in  the  following  forms 

AK,  =  0.22E/cT,x/h/(l- v) 


AK</Kt  »  (v/a/ttKKl  +  vle/cJ/tftl-v) 


M.in 


er 


Kt/Ka  ■  [  1  -  (>/3/12x)n  +  vjE/cT/a'd  -  v)]'*.  {J  ,,, 

If  the  transformation  is  not  xtivattd  by  the  hydrostatic  crack  up  field,  but  instead  occurs  in  shear  bands,  inclined 
at  -  K/i  to  the  crack  plane  td  >  >  t  In  liqn.  -*.3),  all  of  the  deleterious  transformation*  In  front  of  the  crack  arc 
excluded.  Ac  shown  by  Evans  and  Cannon  the  supetcnncal  then  increase*  to 

AK„  ■  0.38n/c'-v/h/(l-v).  |4  ,j, 

’/auk' profile  considerations  are  thus  <fi  prime  importance  in  determining  the  magnitude  of  the  transformation  toughening. 
Tor  condition*  of  plane  stress,  the  xorje  width  is  predicted  to  be  smaller,  causing  the  toughness  to  diminish. 

When  the  transformation  rone  1*  nut  smalt,  the  zone  width  is  affected  by  the  previously  transformed  material  and 
Eqn.  (4.9)  docs  nor  apply.  In  this  case,  a  numerical  solution  has  revealed  the  trend  in  toughening  ratio  KJK^  with 
n/cT/S*  depicted  in  Fig.  4.5.  In  particular,  it  Is  noted  that  *  lock-up"  occurs  (Ke  -4  ••)  when  E/c^/ti*  *  30. 
This  phenomenon,  first  recognized  by  Rose  (19*6)  has  been  elaborated  by  A  maxi  go  and  Budiansky  (I9H9). 

ii)  Conservation  Integrals 

Per  the  frontal  zone,  the  volume  element*  within  the  zone  do  not  experience  unloading.  Consequently,  the  path- 
independent  J-intcgral  applies  and  the  relation 


J  -  (i-v3)K:/E 


(4.14) 


pertains  for  all  line  contours  around  the  crack  tip.  Furthermore,  since  the  elastic  properties  of  the  transformed  and 
untransfotmed  materials  arc  essentially  the  same,  contours  arou.vd  the  tip  (giving  KUp)  and  rentote  from  the  tip  (giving 
Km)  yield  identical  values  of  K:  whereupon  K|jp  ■  Km. 

Conversely  vhen  a  fully  developed  zone  exists  (Fig.  4.i),  the  maicrial  within  the  zone,  behind  the  crack  tip. 
has  experienced  unloading  and  a  path  independent  J  does  not  apply.  In  this  case,  the  appropriate  conservation  integral, 
I,  has  the  same  form  as  J  at  the;  tip 


I  =  (l-vJ)K3p/E 


but  remote  from  the  tip 

l  *  (l-v2)Kl/E-2j\j(y)dy 


(4.15) 


(4.16) 


where  U(y)  is  the  residual  energy  density  in  the  wake.  Equating  die  magnitude  of  the  conservation  integral  for  the  near- 
up  and  remote  paths  gives 


(4.17) 


Ks-  «  +(2£/(l  -  v5)]  Juty)dy 


tv 


a<;. 


(4.11) 


The  integral  In  U(y)  can  be  simply  related  the  element*)  stress-strain  curve  (Fig.  4,2).  Specific.’, Ily.  material  in  the 
process  iC  ’e  undergoes  a  complete  loading  and  unloading  cycle  as  the  element  translate*  from  the  front  to  the  rear  of  the 
crack  tip  during  erack  advance.  Hence,  each  element  in  the  wake  1$  subject  to  the  residual  stress  work  contained  by  the 
hysteresis  hvptFig,  4,2),  Consequently,  by  appreciating  that  the  wake  I*  subject  to  a  residual  compression  the  residual 
energy  density  can  be  readily  evaluated  as  tlludtansky  et  a).  I9HJ|. 


U(y) 


»*«/)'  *3/) 


2(1  -  B7B)  9(1  -v) 


(4.19) 


whete  B*  is  the  slope  of  the  stress-strain  curve  of  the  transforming  material.  The  three  terms  in  Kqn.  (4.18)  derive 
from  the  areas  I,  II  and  III  under  the  stress-strain  curve  depicted  in  Fig.  4.2.  The  latter  two  terms  cancel  when 

B*  rx  -2E/3(l  +  v) 

■  -4G/3  (4.20) 

and  Eqn.  (4.18)  for  the  toughening  is  then  identical  to  Eqn.  (4.1).  This  condition  for  B*  hu  been  determined  to 
coincide  with  at  the  supercritical  condition  (Budiansky  et  al.  1913). 

lit)  Sub-critical  Transformations 

The  preceding  discussion  has  referred  exclusively  to  supercritical  transformations,  wherein  al'.  panicles  within 
the  zone  transform.  Such  behavior  is  only  observed  in  PSZ.  More  generally,  subcritical  transformation  occurs, 
whereupon  only  a  fraction  of  the  phase  transforms.  Sub-critical  transformations  arc  characterized  by  a  transformation 
slope  B*  >  -  4G/3.  Some  typical  results  determined  numerically  for  the  dilatations!  transformation  are  plotted  in 
Fig.  4.6  (Budiansky  et  al.  1983).  In  these  Instances,  the  overall  transformation  mechanism  is  important,  in  the  sense 
that  the  shape  of  the  stress-strain  curve  is  dictated  by  the  nucieation.  growth  and  twinning  characteristics  of  the 
martensite. 


Alternatively,  sub-critical  toughening  can  be  characterized  in  terms  of  the  distribution  of  transformed  panicles 
f(y)  as  a  function  of  the  distance  y  from  the  crack  plane.  This  formulation  is  panicularly  useful  because  f(y)  can  be 
determined  experimentally  (P.ilhle  et  al.  1984).  The  solutions  can  be  straightforwanlly  evaluated  from  the  supercritical 
transformation  solutions  by  considering  the  contribution  to  AK  from  each  pan  of  the  distribution  (Mc.Mccking  and 
Evans  1982). 


tv)  Resistance  Curves 

Resistance  curve  behavior  is  inevitable  in  transformation  toughened  materials,  because  initial  crack  growth  is 
largely  unaffected  by  transformations  produced  by  the  stationary  crack.  The  slope  of  the  resistance  curve  (the  tearing 
modulus)  is  governed  by  the  current  geometry  of  the  zone,  which  depends  on  zone  evolution  (Chanlambides  and 


(1-v)K 

Fi*.  4.6  Ratio  of  near-tip  to  remote  strew  intensity  factor.  Die  dashed  line  is  the  asymptot >c  result  for  small  c.r  The 
curve*  for  sub-critically  tonsformlnt  material*  were  calculated  with  v  »  0.3. 


Fit,  "*.7  The  dependence  of  relative  rone  width  on  relative  crack  extension. 


Aa/h 


Fig.  4.8  Iheoretically  predicted  redo  of  (relative)  toughness  to  crack  extension. 


MeMceking  1987,  Budiansky  1989).  Consequently,  toughening  curves  can  only  be  calculated  by  applying  incremental 
crack  growth  methods.  Such  analysis  reveals  that  the  rone  initially  widens  as  the  crack  extends  and  eventually  reaches  a 
steady-state  crack  width  (Fig.  4.7).  The  actual  zone  morphology  and  thus,  the  shape  of  the  resistance  curve,  depend  on 
the  transformation  criterion  and  on  the  flow  rule.  Calculations  based  on  a  dilatations!  law  indicate  a  large  tearing 
modulus  and  a  peak  prior  to  steady-state  (Fig.  4.8)  (Stump  and  Budiansky  1989).  The  peak  is  most  pronounced  for 
supercritical  condition  when  the  zone  height  is  large.  The  existence  of  the  peak  is  not  physically  obvious  but  may  be 
rationalized  by  appreciating  that  the  rising  resistance  curve  and  the  steady-state  resistance  have  a  separate  dependence  on 
the  frontal  zone  shape  evolution  and  are  thus  not  uniquely  connected.  The  occurrence  of  a  peak  fracture  resistance 
coincides  with  a  peak  in  zone  height.  Such  zone  height  peaks  have  been  observed  by  experiment  (Marshall  et  al.  1989). 

The  resistance  curves  are  also  dependent  on  the  length  of  the  crack,  resulting  in  short  crack  effects  which 
influence  trends  in  strength  (Stump  and  Budiansky  1989).  For  crack  lengths  in  the  range  a  <  5h,  interaction  between 
the  zones  at  the  opposite  crack  tips  reduces  the  zone  shielding. 


Nk.Mcektng  19X7,  ocdiansky  19X9).  Consequently.  toughening  curves  eon  only  be  calculated  by  applying  incremental 
crack  growth  method;  Such  analysts  reveals  that  the  zone  tm.tally  widens  as  the  crack  extends  and  eventually  reaches  a 
*!cady<«tatc  crack  vrnth  (Fig,  4  7i  The  actual  zone  morphology  and  thus,  the  shape  of  the  resistance  curve,  depend  on 
the  transformation  criterion  and  on  the  flow  rule.  Calculations  based  on  a  dtlatattonal  law  indicate  a  large  tearing 
modulus  and  a  peak  poor  to  steady-state  tl:lg.  4.X)  (Stump  and  Budiansky  19X9)  The  peak  IS  most  pronounced  for 
mpcrvntteal  condition  when  the  zone  lielght  is  large.  The  existence  of  the  peak  is  oof  physically  obvious  but  may  be 
rationalized  by  appreciating  that  the  rising  resistance  curve  and  the  steady-state  resistance  have  a  separate  dependence  on 
the  frontal  zone  shape  evolution  and  arc  thus  not  uniquely  connected.  The  occurrence  of  a  peak  fracture  resistance 
coincides  with  a  peak  in  zone  height.  Such  zone  height  peaks  have  been  observed  by  experiment  (Marshall  ct  al.  |989). 

n«  resistance  curves  arc  also  dependent  on  the  length  of  the  crack,  resulting  m  shun  >nuk  effects  which 
."iliicitvC  trends  in  strongm  ■- Stump  and  lludiaroky  1'ivii  J-nr  crack  tengths  m  the  range  a «%'  5b.  interaction  between 
’he  ••imex  at  the  opposite  crack  tips  reduces  the  zone  shielding  The  ccrrc-pondmg  sanations  m  strength  are  reseated  in 
big  4  '.l, 


5.  MICROCRACK  TOUGHENING 

llurcsch  1 1975),  Hoaglandct  al.  (1975)  and  Evans  (1976)  postulated  the  phenomenon  of  nucrocraek  toughening 
more  than  a  decade  ago  and  indeed,  a  range  of  materials  exhibit  trends  tn  toughness  with  panicle  size,  temperature  etc., 
qualitatively  consistent  with  this  mechanism.  Ilowfcr.  as  yet  there  t$  only  one  fully  validated  example  of  this 
mechanism:  AljOj  toughened  with  monoclinic  7,rOi  tRUhle  et  al.  19X6.  l9X7b).  This  material  is  discussed  in 
Section  5.3.  The  fundamental  premise  concerning  the  mechanism  is  depicted  in  Fig.  5.1.  Micrccracks  occur  within 
regions  of  local  residual  tension,  caused  by  thermal  expansion  mismatch  and/or  by  transformation  (Evans  and  Faber 
1984.  Hutchinson  1987).  The  microcracks  locally  relieve  the  residua!  tension  and  thus  cause  a  dilatation  governed  by 
the  volume  displaced  by  the  nucrocraek.  Furthermore,  the  microcrscks  reduce  the  elastic  modulus  within  the  microcraefc 
process  zone.  Consequently,  the  elemental  stress-strain  curve  for  a  mtcrocrackmg  solid  has  the  form  depicted  in 
Fig.  5.1.  The  hysteresis  dictated  by  this  curse,  when  the  microcracks  are  activated  by  the  passage  of  a  macrocrack, 
contributes  to  the  change  in  toughness,  as  elaborated  below.  However,  this  contribution  is  partially  counteracted  by  a 
degradation  of  the  material  ahead  of  the  microcrack.  The  full  extent  of  the  degradation  is  presently  unknown. 

The  crack  shielding  can  be  conveniently  separated  into  dilatational  and  modulus  contributions.  The  fo.nier 
depends  on  the  process  zone  size  and  shape,  while  the  latter  depends  only  on  the  zone  shape.  The  dilatatU  -i al 
awribmlon  has  essentially  the  same  form  as  Eqn.  (4.2).  I lutchinson 1987)  showed  that  for  asymptotic  supercritical 
conditions. 


AKe  *  0.32E8TVh  (j  „ 

where  Op  is  now  the  misfit  strain  caused  by  microcracks  (analogous  to  fc[  in  Hqn.  4.2).  Following  Hutchinson 
t  I9S7)  the  asymptotic  modulus  contribution  is 

(1-«)AK,/K,  =  (k,- !)(G/G  -l)+  (kj  +  p)(vG/S  “  v)  (5  2) 

where  k|  and  kn  depend  on  the  microcracking  criterion.  In  general,  the  AK«  due  to  dilatation  and  modulus  effects  are 
not  additive:  interaction  terms  are  involved. 


Comparison  between  theory  ar.d  experiment  has  been  made  for  the  AI2O3/Z1O1  system  (see  Sect.  5.4).  For  this 
case,  the  contributions  to  toughening  from  the  dilatation  and  the  modulus  arc  evaluated  as  -  2.5  and  SNlPav/m" 


Fig.  5.!  The  bisic  concepts  of  micrccrack  toughening. 


respectively,  compared  with  *  measured  composite  toughness  of  -  6MPa  y/m  .  While  this  comparison  is  reasonable 
and  appears  to  vjtlufjse  trticrovfachir.g  as  the  prevalent  toughening  mechanism,  it  is  emphasized  that  present 
understanding  of  nwcronuck  toughening  is  incomplete.  Jr,  particular,  interaction  effects  between  the  modulus  and 
dilatational  contribution  «  well  ?j<  near-lip  degradation  effects,  require  further  investigation.  Furthermore,  because  of 
the  experimental  difficulty  involved  in  detecting  nucrocmclts,*  the  inehknee  of  mierocrack  toughening  in  other  ceramic 
systems  is  diseased. 

Otic  potemiajSy  detrimental  feature  of  nuemetaek  toughening  is  the  incidence  of  thermal  mtcroeracks  at  the  largest 
particics  in  the  distribution  (ROhle  <(  a!.  !9H7bV  Such  cracks  can  he  strength  limiting,  resulting  in  material  that  is 
relatively  tough,  t-u:  pas  only  moderate  strength.  Avoidance  of  such  strength  limiting  cracks  requires  stringent  consol  of 
the  v;c  di jtntmiion  of  the  reinforcing  panicles,  just  bcneaih  the  entical  s,zc  for  thermal  nwroeraektng. 


■M,- Constitutive  Laws 

flic  reduction  lit  clasilc  moduli  er.used  by  mkrocraeks. «  welt  as  the  permanent  strain  governed  by  release  of  the 
residual  stress,  depend  upon  rnierosirxuirc.  Characteristic  constitutive  laws  are  illustrated  for  two  imponar.t  cases 
consisting  of  spherical  panicles  subject  to  either  residual  tension  «r  residua!  compression.  For  the  fontxr  ease,  the 
microcracks  occur  within  the  paiueie,  while  for  the  latter,  the  matrix  develops  mk  recracks  trig.  5. 1 1.  Results  for  these 
cases  have  been  derived  for  materials  having  homogeneous  elastic  properties  prior  to  microerackmg.  For  partteks 
subject  so  residual  tension  in  which  penny -shaped  rracrocracks  forms  (Fig.  J.l),  the  volume  cf  each  opened  mterocrack 
is  (Hutchinson  1987} 


AV  «  (16RV3)U-v*K/E  .  ,5  3) 

(Hutchinson  1987.  Evans  and  Cannon  1986)  where 

<rr,  -  2Eci/9(l-v)(  (54) 

R  is  the  panicle  radius  and  CI  is  the  misfit  strain  between  panicle  and  matrix.  This  volume  increase  dictates  ihc 
permanent  strain,  such  that  the  rrucrncrack  misfit  strain  becomes 

0T  -  (16/3)0 -v^Tgo^/E  (J  J, 

where  H  n  N  (RJ)  is  the  number  density  of  microcrackcd  panicles,  with  N  being  the  number  of  mierocracked 
panicles  per  unit  volume.  Solutions  for  the  elastic  moduli  of  tr.lcrocrackcd  bodies  esublish  ihe  modulus  effect 
iHutchhtson  1987), 


G/S  *  l  +  (32/45)  (1  -  v)  (5  -  v)  t)/(l  -  v) 

B/fi  »  1  +  (16/9)  ( 1  -  v:)  n/(l  -  2v)  ,5>6, 

where  the  bar  refers  to  mierocracked  material.  Based  on  the  above  characteristics,  Hutchinson  (1987)  showed  that  the 
constitudve  law  has  the  form 


'Typical  residua!  crack  openings  are  <  ;oti. 


Forpartkks  in  restJaa/  ompttssion.  the  cent spending  constitutive  law  depends  sensitively  on  the  response  of 
the  interface  to  the  mkrocrack.  Foe  the  one  material  studied  thus  far  (AtjOj/ZtOj),  some  debondinf  occurs  at  the 
interface  (Ing.  5,1)  and  the  basic  parameters  derived  foe  the  microcracks  arc: 

e,  -  3.6K/R)  n/45  <5.x» 

where  uK  is  the  residual  mkrocraek  opening  of  the  interface,  as  affected  by  the  debond  length,  d  and 

4  -  c/R 

where  c  is  the  mkrocraek  length  (Fig.  5.1).  The  above  results  may  be  used  in  conjunction  with  Eqn.  (5.1)  and  15.2)  to 
predict  toughening,  as  discussed  below. 


5.2,  Tamhtnint  Mattel* 

The  crack  tip  fields  and  the  stress  intensity  factors  for  mic  roc  racked  materials  have  the  same  general  form 
described  above  for  transform* irons.  However,  for  microcracking,  it  is  expedient  to  separate  the  contributions  to  K*p 
from  the  modulus  reduction  and  from  the  residual  strain  (Evans  and  Faber  19M.  Hutchinson  1917),  These 
contributions  are  additive  when  AKu^K  Is  small.  Otherwise,  interaction  effects  arc  involved  and  specific  solutions 
must  be  obtained  numerically  (Charalambides  and  Me  Meek  in  g  1917). 

The  contribution  to  Kup  from  the  residual  field  has  precisely  taken  the  same  form  as  that  associated  with 
transformations,  but  with  /  e  J,  replaced  by  8f  This  contribution  thus  depends  on  zone  size  and  shape,  as  in  the  case  of 
transformation  toughening.  For  example,  when  the  mkrocraek  nuckation  condition  involves  a  critical  normal  stress,  the 
steady-state  shielding  is. 


AK,|p  *  -0.40E8TVh 


while  for  a  critical  mean  stress, 


AK|lp  «  -0.32E9.jVh 


(5.9a) 


(5.9b) 


(Hutchinson  1917).  By  contrast,  (he  toughening  impaired  by  the  modulus  reduction  depends  on : one  shape,  bus  not  on 
tone  size.  The  size  independence  arises  because  the  “inelastic"  strain  caused  by  the  modulus  reduction  is  itself  governed 
by  the  distance  from  the  crack  tip.  Values  of  AK|jp/K  can  be  obtained  by  simply  insetting  G/C  and  V  into  Eqn.  (5.2). 
Typical  results  for  the  steady-state  shielding  are,  for  a  critical  normal  stress  and  penny-shaped  microcracks 

4K„/K  =  ,5.,0) 

Resistance  curves  in  microcracking  materials  also  have  many  of  the  same  features  as  in  transformation 
toughening,  with  the  difference  that  the  modulus  contribution  has  a  weak  influence  on  the  tearing  modulus.  Numerical 
simulations  of  resistance  curves  are  summarized  in  Fig.  5.2. 


i:\prnmriHil  Kt<uli< 


Ruble  cl  al<  •  i9R7b)  performed  micro*  trucmral  and  mtfweraekmg  studies  on  various  ZTA  materials  wherein  the 
proportion  of  ZrO;  thermally  transformed  10  ibe  monocltnic  phase  was  vaned  between  !■*  and  77T,  (Fig.  5.3» 
Trammtsoort  electron  rotcftwcupy  »T1i.M)  studies  revealed  that  tn  these  materials  all  *AO;  panicles  and  Al^Oi  {rains  arc 
facetted,  that  the  AO;  panicles  arc  tmercrystallirtc  and  that  gram  boundaries  and  interface  boundaries  were  circumvented 
bv  an  amorphous  layer  (Darke  19791.  The  sire  distribution  of  the  {rains  and  panicles  have  been  measured  m  foils  up  to 
'» tym  tn  thickness  with  the  radii  separated  into  different  nonlinear  St«  {roups  usm{  the  volume  fraction  per  sue  {roup 
as  the  otdtnarc  iFif.  5  ■>>  AO;  panicles  with  radii  be  >  O.jjlm  were  found  to  be  monocltmc  and  contained  twin 
lamellae 


'•null  tmctfxial  rrxiiMxks  were  u  mallv  nhvcrvtd  between  itvmKlww  AO*  particles  and  the  AI;Oi  maim 
rains  in  tf<"c  region*  where  Htc  twin  planes  of  m-AO;  lermtnaicd  »hg  5  5«  Occasional,  shermally  mdxed 
nncnvmeks  were  also  detected,  remote  from  the  mx  roe  rack  il:i{.  $.6).  These  were  invanablv  associated  w«h  larger 
motycltmc  AO;  panicles  the  lar{est  having  a  diameter  of  -  7pm.  These  cracks  dominate  the  strength,  resulting  m 
v'iengths  less  than  those  apparent  tn  the  predominantly  tetragonal  material  ting.  5,3i. 

Maths  m»e  roc  racking  caused  by  the  growth  of  macreeraek*  was  studied  by  preparing  thin  foils  at  four  distances, 
j.  from  s  ntacrocrack  tt)  S.  I  3.  3  and  npmi.  Radial  matrix  m*c  roc  racks  were  observed,  as  exemplified  in  Fig.  3  7. 
Ml  such  radial  irwcrocrackx  occurred  along  grain  boundaries  in  the  AlyOj.  Usually,  the  interface  between  the  AI>Oj  and 
AO;  wsti  tic  bonded  at  the  origin  of  ibe  microcrack  (Fig.  3.1).  The  detectability  of  radial  mtc  roc  racks  depended  on  their 
mclnuiKHi  with  respect  to  :hc  incoming  electron  beam.  Trends  in  the  visibility  of  microcracks  upon  tilting  around  one 
Am  (Fig  39)  indicated  that  Kiting  in  all  directions  would  be  needed  to  detect  each  mictocrack  present  in  the  foil. 
However,  tilling  ;n  the  TtM  is  limited  to  ±45*  in  all  directions,  so  that  only  0.3  of  the.  solid  angle  is  covered. 
Therefore,  ihe  fraction  vf  detectable  mieraeracks  is  limited  to  -  0.3. 

Sublet  to  this  detectability  limitation,  large  regions  of  TEM  foils  of  known  thickness  have  been  investigated, 
(he  example  is  shown  in  rig.  5.10.  wherein  all  microeracks  observable  under  different  tilting  conditions  are  marked.  It 
is  notes!,  on  avenge,  that  at  least  two  rroe  roc  racks  emanate  from  each  nv'AO;  panicle.  In  most  cases,  the  microcracks 
icr.winate  at  the  AI;Ov  gram  triple  junctions.  The  associated  projected  length.  I.  of  each  mkrocrack  has  been  measured 
and  related  so  the  radius,  b.  of  the  originating  monoclinic  ZrO;  panicle  (Fig.  3.1 1).  Additionally,  the  residual  opening 
of  the  microcracks.  5  has  been  determined  at  the  AO;  panicle  intersection,  where  the  opening  is  usually  largest 
•  Fig.  5.12). 

The  utility  of  microcrack  length  measurements  Is  facilitated  by  defining  a  representative  geometry  and 
ikienr’ining  the  related  microcrack  density  parameter,  introduced  by  Budiansky  and  O'Connell  1 1976): 

c  «  n(cj)  (5.10) 

where  N  is  (he  number  of  microcracks  per  unit  volume  and  c  is  the  relevant  microcrack  dimension.  Evaluation  of  the 
microcrack  profiles  observed  by  tilling  suggests  that  each  ZrO;  panicle  is  circumvented  by  a  radial  microcrack 
iFig.  5.13a),  consistent  wen  the  symmetry  of  (he  residual  strain  field  around  each  panicle.  The  model  depicted  in 
Figs.  5.13b  and  5.13c  has  thus  been  used  for  funher  analysis. 
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Fig.  5  J  Trend*  in  the  wrcngth  and  kwftnoi  O.ZTA  with  relative  tetragonal  content  fora  15  volume  %  ZiO ;  rmtrrul. 


Size  group 


Fig.  5.4  Z1O2  pvbcle  site  distribution  for  die  materials  having  14%  and  77%  of  the  ZrOj  in  the  monoclinic  form.  The 
size  groups  are  defined  in  Table  1.  All  panicles  larger  than  be  are  monoclinic. 


I  *s  5  5  Three  cumpks  of  microctaekJ  ohietvol « swin  terminations  In  the  AIjOj/ZiO'  interface. 


Rg.  5.7  A  TEM  micrograph  revealing  a  typical  rrocwcrack  in  the  process  aonc. 


Fig.  5.8  A  TEM  micrograph  showing  the  debonding  of  ihc  interface  near  a  microcrack 


Residual  Microcrack  Opening,  8/b 


Monoclinic  Zr02  Particle  Radius,  b(/im) 

5.1 1  Trends  in  microcode  length.  I,  with  the  effective  radius,  b.  of  the  associated  monoclinic  7jOi  panicles. 
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Fig.  5.12  Trends  in  residual  crack  opening  with  panicle  site. 
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Fij.  5. 1 3  The  microcnck  model  used  to  measure  crack  densities  and  to  analyze  the  changes  in  crack  volume  and  elastic 
modulus:  a)  a  schematic  drawing  of  a  typical  configuration  b)  the  microcrack  model  used  for  analysis  c)  the 
mechanics  model. 


An  example  of  the  frequency  distribution,  fdMI.  of  projected  nucroeraek  lengths,  measured  on  a  xnes  of  TEM 
foils  from  ihc  materia)  containing  77%  m-ZiO; «  plotted  m  Fig.  5.U.  The  cttierocraek  density  may  be  evaluated  from 
vueh  »  frequency  distribution  by  using  a  procedure  devised  by  budiartsky  and  0‘Connell  t 19761. 

c  -  tb/s)  ffrCDd/q 

'a  *5,m 

where  q  tv  the  fraction  Of  mtcrocraek*  detected.  The  result*  obtained  ate  plotted  tn  l  ip.  5. 1}.  recalling  that  two  trace* 
constitute  one  annular  eraek  tf:ig.  5.131. 

Several  feature*  are  evident  from  Fig.  515.  The  mierocrack  denitty  dimtmshe*  with  distance  from  the  eraek 
plane  T  maximum  dctuitv  t<  adtacem  to  the  crack  surface  suggest*  a  saturation  value,  governed  by  the  total  &O; 
pantcle  ..went  itse  decrease  wtth  tluurvc  v  ts  approvunately  linear,  such  lhat 

e  -  £,(!*■  y/h)  ,5I2, 


where  h  t*  the  process  rone  width 

The  residual  strain  contribution  »  die  tk liJinf  t*  tRuhk  ct  a).  tW?e). 

Mt*  «  [t2/3)^{J/%tf)WvA 

L  '“v  J  (5.13) 

where  giq)  «•  3.6s'3.  The  appropriate  value*  of  the  parameter*  in  liqn.  (5.13)  are:  q  ■  1.4.  5/b  *•  0.03. 
U  «  ISGGPa,  Cjt  »  0.15.  Consequently,  for  the  material  containing  77%m«Zr02th  *  7 Jim),  the  residual 
strain  reduced  shielding  is.  liKj  »  ■  2.5  ±  I.MPavm.  The  modulus  reduced  sh  .wing  depend*  only  on  K  for  the 
composite  and  on  Cj.  WUh  tt  ■  0.15  and  4  *  M.  Q,~/G  i*  obtained  from  Eqn.(5.5)  a*  0.4.  Then  with 
K  x  Ke  ■  6MPaVm(Fig,  5.1).  the  modulus  shielding  is  obtained  from  tEqn.  5.3) 
as  AKm  •  .  5  ±  2MPav/m.  Simple  addition  of  the  dilatational  and  modulu*  contributions  would  indicate 
toughening  AKe  »  7.5MPavlti  sufficient  to  account  fully  for  the  measured  toughness  Kc  *  6MPaVm.  It  should 
be  appreciated,  however,  that  the  individual  contributions  to  the  shielding  are  relatively  Urge  and  additivity  is  not  strictly 
valid.  Interaction  effects  should  be  taken  into  account  before  more  rigorous  comparisons  between  theory  and  experiment 
are  attempted. 

It  is  of  interest  to  not:  that,  the  modulus  reduction  and  dilatational  contributions  to  the  shielding  are  similar  in 
magnitude.  This  is  important  because,  while  the  former  contribution  cannot  be  readily  changed  (being  governed  almost 
entirely  by  the  saturation  microcrack  density,  c«).  the  dilatational  contribution  may  be  enhanced  by  increasing  both  the 
process  zone  size  and  the  microcrack  density  within  the  zone.  This  may  be  achieved  by  control  of  the  m-ZrOi  particle 
size  distribution,  through  its  influence  on  the  nucleation  of  the  microcracks. 

A  number  of  substantive  problems  exist  in  the  analysis  of  mierocrack  toughening;  both  experimental  and 
theoretical.  Among  the  problems  are  s  poor  fundamental  understanding  of  the  degradation  caused  by  the  microcracks 
directly  ahead  of  the  crack  from  and  limited  knowledge  of  the  interactions  between  modulus  and  dilatational 
ccntnbutions  to  crack  shielding,  as  well  as  experimental  mierocrack  detectability  limitations  in  the  TEM.  These  topics 
require  furtner  study  before  auihoniatiw  conclusions  can  be  reached  regarding  toughening  in  ZTA  and  before 
predictions  of  toughening  trends  can  be  coni  imp  la  led. 


Section  ill 
Section  I 


Section  II 

Fig.  4.14  IV  mKftxrxk  length  distribution  at  fourdistarces  (QJ.  1.5.3.  and  6pm)  from  the  crack  plane  ofcuined  on 
a  material  containing  77%  Weal  m-ZiOj,  Note  the  position  insensitivity. 


Distance  from  Grack  Plane,  y  (Mm) 

Fig.  5. 1 5  Trends  in  the  microcreck  density  parameter,  c  ■  N  <  c3  >,  with  distance  y  from  the  creek  surface. 


6.  DUCTILE  REINFORCEMENT  TOUGHENING 
6  1.  Synopsis 


Ductile  reinforcements  may  profoundly  inert  ate  the  toughness.  One  contribution  to  the  toughness  derives  from 
erxk  trapping  (Rice  19118),  another  Involve*  crack  bridging  (Krsttc  1983,  Slgt  ct  at.  1988,  A*hby  ct  al.  1989. 
Rudianxky  ct  al.  1988)  and  yet  another  involve*  crack  shielding  and  plastic  dissipation  associated  within  a  plastic  zone 
(Marshall  ct  al.  1989).  Experience  and  analysts  have  indicated  that  crack  bridging  is  usually  the  most  potent  of  these 
mechanisms:  a  result  that  can  be  appreciated  by  realizing  that  the  only  ductile  regions  which  experience  extensive  plastic 
strain  (much  larger  than  clastic  strains)  arc  those  segments  that  stretch  between  the  crack  surfaces  tn  the  bridging  zone. 
The  plastic  dissipation  in  this  zone  can  be  relatively  large  and  provide  a  major  increase  in  toughness. 

The  material  systems  that  exhibit  plasticity  induced  toughening  have  three  distinct  microstructurcs:  isolated 
ductile  reinforcements.  interpenetrating  networks  and  a  continuous  ductile  phase.  The  former  is  exemplified  by  ductile 
fibers  tiling  and  Groves  1972,  Cooper  and  Kelly  1971,  Gerberich  1971)  by  Sb  alloy  plates  in  TiAl  (Cao  ct  al.  1989) 
and.  probably,  by  ferrite  In  the  quasi-cleavage  of  steels  (Hoagland  tt  al.  1972,  Gerberkh  and  Kurman  1983).  An 
example  of  an  interpenetrating  network  is  Al  alloy  reinforced  AI;Oj  produced  by  the  Lanxide  method  (Newkirk  ct  al. 
198b).  The  continuous  ductile  network  ease  includes  most  metal  matrix  composite*  and,  probably,  cemented  carbide* 
(Sarin  1988).  An  important  difference  between  the  two  former  micros  true  turn  and  the  latter  concern  the  potential  for 
plastic  strain  in  the  composite  outside  the  bridging  ligaments.  Plastic  strain  in  the  former  is  limited  by  elastic  strains  in 
the  elastic  network  (Sigl  ct  al.  1988)  leading  to  bilinear  strets/serain  characteristics.  Conversely,  a  composite  with  a 
continuous  metal  network  is  subject  to  non-linear  power  law  deformation  and  can  experience  substantial  plastic  strain. 
Consequently,  the  potential  for  appreciable  plastic  dissipation  within  a  plastic  zone  is  much  greater  for  the  latter 
rrucrosmtcture.  Attendant  differences  in  toughness  optimization  may  thus  exist. 

The  predictive  design  of  mtcrostructurcs  having  high  toughness  is  still  in  the  formative  stages.  Nevertheless, 
some  important  indications  are  unequivocally  provided  by  the  bridging  models.  Most  importantly,  dcbontiini  seems  to 
be  exceptionally  beneficial.  Additionally,  small  incoherent  precipitates  that  induce  hardenine  while  maintaining  good 
ductility  arc  advantageous.  Furthermore,  Urge  dixmeter  reinforcements  are  superior.  However,  in  practice,  an  optimum 
reinforcement  radius  is  expected,  because  of  the  increased  probability  of  having  relatively  large  hard  panicles  that  limit 
ductility,  as  the  radius  increases.  Limited  experience  indicates  that  this  optimum  size  is  in  the  range  lO-IOO(lm, 
depending  upon  the  ductility  of  the  reinforcement. 

62.  Constitutive  Laws 

Understanding  of  the  toughness  generated  by  ductile  ligaments  is  contingent  upon  the  law  that  characterizes  the 
stress/stretch  re)  rtion,  t(u).  Insights  regarding  (he  parameters  that  affect  this  relation  can  be  gained  from  simplified 
analytical  models.  Complementary  numerical  solutions  then  allow  determination  of  specific  trends.  Budiansky  et  al. 
(1988)  and  Rose  (1987)  analyzed  smzll-scale  bridling,  in  which  bridge  length  is  small  in  relation  to  crack  length, 
specimen  dimensions  and  distances  from  the  creek  to  the  specimen  boundaries.  The  stress/stretch  relation  t(u)  depends 
strongly  on  the  mode  of  failure  of  the  ductile  ligaments.  A  small-scale  yielding  analysis  indicates  that  t  should  increase 
rapidly  with  initio!  crack  opening.  A  large  strain  neckine  analysis  then  reveals  that,  wttiiout  debonding,  the  stress  attains 
high  initial  levels  because  of  the  elastic  constraint  of  the  matrix,  but  should  decrease  as  the  crack  opens  and  furthermore, 
should  depend  sensitively  on  the  work  hardening  rate.  These  simple  results  already  provide  the  important  insight  that  a 
peak  stress  exists  st  small  crack  openings,  such  that  the  plastic  dissipation  is  dominated  by  the  large  strain  (necking) 
regime  (Figs.  6.2, 6.3).  The  importance  of  interface  debonding  thereby  becomes  apparent,  because  debonds  reduce  the 
constraint,  but  increase  the  plastic  stretch  prior  to  failure.  Numerical  solutions  obtained  with  prescribed  initial  debonds 


Fig.  6. 1  Nondimensional  stress  vj.  stretch  behavior*  and  associated  "work  of  rupture"  x 


Fig.  6.2  Trend  in  X  with  work  hardening  rate  n  without  tkbooding 


Fig.  6.3  The  work  of  rupture  is  a  function  of  plastic  stretch  measured  for  various  ductile  reinforcements 
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Fig.  6.4  Resistance  curves  calculated  for  bridging  by  non-hardening  ductile  ligaments 


esublish  I  he  salient  trends  (Fig.  6-3).  Notably,  in  the  important  range  0  <  d/R  <  2.  the  plastic  dissipation  Increases 
systematically  as  d/R  increases.  Furthermore,  if  the  debood  tvolw  during  crack  opening,  the  dissipation  is  further 
enhanced.  The  above  predictions  arc  generally  similar  to  experimental  measurements,  which  confirm  large  stresses  at 
small  u  and  increased  dissipation  when  debonding  occurs. 

*.?i  Touthcmw 

The  toughness  attributed  to  bridging,  based  on  Eqn.  (1.2).  can  be  re-expressed  in  non-dimensional  form  by 
noting  that  the  How  stress  scales  with  the  uniaxial  yield  strength.  Y,  and  that  the  plastic  stretch  is  proportional  to  the 
radius  of  cross  section  of  the  reinforcing  ligaments,  R:  consequently  (Sigl  eta).  1988.  Ashby  ctal.  19*9).  the 
asymptotic  toughness  is. 


.WV/YR-X  ,6|, 

where  X  is  a  "work  of  rupture"  parameter  that  depends  on  the  critical  plastic  stretch  Uc  (or  ductility)  of  the  reinforcement 
and  on  the  extent  of  interface  debonding,  d.  Values  of  X  have  been  obtained  both  by  calculation  (Budiansky  et  al< 
1988.  Sigl  ct  at.  19**,  Malaga  19*9)  and  by  experiment  (Ashby  et  al.  19*9).  based  on  determinations  of  the  area  under 
the  stress/strctch  curve  for  the  reinforcing  ligaments  (Fig.  6.1).  For  a  well. bonded  interface  (d  «  0)  and  for  ductile 
ligaments  that  fail  by  necking  to  a  point,  the  resultant  nnd  in  X  with  work  hardening  nte  n  (Fig.  6.2)  indicates  that  X  >* 
in  the  range  0.3  to  1.  Less  ductile  ligaments  that  rupture  prematurely  by  profuse  hole  nuclcaiion  have  correspondingly 
smaller  values  of  X-  Systems  subject  to  debondinr  exhibit  larger  X  and  approach  6  for  debond  length  d  of  order  I-2R. 
Experimental  results  have  indicated  that  trends  in  X  with  d  are  reflected  in  a  plot  of  %  with  relative  plastic  stretch  Uc/R 
(Fig.  6.3). 

The  basic  non-dimensional  solution  (Eqn.  6.1)  can  be  used  both  to  rationalize  toughness  measurements  and  to 
develop  a  predictive  capability.  For  purposes  of  the  former,  Y  and  n  can  be  inferred  either  from  a  TEM  characterization 
of  the  microtuucture  (Fliiui  et  al.  1989)  or  from  mkrohardness  measurements  (Elliott  et  al.  1988),  white  /,  R,  Uc  and  d 
can  be  determined  by  quantitative  SEM  of  the  fracture  surface.  Estimates  of  the  ductility  can  also  be  obtained  from  SEM 
measurements  of  the  plastic  stretch  (Flinn  ct  al.  1989).  Such  studies  performed  for  composite  systems  in  which  ductile 
failure  occurs  by  necking  (AljOj/Al  and  TtAI/Nb)  indicate  acceptable  agreement  between  theory  and  experiment. 

The  basic  characteristics  of  steady-state  toughening  by  ductile  bridging  are  given  by  Eqn.  (6.1)  with  the 
attendant  implications  for  the  strength  and  ductility  of  the  reinforcement  and  the  debonding  tendencies  of  the  interface 
discussed  above.  However,  steady-sute  is  preceded  by  a  resistance  curve.  Calculations  of  resistance  curves 
(Budiansky  et  at.  1988)  for  a  Dugdale  zone  indicate  trends  (Fig.  6.4),  but  the  predictions  have  not  been  verified. 
Simple  analysis  also  reveals  that  the  slope  of  the  resistance  curve  diminishes  as  the  debond  length  increases. 

The  contribution  to  toughness  from  plastic  dissipation  within  a  plastic  zone  is  less  well  understood.  Preliminary 
calculations  of  plastic  dissipation  (Sigl  et  al.  1988,  Charalambides  and  Malaga  1989)  esublish  that  it  is  dominated  by  a 
narrow  strip  near  the  crack  plane  in  which  the  plastic  strains  are  large.  The  consequences  are  that  the  dissipation 
depends  sensitively  on  those  microstructunl  features  that  esublish  the  cut-off  disunce.  As  yet,  there  is  no  clear 
understanding  of  the  appropriate  choice  for  this  cut-off.  This  behavior  is  very  different  from  transformation  toughening, 
which  is  governed  by  the  zone  height,  because  the  transformation  strain  is  uniform  and  prescribed. 
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Fig.  6.5  The  composite  cylinder  test  specimen 


Fig.  6.6  True  stress  strain  curves  measured  for  the  Nb  and  Ti-33at%Nb  wire', 
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While  many  brittle  materials  are  toug  hened  by  a  plastically  deformable  component.  and  while  many  open  menu 
have  been  performed  in  an  attempt  to  gam  understanding  about  the  toughening  mechanisms  (Viswanadham  et  at.  M3. 
Almond  et  al.  I9IW».  Sarin  1988).  controlled  experiments  have  only  recently  been  devised.  The  latter  experimental 
•tbvrrvations.  which  lead  to  quantitative  insight  into  mechanisms,  are  emphasised  below. 

6.4.1.  Composite  Cylinder  Tests 

A  composite  cylinder  test  specimen  tFig.  6.5)  suitable  foe  simulating  toughening  (Ashby  et  al.  1989)  consists 
«tf  a  concentric  cylinder  with  an  outer  brittle  matrix  bonded  to  a  central  ductile  reinforcement.  The  specimen,  after 
processing,  is  circumferentially  notched  and  prccracked  up  to  the  reinforcement  Ihce racking  is  straightforward  for  lead 
.viitun  a  low  toughness  glass  cylinder  tAshhy  ct  al.  1989).  but  more  dilftctilt  for  the  relatively  tough  TiAl  reinforced 
.still  Nh  iCao  ct  al.  I9S9H).  A  key  cspenrocntal  vanablc  is  the  notch  geometry  tn  the  vicinity  of  the  wire.  IVccracking 
is  facilitated  by  a  deep  notch  with  a  low  ilank  angle  which  terminates  dose  to  the  w-tre  interface.  I  lowcvcr.  tn  order  to 
accurately  simulate  the  behavior  of  the  reinforcement  in  the  actual  composite,  tt  is  also  important  that  the  matnx  maintain 
an  appropriate  degree  of  elastte  constraint,  which  places  limits  on  the  notch  width  and  the  distance  between  the  notch  tip 
and  the  wire  interface. 

Tensile  tests  on  the  composite  cylinders  resulted  in  the  strcss/displaccmcnt  curves  depicted  in  Fig.  6.6  tCao  ct 
al.  1989b) .  For  TiAl  specimens  containing  Sh  rtinforctmnu  (Fig.  6.6).  the  "work  of  rupture"  X  varied  between  1.7 
and  2.6  for  different  notch  geometries.  The  difference  is  attributed  to  the  incidence  of  a  load  drop  during  prec racking 
which  invalidates  the  test  The  result  without  the  load  drop  accords  well  with  the  work  of  rupture,  plastic  stretch  relation 
ascertained  for  ductile  Pb  reinforcements  in  glass  (Fig.  6.3). 

The  interfacia!  regions  studied  using  a  variety  of  analytical  and  electron  microscopy  techniques  revealed  no 
reaction  products  for  glass/Pb.  The  variation  in  debonding  is  related  to  contamination  and  to  process  conditions.  In  the 
case  of  TiAI/Nb,  a  brittle  reaction  product  forms  (O  phase)  which  controls  the  debonding  behavior  at  the  interface  and 
thereby  governs  the  work  of  rupture  X- 

6.4.2.  Composites  of  AljOj  reinforced  with  Al 

Composites  consisting  of  AljOj  reinforced  with  an  At  alloy  network  processed  using  the  Lanxtdc  method 
(Newkirk  ct  al.  1986)  investigated  by  TEM  (Flinn  et  al.  1989).  as  well  as  by  SEM  of  the  fracture  surface,  revealed 
several  salient  features.  Bright  field  views  provided  information  on  two  important  characteristics:  precipitates 
(Fig.  6.7a)  and  dislocations  (Fig.  6.7b).  The  precipitates  exhibited  a  bimodal  size  distribution.  The  larger  precipitates 
(median  diameter  -  lOOnm)  contribute  to  void  nucleation  upon  ductile  fracture.  The  smaller  precipitates  (median 
diameter  -  20nm)  are  potent  dislocation  pinning  sites  (Fig.  6.7b).  Analytical  electron  microscopy  using  X-rays  (EOS) 
has  provided  information  concerning  the  character  of  the  precipitates.  The  larger  precipitates  contain  Cu,  Si  and  Fe  in 
addition  to  Al  with  trace  amounts  of  Cr.  The  smaller  precipitates  are  predominantly  Cu  and  Al.  The  matrix  contains 
tome  Mg  and  Si  in  solution.  High  resolution  images  of  the  interface  containing  lattice  fringes  in  the  AI2O3  (Fig.  6.8) 
sltow  no  evidence  of  an  interphase  between  the  Al  and  AlvOj .  This  latter  characteristic  is  confirmed  by  analytical  TEM 
which  indicates  (hat  the  alloying/impurity  elements  (Cu,  Mg,  Si,  Fe.)  have  concentrations  essentially  identical  in  the 
interface  region  and  elsewhere  within  the  alloy. 

The  SEM  investigations  of  the  fracture  surface  have  provided  quantitative  information  about  the  plastic  stretch 
and  the  extent  of  debonding  (Fig.  6.9a).  Also,  various  modes  of  ductile  failure  have  been  identified,  as  also  observed 


Rj.  6.7  Brijht  Held  TEM  views  of  the  Al  phase 
b)  Dislocations  pinned  by  the  precipitates 


Fig.  6.9  a)  A  schematic  of  the  ligament  cross  section  after  failure 

b)  A  scanning  electron  micrograph  or  a  fracture  surface  with  the  topology  of  the  ductile  ligaments  (as 
evaluated  by  stereo  microscopy)  superposed:  a  typical  failure  of  a  ligament  having  circular  cross  section 
indicating  final  ducule  rupture  by  nucleation  of  a  single  hole 

c)  SEM  of  a  large  precipitate  at  the  base  of  a  hole 


on  PVglass.  Specifically,  failure  of  axtsymmetric  reinforcement  zona  often  Involves  ihc  nuckation  of  a  singk  hole  of 
the  center  of  the  neck  which  rapidly  expands  to  failure.  In  some  Instances,  panicks  arc  apparent  at  the  base  of  the  hoki 
(Fig.  6,9b).  These  panicks  are  -  lOOnm  in  diameter  and  probably  coincide  with  the  larger  AVCu/Fef$i  precipitates 
identified  by  TF.M. 

Stereo  measurements  used  to  evaluate  the  plastic  stretch  to  failure,  u*.  and  the  interface  debond  length,  d. 
revealed  that  the  normalized  plastic  stretch.  u*/R  varied  appreciably  between  ligaments,  ranging  from  u‘/R  -  0.8  10  2.8. 
However,  there  was  no  systematic  dependence  on  either  the  ligament  dimension  R  or  the  aspect  ratio.  All  ligaments 
have  thus  been  used  to  provide  a  cumulative  distribution,  such  that  the  mean  stretch  is  uVR  ■  16.  The  debond 
Icneih  also  has  appreciable  variability  and  ranges  between  d/R  -  0.1  to  -  0.3.  but  iherc  is  no  discemabk  dependence 
on  aspect  ratio.  The  median  value  is  d/K~  «  0.2. 

The  conipanum  between  theory  and  experiment  is  most  readily  achieved  hv  re-expressing  Hqn.  t6.lt  in  the 

fiion; 


‘*!?<  ■  IN)  1 6.2) 

To  use  this  result.  On  is  first  obtained,  followed  by  evaluation  of  X-  using  u/H.  and  At?c  is  then  examined  for 
consistency  by  comparison  with  the  experimentally  dciermined  value  of  130-200  Jm*-  tSigl  et  al.  1988).  The  yield 
strength  can  be  evaluated  by  noting  that  Al-Cu  precipitates  behave  »-  impenetrable  obstacles,  as  evident  from  the 
observed  dislocation  pinning  (Fig.  6.7b).  Consequently,  their  influence  on  yielding  should  be  represented  by  Orowan 
hardening  (Dieter  1976); 


cr««Gb/A  +  ff,  (gj) 

where  00  is  the  yield  strength  in  tension,  b  the  Burger's  vector,  X  the  spacing  between  precipitates  and  O,  the 
contribution  to  the  ykld  strength  from  solution  hardening  by  the  Mg,  cic.  Using  literature  values  for  <7t  (-  70MPa )  and 
inserting  the  precipitate  spacing  measured  from  Fig.  6.7a  (X  -  lOOnm),  the  yield  strength  is  predicted  to  be: 
C0  ■  220MPa.  This  value  is  comparabk  to  typical  values  quoted  for  Al  alloys  precipitation  hardened  with  Cu.  The 
plastic  stretch  to  failure.  u*7ft  *  16  indicares  that  X  is  in  the  range  2-3.3.  Substituting  the  above  values  of  C0  and 
X  into  Eqn.  (6.2)  and  noting  that  f  *  0.2  and  ft  ■  2.0(lm,  At/C  is  calculated  as  170-300  Jm~>.  Consequently, 
there  is  aceeptabk  agreement  with  the  measured  value  of  150-200  Jm'2.  Such  behavior  is  consistent  with  the 
Interpenetrating  network  microstructure  whkh  limits  plastic  dissipation  in  the  plastic  zone. 

6.4.3.  Cemented  Carbides 

Two  toughening  mechanisms  have  been  invoked  for  cemented  carbide  materials:  dissipation  in  the  plastic  zone 
and  bridging  behind  the  crack  tip.  Bridging  ligaments  have  been  observed  directly  in  WC/Co  (Sigl  et  al.  1988)  and 
zone  sizes  measured.  For  reasonable  choices  of  the  flow  stress  of  the  Co  alloy,  the  contribution  of  bridging  deduced 
from  these  zone  sizes  is  found  to  relatively  small  (A£c  “  40Jm*2)  compared  with  the  overall  toughness 
((/c  -  400Jm-2). 

More  recently.  Marshall  etal.  (1989)  have  reported  measurements  of  plastic  zone  sizes  in  the  range 
h  -  40|im.  Furthermore,  optical  interference  microscopy  has  indicated  that  in-plane  residual  strain  exists  in  the 
plastic  zone,  which  is  approximately  constant  over  the  zone.  The  relationship  between  these  strains  and  the  plastic 
dissipation  in  the  plastic  zone  is  not  yet  apparent.  Nevertheless,  it  is  reasonable  to  suppose  that  the  dissipation  is 


appreciable  and  may  be  ih<  predominant  contribution  to  (he  toughness  of  these  material*,  consistent  with  the  relatively 
small  contribution  from  bridging. 


ft 
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l"tg.  7.1  A  schematic  illustrating  the  Initial  debonding  of  fibers  at  the  crack  from,  as  -veil  as  fiber  tk  bonding  and  sliding 
m  the  crack  wake 


Fi|{.  7.2  Fracture  energy  requirements  for  crack  from  debonding 


7.  FIBER/WHISKER  REINFORCEMENT 

7.1.  Svnowi s 


Practical  ceramic  matrix  composites  reinforced  with  comiomm  fibers  exhibit  important  failurcMamagt  behavior* 
m  mode  1,  mode  II  and  mixed  mode  I/ll.  at  well  at  in  compression.  The  failure  sequence  depends  on  whether  the 
rctnforcemcnt  it  uniaxial  or  mutriaxia!  and  whether  woven  or  laminated  architectures  are  used.  However,  the  t uukrlyin% 
failure  processes  are  illuttrated  by  the  behavior  of  uniaxially  reinforced  systems.  The  basic  features,  sketched  in 
Pit.  7.1,  provide  some  basic  rules  that  govern  “toughness."  The  composite  properties  arc  known  to  be  dominated  by 
the  interface,  and  bounds  must  be  placed  on  the  interface  debonding  and  sliding  resistance  in  order  to  hav*  a  composite 
with  attractive  mechanical  properties.  The  strong  dependence  of  ceramic  matrix  composite  properties  on  the  mechanical 
properties  of  the  intctfacc  generally  demands  consideration  of  fiber  coatings  aral/or  reaction  product  layers.  Residual 
stresses  caused  by  thermal  expansion  differences  are  also  very  important. 

The  Specific  micros truetural  parameters  that  govern  mode  I  failure  are  the  relative  fibcr/matrix  interface  debond 
toughness.  ryTf,  the  misfit  (thermal  expansion)  strain  between  fiber  and  matrix,  cj.  the  friction  coefficient  at  the 
dc bonded  interface,  ji,  the  statistical  parameters  that  characterise  the  fiber  strength,  50  and  m,  the  matrix  toughness.  fm. 
and  the  fiber  volume  fraction  f.  The  prerequisite  for  “toughness*  Is  that  fyTf  <  1/4  in  order  to  allow  crack  front 
debonding  (Fig.  7.2).  Subject  to  this  requirement,  the  misfit  strain  must  be  smallfef  <  3  x  IQ’J)  and  preferably 
negative,  such  that  the  interface  is  in  tension.  Furthermore,  the  friction  coefficient  along  the  de bonded  interface  should 
be  small.  The  ideal  fiber  properdfs  include  a  high  median  strength  (large  SJ  and  targe  variability  (small  m),  as  needed 
to  encourage  large  pull-out  lengths.  When  r/Tf  and  jl  are  both  small,  experience  has  indicated  that  the  tensile 
scrcis/strain  behavior  illustrated  in  Fig.  7.3a  obtains.  Three  features  of  this  curve  are  important:  matrix  cracking  at  i 
stress  o*  fiber  bundle  failure  at  0,  and  pull-out.  Conversely,  larger  lyTf  and  pi  cause  the  stress-strain  curve  to  become 
linear  (Fig.  7.3b).  The  ultimate  strength  then  coincides  with  the  propagation  of  a  single  dominant  crack. 

Present  understanding  of  de  bonding  is  consistent  with  the  following  sequence  of  events  during  matrix  crack 
propagation.  Initial  debonding  along  the  interface  at  the  crack  front,  requires  that  fi/Tf  be  small  enough  to  lie  within  the 
debond  zone  depicted  in  Fig.  7.2  (He  and  Hutchinson  1989).  Furthermore,  the  extent  of  debonding  Is  typically  small 
when  residual  compression  exists  at  the  interface,  but  can  be  extensive  when  the  interface  is  in  residual  tension  and  the 
fibers  are  smooth.  Further  debonding  is  usually  induced  in  the  crack  wake  (Charalambides  and  Evans  1989),  (Fig.  7.1) 
The  extent  of  this  debonding  is  governed  largely  by  the  residual  Held.  Residual  radial  tension  results  in  unstable 
conditions  and  encourages  the  extensive  debonding  of  smooth  fibers.  Residual  compression  and/or  an  irregular  liber 
morphology  cause  stable  debonding  (Sigl  and  Evans  1989),  with  extent  determined  by  the  friction  coefficient  and  the 
roughness  of  the  de  bonded  interface.  Subsequent  liber  fracture  involves  the  statistics  of  fiber  failure  (Thookss  and 
Evans  1988),  subject  to  an  axial  stress  governed  by  the  sliding  resistance  of  the  debonded  interface.  The  above 
sequence  suggests  that,  while  debonding  is  a  prerequisite  for  high  toughness,  the  properties  of  the  composite  are 
dominated  by  the  sliding  resistance  of  the  debonded  interface,  which  dictate  the  major  contribution  to  “toughness,* 
caused  by  pull-out.  The  locations  of  fiber  failure  that  govern  the  pull-out  distributions  can  be  determined  from  the 
stresses  on  the  fibers,  using  concepts  of  weakest  link  statistics.  Analysis  of  this  phenomenon  has  been  performed  for 
composites  having  debonded  interfaces  subject  to  a  constant  sliding  stress  T  (Thoukss  and  Evans  1988).  The  magnitude 
of  X  governs  the  load  transfer  from  the  fiber  to  the  matrix.  Large  values  of  T  cause  the  fiber  stress  to  vary  rapidly  with 
distance  from  the  matrix  crack  and  induce  fiber  failure  close  to  the  crack,  leading  to  small  pull-out  lengths,  hp. 
Conversely,  small  X  results  in  large  hp. 


Various  observations  of  crack  interactions  with  fibers  arc  supportive  of  'be  above  roles.  In  particular, 
experiments  on  glass  anti  glass  ceramic  mains  composites  reinforced  with  SiC  fibers  reveal  that  matertals  with  a 
C  interlayer  satisfy  tie  bonding  requirements  (Fig.  7,4)  and  also  hast  small  X  and  thus  demonstrate  extensive  pull-out 
•Marshall  and  Evans  19X5. I'rewo  and  Brennan  1*7*2.  Cao  el  at.  |9.S9a).  Conversely,  eomposires  having  a  continuous 
SiOj  layer  between  the  mams  and  fiber  exhibit  marts  erack  extension  through  the  fiber  w  ithout  debonding  (Blsehoff 
ct  at  I'hVt.  Cao  ct  al.  l9X9ai  il;ig.  7.5).  Experiment*  on  these  composttcs  and  on  whisker  reinfotcetl  eompostics  also 
viHiiinn  the  sifting  influence  of  X.  Notably,  systems  which  debond  but  do  not  slide  readily  because  of  either  a  high 
ruction  coefficient  or  morphological  irregularity  exhibit  small  pull-out  lengths  and  moderate  toughness.  Such  behavior 
is  exemplified  by  LAS/SiC  composites  wuh  oxide  interphascs  and  by  various  whisker  reinforced  materials,  respectively. 

Iiitigh  composites  van  he  obtained  by  creating  the  appropna-c  tnieirhases  between  ihc  fiber  and  matrix,  either 
•--.  ■ unite  or.  in  siiii.  by  'Cprcpatn'iumcidilltmon  The  most  common  approach  is  ihc  n-<  oi  a  dual  v.Mtmg  the  trover 
••vmic  Mtisiics  the  stebomitng  and  sliding  requirements,  while  the  outer  coaling  provides  pmtcstion  against  the  mams 
miring  processing.  How  ever,  the  principal  challenge  is  to  identify  an  inner  coating  that  has  the  requisite  mechanical 
properties  while  also  being  thermodynamically  stable  in  air  at  elevated  temperatures.  .Most  existing  composites  have 
either  C  or  BN  as  the  debmul  layer,  I  iowever.  both  maienals  arc  prone  to  degradation  m  air  at  elevated  temperatures. 
Mote  stable  alternatives  have  been  proposed  le.g..  Nb.  Mo,  Pt.  NiAH  but  not  evaluated. 

?,l.Cmimifyc,Uw< 

7,2.1,  Crack  Opening 

The  mechanical  properties  of  uniaxtally  reinforced  ceramic  matrix  composiies  arc  largely  governed  by  the 
relationships  between  the  opening  of  a  matrix  crack,  u,  and  the  stresses,  t,  exerted  on  the  crack  by  the  Intact  bridging 
fibers  and  the  failed  fibers  as  they  pull-out.  The  traction  t(u)  is  well  known  for  composiies  In  which  tkbooding  occur* 
easily  Cvety  small  (VTj)  which  also  slide  easily  along  the  debooded  interface  (small  T).  For  other  cases,  reliable  t(u) 
functions  have  vet  to  be  elucidated.  Easy  debonding  and  sliding  provides  a  crack  opening  function  that  depends  on  ihc 
sign  of  ihc  misfit  strain,  as  well  as  ihc  roughness  of  the  debond  interface,  through  their  effect  on  the  sliding  resistance. 
Fur  instance,  sliding  can  be  described  by  a  Coulomb  friction  law 

X  «  <lqs  (7.1) 

where  H  is  the  friction  coefficient  and  the  nominal  tesidva!  compression  normal  to  the  interface.  Al  the  simplest  level, 
qv  is  set  by  the  residual  misfit  strain  and  the  fibciyfcoating  morphology,  such  that  T  is  essentially  invariant.  In  this  case, 
prior  to  ihc  incidence  of  fiber  failure,  t  and  u  arc  related  by  (Marshall  ct  al.  19X5.  Budiansky  ct  al.  19X6) 
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(7.2) 


Expression  (7.2)  has  been  used  to  describe  the  mechanical  behavior*  thai  obiain  while  the  fibers  are  largely  intact.  At 
another  extreme,  when  all  of  the  fibers  have  failed,  the  traction  on  any  fiber  is  (Phillips  1972,  Thoulcss  'd  Evans  1988) 

»(  =  2ft(h(  -  u)/R  17,31 


w  here  h,  is  the  distance  from  the  matrix  crack  plane  at  which  that  fiber  failed. 
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Fig.  7.4  Crack  front  de  bonding  in  a  Tiber  reinforced 
glass  matrix  composite 


fig.  7.3  A  fracture  surface  indicating  fracture  through 
the  fiber  in  a  silicVSiC  fiber  composite 


More  difficult  problem*  to  address  concern  the  tnctdcncc  and  location  of  fiber  failure,  Th«  has  been  regarded  as 
a  problem  in  weakest  link  statistics  lOh  and  home  1970).  whereupon  the  function  tluj  depends  upon  the  statistical 
parameters  S„  and  m  in  addition  to  the  variables  contained  in  liqn.  (7  2)  The  expression*  arc  unwtcldily  and  arc  not 
rcprtxluced  here,  but  ean  he  located  tn  the  article  by  Tbouksx  and  Evans  t  I9XXi.  Sotnc  trends,  expressed  In  non* 
dimensional  form,  arc  summarized  tn  Fig  7,6  The  small  displacement  behavior  is  dominated  by  the  intact  bridging 
fibers,  whereas  the  long  ail  is  governed  by  the  pull-out  of  failed  fibers 

Another  level  of  complexity  is  Involved  when  the  interface  stress  q*  varies  with  the  loads  t  on  the  fiber.  A 
simplified  result  obtained  using  a  modified  shear  lag  approach  i$igl  and  Evan*  19X9)  suggests  the  following  features 
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where 
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with  cf,  being  the  misfit  strain  which  causes  the  interface  to  be  tn  residual  compression.  Expression  t7,4)  while 
approximate,  has  several  salient  features.  In  particular,  as  expected,  crack  opening  is  inhibited  by  large  values  of  the 
friction  coefficient.  Furthermore,  as  F  -+  I  A',  the  fiber  and  matrix  surface  separate,  leading  to  unrestricted  crack 
opening.  Additional  complexity  is  involved  when  debonding  and  sliding  occur  simultaneously.  Some  preliminary 
results  for  such  behavior  exist,  but  are  not  addressed  here.  It  is  simply  noted  that,  in  such  cases,  the  fracture  energy  of 
the  coating  becomes  another  parameter  of  interest. 

The  preceding  constitutive  law  s  are  the  bases  for  analyzing  the  most  pertinent  mechanical  characteristics  of  fiber 
and  whisker  reinforced  ceramics.  Most  notably,  derivation  of  the  matrix  cracking  stress  and  the  crack  growth  resistance 
originates  with  expressions  for  t(u).  as  elaborated  below. 

7.2.2.  Pull-Out  Lengths 

The  locauon  of  fiber  failure  vis-a-vts  the  matrix  crack  plane  is  of  cnucal  importance  because  tins  location  governs 
the  pull-out  length  hp.  Both  theory  (Thouless  and  Evans  1988)  and  experiment  (Thouless  ct  al.  1989)  suggest  that,  for 
aligned  reinforcements,  hp  is  governed  by  weakest  link  statistics.  For  the  simplest  ease,  wherein  the  sliding  stress  T 
remains  constant,  an  expression  for  the  mean  pull-out  length  has  been  derived  as  (Thouless  and  Evans  1988), 

(2Rp/R)mfl  *  [l/2.x(m  +  l)mXA0/R2)(S0/t)mr[(ni  +2)/(m  +  1))  (7>JJ 
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where  T  in  this  expression  is  the  gamma  function  and  A0  is  a  reference  area  for  the  fibers  (usually  sci  equal  to  1m1). 
Consequently,  for  aligned  fibers,  it  is  evident  that  hp/R  is  essentially  governed  by  Sort:  ItiRh  fiber  “strength"  and  tow 
sliding  resistance  encourage  law  pull-out  lengths.  Corresponding  trends  for  inclined  fibers  are  unknown. 

7,3.  The  Matrix  Cracking  Stress 

The  stress  O0  at  which  matrix  cracking  occurs  has  been  the  most  extensively  studied  behavior  in  ceramic  matrix 
composites.  For  composites  in  which  the  residual  stress  non  a1  *o  the  interface,  qs,  is  tensile  and  the  interface 


pmpenies  can  be  effectively  rcprcsenicd  by  an  untrue  sliding  srcu.  T.  Eqn.  t7.2)  may  be  used  io  derive  the  lower 
bound.  steady-state  mains  cracking  stress  rUudiansky  ct  -I.  1986). 
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.win  i'  N*«nc  the  jxi.iI  rc-<d...<l  -lfe-x  in  the  mains  Ilnv  remit  i>  ittjfgrfiililSim »*1  the  mains  vra.k  icngtb  K%au'C  the 
«ravk  IX  Hilly"  bridged  by  libers  i.Marshall  cl  at.  I985i.  Measurements  perionttcd  un  many  different  glass  ar.d  ceramic 
mains  composites  1  big  7,?»  have  vcnfied  that  Eqn.  |7,6j,  in  tact,  provides  an  adequate  rcprcscmstion  of  mains 
cracking  provided  that  T  <e  ."  20MI*a  (Cao  ei  al.  1989a).  Values  of  t  in  this  range  have  been  demonstrated  for  libers 
viMied  vc  iih  either  C  and  BN.  as  elaborated  below.  |‘-or  these  systems,  it  ts  recognised  ihat  t  depend*  on  the  mistit  strain 
and  consequently,  fot  the  simple  ease  wherein  t  and  q*  are  related  through  a  friction  coefficient  itiqn.  7. 1 1.  the  mains 
cracking  stress  exhtbtts  a  maximum.  0.%.  given  by  iBudtansky  ct  at.  19861. 

a9/E  *  (2/3)[2fMrm/(i  +  e/b,)Ewr],':  (77, 

‘flits  result  lias  evident  implications  for  material  design. 

More  detailed  diagnosis  of  matrix  cracking  confirms  that  Eqn.  i7.6)  is  a  lower  bound  for  the  onset  of  cracking. 
Further  cracking  occurs  as  the  stress  is  raised  above  Oq.  resulting  in  a  periodic  crack  array  tFig.  7.8)  tA'eSton  et  al. 
1971).  The  crack  spacing  reaches  a  saturation  value,  1.  when  the  stress  everywhere  in  the  "matrix  blocks"  between 
cracks  becomes  smaller  than  that  applied  stress.  The  magnitude  of  the  saturation  crack  spacing  is  governed  by  ihe 
sliding  stress.  T,  such  that  T  and  d  arc  related  by  (Cao  ct  al.  1989a!. 


l.3d[(l-0VR,EtEmR:/fE5J] 


Consequently,  the  matrix  cracking  stresses  can  be  expressed  in  terms  of  the  crack  spacing  as; 


r  rmE(ef/J  E 

T  EmS  J  'qEm 


The  crack  spacing  clearly  provides  an  approach  for  estimating  X  and  for  establishing  a  scif-consistcm  description  of 
matrix  cracking.  However,  other  methods  for  measuring  T  provide  additional  insights,  as  elaboraied  below. 

While  the  matrix  cracking  stress  appears  to  be  adequately  understood,  the  other  failure  mechanisms  that  operate 
in  ceramic  composites,  as  well  as  transitions  between  these  mechanisms  and  matrix  cracking,  are  still  subject  to 
investigation.  These  other  effects  are  discussed  in  the  following  sections. 


7.-*.  Tatuhntu 


In  certain  reinforced  ceramics,  fracture  occurs  by  the  growth  of  a  single  dominant  flaw  In  mode  I.  Material 
characteristics  that  lead  to  this  mode  of  behavior  are  examined  in  a  later  section.  Herein,  consideration  is  given  to 
relationships  between  the  toughness  and  the  various  constituent  properties  of  the  composite.  The  most  basic  features  of 
the  toughness  phenomenon,  visualized  in  Fig.  7.9.  recognize  that  there  arc  four  effects  which  influence  toughness 
(Campbell  et  al..  19*9).  Oebondlng  generates  new  surface  and  contributes  positively  to  toughness.  Frictional 
dissipation  upon  pull-out  results  in  local  heating  and  again  contributes  positively.  Residual  stresses  present  In  the 
material  are  partially  relieved  by  matrix  cracking  and  dcbondtng  and  thus  detract  from  the  toughness.  Finally,  when  the 
fibers  fail,  some  of  the  elastic  energy  stores  in  the  fiber  is  dissipated  through  acoustic  waves  and  appears  as  a  positive 
contribution  to  toughness. 

The  above  effects  are  indicative  of  resistance  curve  behavior,  since  each  voninbuiton  is  only  fully  realized  w  hen 
the  tihcrs  fail  and  pull-out,  ’Hie  full  details  of  the  increase  tn  the  fracture  resistance  can  be  calculated  from  the  crack 
surface  tractions  i(u)  by  applying  Eqn.  (1.2).  Results  of  this  type  arc  available  (Horn,  Sbaizero  and  Ovans  19*9). 
However,  a  useful  simplification  for  further  discussion  is  the  peak  (or  asymptotic)  toughness  that  obtains  when  taeh 
mechanism  exerts  its  maximal  contribution.  At  the  simplest,  physically  relevant  level,  this  toughness  Is  given  by 
(Campbell  c(  al.  1919). 
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The  first  term  is  a  bridging  contribution  that  derives  from  the  stored  strain  energy  dissipated  as  acoustic  waves,  with  S 
being  the  reinforcement  ‘strength."  The  second  term  is  the  loss  of  residual  strain  energy  caused  by  matrix  crack 
extension  and  dcbondtng.  The  third  term  reflects  the  new  'surface  area"  caused  by  debonding  and  the  last  term  is  the 
pull  out  contribution,  dissipated  by  frictional  sliding  of  the  interfaces. 

Experience  indicates  that  the  residual  strain  term  is  small  In  systems  of  practical  utility  and  can  often  be  neglected. 
The  largest  potential  for  toughness  resides  in  the  pult-out  term,  provided  that  h/JR  is  large.  An  extreme  range  of  pull-out 
behaviors  Is  apparent  among  the  available  range  of  fiber  and  whisker  reinforced  ceramics,  resulting  In  wide  variations  of 
toughness.  Understanding  pull-out  thus  dominates  our  capability  for  producing  ceramic  composites  having  exceptional 
toughness.  Finally,  the  elastic  and  debond  energy  terms  arc  of  intermediate  magnitude.  They  are  thus  of  negligible 
relevance  when  HrfR  is  Urge,  but  may  dominate  when  there  is  no  pull-out. 

The  dominance  of  toughness  by  pull-out  provides  a  focus  for  specifying  those  properties  of  the  fibers  and  fiber 
coatings  that  optimize  the  frictional  dissipation.  For  aligned  reinforcements,  whetein  weakest  link  statistics  govern  the 
pull-out  length  (Eqn.  7.3),  it  is  apparent  that  the  pull-out  contribution  to  toughness  varies  as  (Thoulcss  and  Evans 
1988), 


Csg  p- 

An  explicit  dependence  of  toughening  on  fiber  "strength"  and  sliding  resistance  is  thus  evident.  Physically  stated:  high- 
fiber  strength  and  tow  sliding  resistance  combine  to  maximize  the  frictional  dissipation,  by  inducing  sliding  over  the 
largest  possible  fiber  surface  area.  The  inverse  dependence  of  pull-out  toughening  on  T  emphasizes  the  need  to  control 
and  understand  sliding.  Some  of  the  qualitative  features  arc  depicted  in  Fig.  7.10:  illustrating  the  importance  of  the 
fiber  morphology,  the  misfit  strain  and  the  friction  coefficient. 


l:ig  7.10  A  schematic  of  the  poll-out  process  for  debonded  fibers  indicating  the  roles  of  fiber  morphology,  misfit  strain 
and  friction  coefficient 


Fig.  7.1 1  Resistance  curve  calculated  for  bridging  and  debonding  only  and  for  pull-out.  Note  that,  for  the  latter,  (he 
crack  extension  needed  to  achieve  the  asymptotic  toughness  is  vety  large  compared  with  the  pull-out  length. 


Non-aligned  fiber*  and  whiskers  clearly  suppress  pull-out  by  vinue  of  bending  strains  In  the  reinforcements  that 
encourage  fracture  near  the  matrix  crack  plane.  Indeed,  fibers  having  tow  flexural  resilience,  such  a*  SiC,  tend  to  fail  at 
the  matrix  crack  plane  when  Inclined  to  the  crack  (Campbell  et  at.  1989,  Ruble  ct  al,  1987)  whereas  C  fibers  may  still 
pull-out  over  large  distances  (Prewe  19W).  Fiber  alignment  issues  associated  with  pull-out  thus  depend  on  fiber 
properties, 

When  fiber  pull-out  titer  nor  contribute  to  toughness,  as  in  many  whisker  reinforced  ceramics,  the  elastic  energy 
and  debonding  energy  terms  tend  to  govern  the  fixture  re; (Stance,  such  that; 

»  rdSJ/ET4r,f(d/R)/(l-f)  (7  ||) 

T»i  interpret  this  cypress kmi.  it  is  essential  to  appreciate  that  the  ikbond  length  d  depends  on  the  interface  fixture  energy 
IV  *vn  the  misfit  strain  c *  and  on  the  friction  coefficient,  The  associated  relationships  arc  unknown,  but  dimensional 
analysis  suggests  that  (Charalambidcs  and  Evans  1989.  Stgl  and  Evans  1989), 


d/R  -  n[E|R(c]i)J/r|.S/EcT.I/)i] 


where  H  Is  a  function.  The  important  point  is  that  there  remains  much  scope  for  controlling  toughness  by  manipulating 
the  interface  debonding  and  sliding  properties  and  by  maximizing  the  fiber/whisker  strength. 

As  already  noted,  resistance  curve  effects  cause  the  toughness  to  gradually  build  up  to  the  asymptotic  values. 
Consequently,  the  full  toughness  cannot  usually  be  utilized.  The  toughening  rate  (tearing  modulus)  has  not  been  broadly 
Studied  and  trends  are  relatively  unknown.  However,  some  numerical  results  for  pull-out  dominated  toughness 
(Fig.  7. 1 1 )  indicate  that  asymptotic  behavior  is  xhieved  only  after  considerable  crack  extension  (Horn  ct  al  1919). 


When  matrix  cncking  precedes  ultimate  failure,  the  ultimate  strength  coincides  with  fiber  bundle  failure 
(Thoulcss  et  al.  1989).  A  simple  estimate  of  this  strength,  based  on  weakest  link  statistics  that  neglect  interaction  effects 
between  failed  fibers  and  ignores  the  stress  supported  by  fractured  fibers  by  means  of  stress  transfer  from  the  matrix 
through  interface  friction  gives: 


<JU  b  (Sexp  - 


{l-(l-«/RS)m<1} 
(m  +  l){l  -  (l  -  ts/RS)m} 


/  *  »<"•* 
(RS/ts) 


(A0/2xRLg)(RS0/Ts)m{l  -(l  -  ts/RS)m} 


and  Lg  the  specimen  gauge  length.  The  effect  of  the  sliding  stress  on  Cu  appears  directly,  as  well  as  through  its  effect  on 
the  crack  spxing  s,  while  the  effect  of  residual  stress  is  present  through  its  effect  on  T.  The  ultimate  strength  is  also 
expected  to  be  influenced  by  the  residual  stress.  Specifically,  in  systems  for  which  the  fiber  is  subject  to  residual 
compression,  the  axial  compression  should  suppress  fiber  failure  and  elevate  the  ultimate  strength  to  a  level  in  excess  of 
(hat  predicted  by  Eqn.  (7.12).  This  effect  may  be  estimated  by  regarding  the  matrix  as  clamping  onto  the  fiber  and  thus, 
simply  superposing  the  residual  stress  onto  S. 


The  above  result*  art  clearly  simplified  and  (Heir  improvement  should  be  addressed  by  further  research  that 
couples  the  mechanics  of  fiber  crocking  and  interface  sliding  with  the  statistic*  of  failure. 

7Jl..raw?lani'r.an 

Non-linear  macroscopic  mechanical  behavior  in  tendon  ic  most  dcsinbtc  foe  structural  purposes.  Analysis  of  the 
transition  between  this  regime  and  the  linear  regime  it  thus  important,  and  involves  comparison  of  the  basic  trends  in  the 
steady-state  maths  crocking  stress.  0«  and  in  the  asymptotic  fracture  resistance.  At*.  .Most  significantly,  00  increases 
but  At* decreases  as  X  increases.  These  opposing  trends  with  X  suggest  the  existence  of  an  optimum  x  that  permit  good 
mams  crocking  resistance  while  still  allowing  high  toughness. 

'lore  specifically,  a  property  transition  ts  expected  when  the  rnatnx  crocking  stress  attains  the  stress  needed  for 
liber  bundle  failure  One  estimate  on  the  property  transition  can  he  obtained  by  simply  allowing  Co  to  exceed  the 
ultimate  strength.  0«.  whereupon  a  non-dimensional  paromcicr  fi  which  govern*  the  transition  when  X  ts  small  is; 

U-tnrm/siRf  ,7M) 

Specifically,  when  P  exceeds  a  critical  value,  brittle  behavior  initiates.  This  estimate  has  not  been  tested  and 
furthermore,  alternate  parameter*  may  be  conceived. 

7  ft,  Eiammtnul  Results 

7.6.1.  Stress/Stnin  Behavior 

Unlaxklly  reinforced  ceramic  and  glass  matrix  composite*  with  either  C  or  BN  interlayer  generally  satisfy  crock 
front  de bonding  requirements  and  the  materials  exhibit  axial  and  transverse  mechanical  properties  that  accord  welt  with 
the  above  expressions  for  the  matrix  crack  stress  and  the  ultimate  strength  (Cao  ct  al.  1989).  To  achieve  these 
comparisons,  each  of  the  parameters  in  Eqns.  (7.6)  a:<d  (7.12)  must  be  independently  ascertained.  As  already 
mentioned.  X  can  be  measured  using  various  techniques:  the  matrix  crock  spacing  (Aveston  ct  al.  1971.  Cao  ct  al. 
1989).  the  indentation  push-through  stress  (Marshall  and  Oliver  1987,  Weihs  et  al.  1988)  and  the  matrix  crock  opening 
hysteresis  (Marshall  and  Evans  1985).  The  misfit  strain  can  also  be  determined  using  a  variety  of  methods:  X-ray 
or  neutron  line  shifts,  offset  stresses  in  the  crack  opening  and  residual  displacements  obtained  from  nanoindenter  tests. 
Accurate  values  of  the  matrix  fracture  energy  r„  and  of  the  constituent  elastic  properties  are  also  needed.  Furthermore, 
it  is  noted  that  the  comparison  between  theory  and  experiment  for  the  matrix  cracking  stress  is  contingent  upon  having 
accurate  values  of  the  above  parameters. 

Correlations  of  trends  in  the  ultimate  strength  arc  primarily  contingent  upon  knowledge  of  the  in  situ  mechanical 
properties  of  the  fibers.  Appreciation  for  these  properties  can  be  gained  by  examining  and  measuring  fracture  mirror*  on 
the  fiber  fracture  surfaces  in  the  composite.  Specifically,  the  distribution  of  minor  radii  can  be  used  to  evaluate  the  axial 
stress  S  on  the  fiber  of  the  fracture  location  (Mccholsky  and  Powell  1982,  Jamet  ct  al.  1984,  Eckel  and  Bradt  1989). 
Some  typical  results  for  two  materials  with  different  ultimate  strength  arc  shown  in  Fig.  7.12  (Cao  etaJ.  1989). 
Limited  experience  has  indicated  that  the  ratio  of  median  strengths  scales  with  the  ratio  of  composite  ultimate  strengths. 

When  amorphous  oxide  coatings  have  been  used  with  SiC  fibers  and  whiskers,  debonding  requirements  are 
marginal:  (VTj  ».  1/2-  1/4  (He  and  Hutchinson  1989,  Evans  eta!.  1989).  Consequently,  fibers  and  whiskers 
with  axis  normal  to  the  matrix  crack  do  not  debond  (Fig.  7.5)  and  thus,  do  not  contribute  to  "toughness,"  Acutely 
inclined  whiskers  can  debond  (Fig.  7.13),  but  cannot  pull-out. 


Rued  on  (he  above  experimental  feature*  that  C  and  HS  coating*  are  effective  M  term*  of  satisfying  crack  front 
debonding  and  also  providing  a  low  sliding  resistance,  whereas  amorphous  oxide*  arc  incapable  of  debonding,  it  may  be 
concluded  that  C  and  BN  arc  the  preferred  coating*.  I  lowtvcr,  both  of  these  material*  arc  *u>cepublc  to  rapid  oxidation 
lt.uh  and  Evans  19X7  lltschoff  ct  al.  19X9}  and  mostly  incapable  of  performing  their  required  debonding  and  sliding 
functions  at  elevated  temperature*  m  oxidising  environment*.  A  variety  of  other  eoatlng*  arc  thus  under  investigation. 
When  such  coating*  have  been  developed,  some  of  the  more  complex  crack  opening  and  pull-out  constitutive  law* 
presented  m  Section  7.1  may  be  needed  to  describe  li«  mechanical  properties  of  the  composite. 

7  6.2.  Toughness 

Various  fiber  and  whisker  reinforced  materials  fail  in  mode  I  by  the  propagation  of  a  predominant  crack,  with 
..wrihuttiuu  to  the  umghncsx  from  the  terms  expressed  in  l-'qn  t"  Itii  Such  behavior  tspicallv  obtains  in  systems 
having  rc.nrorv«ments  that  are  either  rmn.aligttcd  or  morpho'ogicallv  ttrtgular.  It  is  aim  observed  m  aligned  composite* 
wtth  high  friction  coef  ficient  voatmgs  illom  ct  a!.  |9.\9)  Lack  of  alignment  tmpruc*  bcmlmg  moment*  onto  debonded 
rcmfercement*  and  reinforcement  failure  typically  occur*  close  to  the  matrix  crack  plane,  whereupon  there  t<  a  negligible 
contribution  of  pull-out  to  the  toughness.5  Morphologically  irregular  whisker*  and  fiber*  exhibit  mechanical 
interlocking  during  pull-out  resulting  in  large  T  and  again,  reinforcement  failure  close  to  the  mains  crack  plane,  for 
such  matenal*.  careful  measurement*  of  debond  length*  u*tng  transmtsston  electron  microscopy  have  allowed  an 
evaluation  of  the  principal  contributions  to  toughness  (Campbell  ct  al.  19X9).  Seemingly,  there  arc  similar  contributions 
from  bodging  and  interface  debonding,  such  that  reasonable  agreement  exist*  between  theory  and  experiment.  Good 
insight  regarding  approaches  for  further  enhancing  toughness  can  thus  be  gained  from  Eqn.  (7,  ID). 

X.  MULTIPLE  MECHANISMS 

The  preceding  section*  have  described  mierosiruetural  issue*  concerned  wish  toughness  optimisation  when  a 
single  mechanism  operate*.  In  practice,  more  than  one  mechanism  may  exist.  Consequently,  interactions  between 
mechanism*  must  be  considered.  In  some  instances,  the  interactions  may  be  highly  beneficial  and  produce  svnentism 
between  mechanisms.  Such  synergism  has  been  illustrated  to  exist  when  both  bridging  and  process  zone  mechanisms 
operate  simultaneously  (A  mart  go  and  Rudiansky  1989)  (Fig.  1.5).  Conversely,  sortie  interaction  effect*  ean  be 
deleterious  and  reduce  the  efficacy  of  the  individual  mechanisms. 

Synergism  is  most  likely  when  bridging  and  process  zone  mechanisms  interact.  Multiplicative  interactions  arc 
evident  in  this  case  because  the  crack  surface  tractions  caused  by  bridging  can  expand  the  process  zone  width  h  m  the 
crack  wake,  causing  an  additional  Increase  in  shielding,  proportional  to  this  increase  in  h.  Straightforward  logic 
indicates  that  multiplicative  toughening  between  bridging  and  process  zone  effects  should  occur  when  the  ratio  of  the 
bridging  zone  size.  L,  to  the  process  zone  width,  h,  is  small,  because  bridging  generates  a  new  effective  crack  tip 
toughness,  that  causes  the  process  zone  size  to  further  increase.  Calculations  of  coupled  bridging  and  process  zone 
effects  have  been  performed  (Amazigo  and  Budiansky  1989)  in  the  case  that  the  bridging  tractions  are  constant  (Dugdale 
zone).  The  results  reveal  two  bounds  given  by. 

Ke/Km  B  J*p?*b  (8.1a) 


the  synergistic  limit  and 


5  Chopped  C  fibers  appear  to  be  an  exception  because  their  arustropy  pre-.Jes  a  high  flex  uni  resilience. 


k,/kb  »  J'4*  x;  ~ 
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the  lovkcr  bound,  where  Xp  and  X>,  arc  ihc  toughening  ratios  for  the  privet  rone  ami  bridging  mechanisms, 
respectively.  Furthermore,  ami  surprisingly.  ihc  synergistic  limit  war  found  to  obtain  when  Uh  <  Iff  Rigorous 
experimental  luhrumia.ivo  of  synergism  ha*  yet  to  be  obtained. 

The  interactions  between  either  t»o  bodging  tone  mechanism*  or  two  process  tone  mechanisms  arc  relatively 
unexplored.  At  the  simplest  level.  t*D  bridging  mechanisms  are  additive  with  each  &tj{  given  by  Eijn.tl.2l. 
However,  ihc  critical  jtreteh  u  for  one  mcehamim  may  be  affecicd  by  the  other,  whereupon  additivity  may  not  be 
realized  Interactions  between  process  tone  mechanisms  arc  more  difficult  10  espress.  bcvau»c  ihc  tone  sites  and  the 
■rami. irritation  strains  are  ..mplcd  I'relimtnarv  attempts  have  Ken  made  m  esamme  ».«*  urrent  ifanstofmaiK'n  ami 
mier.vraei,  t.njghcnwg  il  sans  ami  I’annon  I’Jxn,  Faber  wbtvlt  iis.it.  .uc  ihai  !«<•  .  'aplme  .an  result  in  an 

augmentation  of  toughness 


APPENDIX 

Tl  IE  CRYSTALLOGRAPHY  OF  T1  IE  t  -  m  TRANSFORMATION  IS  /X): 

The  crystal  structures  of  t*  and  m-ZrO)  ate  shown  in  Fig.  1.6.  Three  lattice  correspondences  iUCsi  may  arise 
between  ihc  t  and  m  polymorphs,  called  for  convenience  LC  A.  B  or  C.  depending  on  which  m  as  is.  a.  b  ore.  is  parallel 
to  the  easts  of  t-ZrOj. 

The  martensitic  ehiracter  of  the  t -t  m  transformaiion  in  ZrO;  was  first  suggested  by  Wolicn  1 196a).  Shortly 
afterward.  Bailey  (1964)  studied  this  transformation  in  situ  in  ihc  electron  microscope,  using  oxidised  fods  of  Zr.  and 
found  twinning  on  (100)*,  (iTO)n,  and  (TOOU  planes,  at  well  as  direct  evidence  for  all  three  lautcc  correspondences; 
however,  LC  C  was  strongly  pronounced. 

Ban  sal  and  llcuer  (1972, 1974)  examined  ihc  transformation  in  ZiO*  single  crystals  by  transmission  elecmm 
microscopy  and  X-ray  precession  experiments.  These  authors  performed  a  detailed  analysts  of  the  orientation 
relationship  between  parent  and  product  and  also  determined  the  orientations  of  the  habit  planes  (the  common  plane 
between  the  t  and  m  phases).  The  observations  were  compared  to  martensitic  calculations  using  the  phenomenological 
theory  of  Wcehsler  el  al.  (1953).  After  this  wtxk,  the  manensme  nature  of  the  t  m  transformation  was  no  longer  tn 
doubt.  Krivcn  c(  al.  (1981)  extended  these  calculations  to  different  LCs  and  slip  systems  and  Chow-dry  and  Crocker 
(1984)  further  refined  the  calculations  and  showed  discrepancies  with  the  experimental  observations  of  Bansal  and 
Heucr  (1972,  1974).  due  to  different  values  of  the  lattice  parameters  used  by  the  two  groups  of  investigators. 
Resolution  of  the  discrepancy  between  these  calculations  and  experimental  determination  of  the  habit  planes  requires 
more  detailed  habit-plane  determinations  and  more  accurate  knowledge  of  lattice  parameters,  orientation  relationships  and 
lattice-invariant  deformation  systems. 

Little  work  has  been  performed  to  date  on  the  crystallography  of  ZrO’  particles  transformed  while  confined 
within  ceramic  matrices.  Porter  and  Heuer  (1979)  showed  that  large  i-ZtOy  precipitates  transformed  above  room 
temperature  In  overaged  Mg-PSZ  and  were  invariably  twinned.  The  twinning  occurred  on  at  least  two  systems: 
“midrib"  twins  parallel  to  (tOOXn  (i.e..  parallel  to  the  long  axes  of  the  lenticular  t-ZrOj  precipitates)  and  “cross"  twins 
parallel  to  ( 1 10)»n.  The  factors  which  govern  the  type  of  twins  formed  on  cooling  such  particles  in  PSZ  have  not  yet 
been  determined. 


Krivcn  (19X|j  studied  the  crystallography  ef  (wtns  formed  in  tran>formcd  &0»  panicle*  man  AJ^Ot  matrix. 
Small  ZrOj  partietcx  t<0  Jjimi  u>t»lly  contained  o«c  ki  of  parallel  twins.  frequently  on  it(X))m.  The  situation  m 
larger  i>  l|imi  pan wlcs  wax  mere  complex.  as  different  areas  ef  (he  panicle  contained  different  mancnstic  variants 
Mure  recently,  K  riven  showed  (1983)  that  a  pantelc  transformed  in  lira  »n  ihcHVEM  transformed  via  LC  C  and  was 
internally  tw.nned  (s«  fig  2.3  h  however,  the  winning  was  inconsistent  w»h  the  prediction  of  the  phenomenological 
nuncnvlile  theory  tCho»dry  and  Crocker  19*4),  ft  Is  not  known  if  this  ts  due  to  a  failure  of  the  theory  or  to  twinning 
ivcumng  after  the  transformation. 

Detailed  THM  studies  ef  transformed  ZrOj  mclustons  in  a  mulhtc  •  3  A!;Ot  2  SiOjt  matru  by  Rucheff  and 
Kuhlc  t  I9*?i  showed  that  the  t *ms  present  in  large  2rO;  panicles  reduced  the  transfermaiton-tnduccd  stresses  at  the 
particle,  mains  interface  atM  tn  the  tumvunding  nutrts  hy  forming  dettum*  of  closure  However,  mwmerack*  were 
■requemtv  <>t<cer\«,\l  within  —h  tunonrmed  panic  lev  and  it  iv  mil  t>vt  c'taWrdvd  it  jw  tretthiRhiM 
twinning  ivcutv  m  further  reduce  the  »tram  energy  of  4  iranciomvti  tnVrii?  w* ;»»«*“» 
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ABSTRACT 


Two  whisker  toughened  materials  have  been  subject  to  study,  with  the 
objective  of  identifying  the  mechanism  that  provides  the  major  contribution  to 
toughness.  It  is  concluded  that,  for  composites  with  randomly  oriented  whiskers, 
bending  failure  of  the  whiskers  obviates  pull-out,  whereupon  the  major  toughening 
mechanisms  are  the  fracture  energy  consumed  in  creating  the  debonded  interface 
and  the  stored  strain  energy  in  the  whiskers,  at  failure,  which  is  dissipated  as 
acoustic  waves.  The  toughening  potential  is  thus  limited.  High  toughness  requires 
extensive  pull-out  and  hence,  aligned  whiskers  with  low  fracture  energy  interfaces. 


KEY  WORDS:  Ceramic,  Composite,  Toughness,  Model,  TEM 
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1.  INTRODUCTION 


The  toughening  of  ceramics  by  whiskers  typically  includes  contributions  from 
debonding,  crack  bridging,  pull-out  and  crack  deflection.1-3  It  is  important  to 
ascertain  the  relative  roles  of  these  contributions,  because  each  mechanism  predicts 
very  different  dependencies  of  toughness  upon  microstructure.  Crack  deflection  is 
ostensibly  governed  only  by  whisker  shape  and  volume  fraction*:  albeit  that  the 
relative  elastic  moduli  and  thermal  expansion  coefficients  may  have  implicit  effects 
on  the  deflection  path.  Conversely,  the  other  contributions  depend  sensitively 
upon  the  mechanical  properties  of  the  interface,  the  whisker  strength /toughness, 
the  whisker  radius  and  the  volume  fraction,  as  elaborated  below. 

Toughening  by  bridging  is  induced  by  debonding  along  whisker/matrix 
interfaces1  (Fig.  1).  The  debonding  allows  the  whiskers  to  remain  intact  within  a 
small  bridging  zone  behind  the  crack.1  The  magnitude  of  the  toughening  involves 
considerations  of  the  debond  extent  and  the  mode  of  fiber  failure,  as  well  as  of 
residual  stress  effects.1*5  Various  attempts  have  been  made  to  model  the 
toughening  and  to  compare  the  predictions  with  experiment.  The  most 
comprehensive  and  recent  attempt6  established  many  of  the  salient  features. 
However,  neither  residual  stress  effects  nor  the  contribution  to  toughness  from  the 
energy  of  the  debonded  surfaces  were  included  and,  furthermore,  explicit 
determination  of  the  debond  extent  was  not  used  for  comparison  between 
experiment  and  theory.  The  present  article  examines  these  and  related  issues  by 
further  experimental  investigation  and  by  presenting  a  fully  inclusive  model  in  a 
form  that  provides  direct  physical  insight.  For  this  purpose,  crack/microstructure 
interactions  are  investigated  in  two  whisker-toughened  systems:  the  Al203/SiC 
system  which  has  interfaces  subject  to  residual  compression  and  SiaN^SiC  with 
interfaces  in  residual  tension. 
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2.  SOME  RELEVANT  MECHANICS 

21  INTERFACE  DEBONDING 


Cracks  on  bimaterial  interfaces  are  characterized  by  a  strain  energy  release 
rate,  Q,  and  a  phase  angle  of  loading,  y.7**  The  latter  is  a  measure  of  the  mode 
mixity,  such  that  y  «  0  refers  to  a  pure  crack  opening  mode  and  y  *  tc/2  represents 
an  interface  crack  subject  to  crack  surface  shear.  Specifically,  debonding  along  the 
interface  occurs  when  Q  reaches  the  interface  fracture  energy  H  at  the  relevant  phase 
angle,  y.  For  a  matrix  crack  subject  to  mode  I  loading,  the  incidence  of  initial 
debonding,  rather  than  cracking  into  the  fiber,  is  found  to  be  governed  by  the  ratio  of 
interface  to  fiber  fracture  energies  IV Ff  and  the  whisker  orientation  (Fig.  2). 8  For 
the  present  composites,  values  of  i'i/Ff  needed  to  debond  whiskers  normal  to  the 
crack  plane  should  be  either  <  1/3  for  SijNVSiC  or  <  1/4  for  Al^/SiC.  Note  that 
this  prediction  is  independent  of  the  residual  stress. 

Growth  of  the  initial  debond  along  the  interface  is  influenced  by  additional 
variables,  such  as  the  residual  stress  and  the  whisker  radius.  Debond  growth  is  most 
prevalent  in  the  crack  wake.9*10  Analysis  of  wake  debonding  for  interfaces  under 
residual  tension9  indicates  that  debond  growth  in  the  wake  occurs  when  the  stress  t 
on  the  fiber  reaches  a  critical  value  t’,  given  by. 


where  Ef  is  Young's  modulus  for  the  fiber  and  is  the  misfit  strain.  When  t>  t*, 
the  debond  propagates  unstably  up  the  interface. 

Residual  compression  results  in  different  behavior.  In  this  case,  Q  is  strongly 
influenced  by  the  friction  coefficient  jl  along  the  previously  debonded  interface.10 
The  basic  debonding  features  indicate  that  again,  a  threshold  stress  must  be  exceeded 
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before  debonds  can  further  propagate  in  the  wake.  However,  for  stresses  in  excess  of 
the  threshold,  debonding  occurs  stablv  to  an  extent  determined  by  the  friction 
coefficient  p.  and  the  residual  strain,  until  t  -+  Ef  eT/V  (with  V  being  Poisson's  ratio 
for  the  fiber),  whereupon  the  interface  separates  and  further  debonding  occurs 
unstably.  The  debonding  behavior  is  thus  sufficiently  complex  that  prediction  of 
trends  with  eT,  H  and  other  material  variables  is  unlikely  to  be  instructive.  Instead, 
the  preceding  results  may  be  used  as  the  mechanics  background  needed  to  facilitate 
interpretation  of  observed  trends  in  debonding,  as  elaborated  below. 


12  TOUGHENING 

The  steady-state  toughening  A£c  imparted  by  whiskers  can  be  considered  to 
have  four  essential  contributions,  as  elaborated  in  the  Appendix.  These 
contributions  can  be  insightfully  expressed  in  the  simple  form  (Fig.  3); 

AQt/{d  -  sVE-Ee^  +  ^r./RJ/d-fJ  +  ^XW/R) 

i  W 

where  d  is  the  debond  length,  R  the  fiber  radius,  f  the  volume  fraction  and  S  the 
whisker  "strength."  The  first  term  &/E  is  simply  the  strain  energy  stored  in  the 
whisker  over  the  debonded  length  on  both  sides  of  the  matrix  crack,  before  the 
whisker  fails  (S2/2E  on  either  side  of  the  crack).  This  strain  energy  dissipates  as 
acoustic  waves  and  thus  contributes  positively  to  the  toughening.  The  second  term 
is  the  residual  strain  energy  in  each  composite  element  within  the  debond  length,  as 
governed  by  the  misfit  strain  ©p  This  strain  energy  is  lost  from  the  system  when  the 
fiber  fails  and  thus,  detracts  from  the  toughness,  independently  of  the  sign  of  eT. 
The  third  term  is  the  energy  needed  to  create  the  debond  fracture  surface,  with  fj 
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being  the  fracture  energy  per  unit  area.  This  term  must  be  positive.  The  last  term  is 
the  pull-out  contribution,  with  hj  being  the  pull-out  length  and  ?  the  sliding 
resistance  of  the  debonded  interface.  This  term  is  again  positive,  because  heat  is 
generated  by  the  frictional  sliding  at  the  interfaces.  The  above  result  is  all  inclusive 
and  has  not  been  specifically  presented  elsewhere.*  Furthermore,  it  deviates  from 
certain  of  the  other  results  reported  in  the  literature  for  each  of  the  individual 
terms,  principally  in  the  magnitude  of  the  constants  of  proportionality.  It  is 
believed  that  Eqn.  (2)  is  the  simplest  possible  result  that  is  also  physically  consistent 
with  the  mechanisms  involved. 

Optimization  of  toughness  based  on  these  terms  is  discussed  later.  Presently, 
it  is  noted  that  all  contributions  scale  with  the  debond  length  d,  indicating  that  large 
d  is  desirable.  However,  it  is  also  recognized  that  d  should  have  a  functional 
dependence, 

d/R  *  F(r,,eT,S)  (3) 

where  the  function  F  has  yet  to  be  determined. 

The  present  experimental  results  are  examined  using  Eqn.  (2)  to  assess  the 
various  contributions  to  toughness,  based  on  direct  measurements  of  h,  d,  R,  f. 
Thereafter,  implications  for  high  toughness  are  discussed. 


t  The  results  are  strictly  applicable  to  reinforcements  normal  to  the  crack  plane.  Whiskers  inclined  to 
the  crack  are  more  likely  to  fail  by  bending  and  thus,  result  in  smaller  pull-out  toughening. 
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3.  MATERIALS 


Four  basic  materials  have  been  used  for  the  present  investigation:  two 
whisker  toughened  materials  and  two  reference  matrix  materials.  One  whisker 
toughened  material  is  a  commercial  product,  consisting  of  AI2O3  toughened  with 
20  vol.  %  SiC  whiskers,  prepared  by  hot  pressing* **.  The  other  toughened  material 
was  a  SiC  toughened  SijN^  containing  20  vol.  %  SiC  whiskers,  4  wt-%  Y2O3  as  a 
sintering  aid  and  was  densified  by  reaction  bonding  followed  by  HIPing. 
Micros tructural  investigations  were  performed,  not  only  for  the  composites,  but  also 
for  the  matrices  and  those  observations  were  used  as  reference.  The  AI2O3  matrix 
material  was  a  hot  pressed  system  containing  1/4  volume  percent  MgO,  heat  treated 
to  create  the  corresponding  grain  size.  The  reference  SisN***  contained  4  wt  %  Y2Q3. 

The  mode  I  toughnesses  of  the  four  materials,  evaluated  using  a  surface 
flaw  technique,1  are  summarized  in  Table  I.  A  comparison  with  models  requires 
evaluation  of  the  increase  in  toughness  caused  by  the  whiskers,  A£c,  which  for 
AI2O3/SK:  is  40-80  Jm-2  and  for  Si^/SiC  is  25-55  Jm~2  (Table  I). 

4.  CHARACTERIZATION 

4.1  MICROSTRUCTURE  OF  WHISKERS 

Characterization  of  two  different  as-received  SiC  whiskers***  indicated  a  broad 
distribution  of  length  (l^lm  ...  25Hm)  and  diameter  (O.ljlm  to  l.Ollm).  Quite 
frequently,  clusters  of  whiskers  and  irregular,  serrated-edged  whiskers  were  found. 


*  Greerdea/,  Inc. 

**  Norton  Company 

***  ARCC  nd  Tateho  whiskers 
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The  average  length  and  diameter  were  17.5llm  and  0.5pm,  respectively,  for  ARCO 
whiskers  and  11.7pm  and  0.42pm  for  Tate  ho  whiskers. 

The  whiskers  had  a  high  density  of  planar  faults  lying  on  the  dose-packed 
plane  (basal  plane)  perpendicular  to  the  long  axis.12  The  faults  resulted  in  a  complex 
arrangement  in  thin  lamellae  of  different  a  and  polytypes  normal  to  the  whisker 
axis.  Furthermore,  the  core  region  of  the  ARCO  whiskers  contained  a  high  density 
of  small  spherical  impurity  clusters  and/or  cavities.  Half  of  the  Tateho  whisker  are 
hollow.  The  outer  skin  of  both  types  of  whiskers  was  covered  with  a  2nm  Si02  rich 
layer  as  revealed  by  defocus  imaging  (Fig.  4a)13  and  X-ray  photoelectron  spectroscopy 
(Fig.  6b).14 

42  M1CROSTRUCTURE  OF  THE  COMPOSITES 

* 

• 

Thin  foils  of  each  of  the.  materials  suitable  for  TEM  have  been  prepared  by 
mechanical  polishing  and  dimpling  followed  by  ion  beam  thinning.  Transmission 
electron  microscope  (TEM)  characterization  of  the  materials  has  been  accomplished 
using  conventional,  analytical  and  high  resolution  microscopy.  From  conventional 
TEM  micrographs  of  the  SiC  whisker  toughened  AI2O3  material,  a  matrix  grain  size 
of  -  lpm  was  determined.  Dark  field  studies15  have  indicated  the  presence  of  a  thin 
(<  5 run  thickness)  amorphous  layer  at  the  interface  between  the  whiskers  and  the 
matrix,  consistent  with  previous  studies.  The  thickness  of  the  amorphous  layer  at 
the  whisker/matrix  interface  depends  on  the  purity  of  the  AI2O3.  However,  even  in 
AI2O3-S1C  composites  processed  using  ultraclean  materials,16  a  thin  (lnm-thick) 
SiC>2  layer  can  be  detected  by  TEM  imaging.  Specifically,  by  using  a  range  of  defocus 
conditions13*15  (Fig.  5),  tha  expected  contrast  reversal  for  different  signs  of 
defocusing  can  be  observed.  Furthermore,  it  is  apparent  that  the  contrast  at  the 
interface  is  not  caused  by  preferential  etching.  Notably,  the  interface  between  the 
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whiskers  and  the  AI2O3  matrix  in  Fig.  5  is  perpendicular  to  the  edge  of  the  foil  and 
no  preferential  etching  is  visible  close  to  the  amorphous  region  near  the  edge, 
because  the  interface  contrast  disappears  gradually  in  the  amorphous  part  of  the 
specimen.*  Occasionally,  amorphous  pockets  also  exist  at  junctions  between  matrix 
grain  boundaries  and  the  interface  (Fig.  5b).  However,  within  the  resolution  of  dark 
field  and  high  resolution  procedures  (-  lnm),  the  matrix  grain  boundaries  appear  to 
be  devoid  of  amorphous  material. 

Occasionally,  a  whisker  is  completely  embedded  in  one  AI2O3  grain.  In  such 
cases,  strain  contours  become  visible  under  dynamical  TEM  imaging  (Fig.  6)  A 
semi-quantitative  evaluation  of  the  strain  perpendicular  to  the  whisker  diameter  is 
possible  by  calculating  the  scattering  of  modified  Bloch  waves17  in  the  thick  foil 
approximation  and  evaluating  the  number  and  distance  of  contrast  oscillations  for 
different  excitation  errors.  The  observations  confirm  that  a  homogeneous 
compressive  strain  e  occurs  in  the  whisker,  with  2  •  10’3  <  E  <  6  •  10~3:  a  result 
consistent  with  the  known  thermal  expansion  characteristics  of  A^Os  and  SiC  and  a 
cooling  range  AT  «  1000°C. 

Studies  conducted  on  the  S13N4  reference  material  have  revealed  several 
relevant  microstructural  features.  Dark  field  and  high  resolution  microscopy  have 
indicated  that  an  intercrystalline  phase,  presumably  amorphous,  is  present  as  a  thin 
continuous  film  of  equilibrium  thickness  (Fig.  7a).  Grain  pockets  are  mostly 
crystalline,  except  for  the  thin,  intercrystalline  outer  layer  (Fig.  7b).  Analytical 
microscopy  and  diffraction  studies  are  consistent  with  a-Y2Si207  being  the 
predominant  crystalline  grain  boundary  phase.  The  crystalline  pockets  are  typically 
50-1  OOnm  in  diameter.  The  whisker  toughened  SfeN*  had  several  different 
characteristics.  The  whiskers  are  typically  100-500nm  in  diameter.  About  half  of  the 


*  A  hole  would  be  visible  at  the  site  of  the  interface  for  the  case  of  preferential  thinning. 
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whiskers  are  hollow,  in  which  case  they  become  filled  by  the  sintering-aid  phase. 
This  phase,  which  is  also  present  at  grain  pockets,  remains  glassy  upon  cooling  to 
room  temperature.  Analytical  microscopy  indicates  a  relatively  high  S»C>2  content 
in  this  phase.  Presumably,  the  excess  S4O2  that  prevents  crystallization  of  this  phase 
is  introduced  by  the  oxide  layer  that  preexists  on  the  SiC  whiskers.  High  resolution 
microscopy  shows  that  this  intercrystalline  phase  is  present  as  a  thin  film  at  all 
S13N4  grain  boundaries  and,  most  importantly,  at  the  interface  between  the  S13N4 
grains  and  the  SiC  whiskers  (Fig.  7c). 

Finally,  in  order  to  clarify  ambiguity,  it  is  noted  that  it  has  been  occasionally 
reported  in  the  literature  that  no  glassy  phase  can  be  observed  at  interfaces  between 
SiC  whiskers  and  the  surrounding  matrix.18  A  careful  inspection  of  available 
micrographs18  suggests  that  the  interface  plane  in  such  studies  was  inclined  to  the 
electron  beam,  whereupon  the  glassy  interphase  would  not  be  detected.  Specifically, 
it  is  evident  from  Fig.  8  that  an  amorphous  interface  layer  can  only  be  imaged  if  the 
foil  thickness  t  is  such  that  t  <^/aD/2,  with  a  being  the  thickness  of  the 
amorphous  foil  and  D  the  diameter  of  the  whiskers  and  if  the  interface  is  parallel  to 
the  electron  beam. 


4.2  DEBONDING  AND  BRIDGING 

i)  Transmission  Electron  Microscopy 

Observations  of  debonding  and  of  bridging  zones  have  been  made  in  the 
TEM.  The  procedure  developed  for  studying  these  characteristics  consists  of 
indenting  the  material,  mechanically  dimpling  in  the  region  of  the  indentation 
crack  tips  and  then  ion  thinning  to  a  thickness  in  excess  of  the  whisker  diameter. 
This  procedure  ensures  debonding  and  bridging  representative  of  plane  strain  crack 
propagation  in  bulk  material  and  avoids  the  anomalous  crack  extension  and 
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deboo  ding  that  can  occur  upon  thinning  to  less  than  the  whisker  diameter.  In  order 
to  use  these  foils  to  investigate  near  tip  phenomena,  it  is  imperative  that  the 
specimens  be  subject  to  tilting  through  a  large  angular  range,  because  the  debond 
and  matrix  crack  opening  displacements  are  small  and  only  detectable  when  the 
electron  beam  is  essentially  aligned  with  the  crack  plane.  Some  typical  views  of  the 
bridge  zone  with  schematic  drawings  used  to  highlight  the  salient  features. 

For  AljOj/SiC,  the  matrix  cracks  are  mostly  transgranular  and  conchoids), 
while  cracks  in  the  whiskers  are  planar  and  always  parallel  to  the  basal  plane  of  SiC. 
These  distinctive  fracture  paths  facilitate  interpretation  of  the  micrographs.  The 
series  of  micrographs  and  schematical  drawings  summarized  in  Fig.  9  illustrate  the 
salient  features,  locations  A  and  B  refer  to  the  crack/whisker  interaction,  which 
include  whiskers  having  axis  either  normal  or  inclined  to  the  crack  plane.  In  both 
cases,  the  whiskers  are  debonded  and  are  fractured.  Near  the  crack  tip  (location  Q,  a 
bridging  zone  with  intact  whiskers  is  apparent,  with  the  crack  tip  located  at  the 
arrow.  Tilting  studies  have  revealed  the  extent  of  debonding  at  the  whisker/ matrix 
interface  as  illustrated  in  the  accompanying  schematic  (Fig.  9d).  Such  observations 
are  typical  of  whiskers  that  exist  within  a  bridging  zone  that  usually  extends  to  about 
4  to  6  whisker  spadngs.  The  length  of  the  debonds  is  variable  and  ranges  betioeen 
about  2 R  and  6R,  R  being  the  whisker  radius. 

For  SijNs/SiC,  the  same  general  features  noted  for  AI2O3  are  again  evident,  as 
exemplified  by  Fig.  10a,  wherein  the  debonds  are  between  the  arrows.  The  lengths  of 
these  debonds,  which  can  be  measured  directly  from  the  micrograph,  range  from  R 
to  3R.  Usually,  the  second  whisker  behind  the  crack  tip  is  fractured,  indicating  that 
tiie  bridging  zone  is  very  small.  It  is  also  noted  that,  because  elongated  S13N4  grains 
are  present,  debonding  along  the  grain  boundaries  with  the  equiaxed  matrix  grains 
is  evident  (Fig.  10b).  Such  debonding  is  exactly  analogous  to  that  occurring  at 
whisker  interfaces.  Consequently,  the  debonds  of  the  whisker  interface  are  more 
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difficult  to  detect  than  in  the  AI2O3  composite.  An  interesting  sequence  of  events 
can  be  deduced  from  Fig.  10c,  in  which  the  main  crack  is  clearly  visible  (large  white 
gap).  This  crack  propagated  from  the  upper  right  to  the  lower  left.  It  is  surmised 
that,  when  the  crack  first  interacted  with  the  whisker,  the  interface  debonded  (to  a 
length  of  about  3  whisker  radii).  The  whisker  then  fractured  within  the  debond 
length  and  pulled  out  by  about  20nm  (the  width  of  the  gap).  While  being  pulled 
out,  the  whisker  would  be  subject  to  bending,  resulting  in  enhanced  stresses,  as 
manifest  in  strain  fringes  at  the  corner  of  the  whisker  (arrow  in  Fig.  10c). 
Consequently,  the  whisker  fractured  a  second  time  in  the  plane  of  the  matrix  crack. 

It  is  also  of  importance  to  examine  whisker  failure.  In  general,  whisker 
fracture  can  either  initiate  at  the  end  of  the  debond  by  kinking  into  the  whisker,3  or 
the  debond  cracks  could  remain  at  the  interface  such  that  the  whisker  fails  by  the 
propagation  of  a  pre-existing  flaw  within  the  debonded  length.  The  former  mode 
has  been  rigorously  verified  in  several  cases  (Figs.  9  and  10)  by  extensive  tilting  to 
confirm  the  absense  of  a  debonded  region  beyond  the  location  of  the  whisker 
fracture.  The  latter  is  much  more  difficult  to  unambiguously  identify  and  cannot  be 
substantiated  at  this  juncture. 


ii)  Scanning  Electron  Microscopy 

Polished  surfaces  containing  indentation  cracks  have  been  examined  in  the 
scanning  electron  microscope.  The  residual  crack  opening  allows  observation  of 
some  aspects  of  bridging  and  debonding.  For  the  A^Oj/SiC,  a  low  accelerating 
voltage  provides  contrast  between  the  AI2O3  and  SiC  and  facilitates  observation. 
Within  the  spatial  resolution  of  the  SEM,  debonds  are  only  occasionally  evident, 
usually  at  intact  inclined  whiskers  (Fig.  11a)  remote  from  the  crack  front.  Crack 
surface  interlocking  is  also  evident  (Fig.  lib),  caused  by  debonding  around  the 
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whisker  ends.  In  some  esses,  whisker  cracks  are  apparent  (Fig.  11a),  again  at  inclined 
whiskers,  with  the  crack  often  forming  near  the  end  of  the  debond.  Measurements 
of  bridging  zones  associated  with  intact  whiskers  are  not  possible  by  direct  SEM, 
because  of  resolution  limitations.  However,  for  AI2O3/S1C,  use  of  a  dilute 
orthophosphoric  add  etch  allows  dissolution  of  seme  of  the  matrix,  preferentially 
around  the  crack  (Fig.  12).  Matrix  removal  permits  both  the  intact  (Fig.  12b)  and 
fractured  whiskers  (Fig.  12c)  to  be  identified,  with  reference  to  the  crack  front  and 
thus,  allows  measurement  of  the  bridging  zone  size,  L.  For  this  composite,  L  is 
about  3  to  4  whisker  spadngs. 

Inspection  of  fracture  surfaces  by  SEM  provides  complementary  information 
regarding  pull-cut  as  well  as  debonding  (Fig.  13).  Studies  on  both  composites  reveal 
that  inclined  whiskers  fracture  on  a  plane  normal  to  the  whisker  axis,  such  that  the 
crack-surface  is  within  one  whisker  radius  of  the  matrix  crack  plane.  Pull-cut  is 
thus  negligible. 


5.  COMPARISON  BETWEEN  THEORY  AND  EXPERIMENT 

Initial  comparison  between  theory  and  experiment  can  be  achieved  based  on 
measured  values  of  the  debond  length  and  using  Eqn.  (2)  for  the  toughness.  The 
relative  magnitudes  of  the  four  contributions  to  toughness  from  elastic  bridging, 
residual  strain,  debond  surface  energy  and  pull-out  can  then  be  readily  assessed, 
using  the  material  properties  listed  in  Table  I  and  using  d/R  -  2-6  for  AI2O3  and 
1-3  for  S0N4  with  f  -  0.2  and  R  *  0.25}lm  for  both  composites.  The  pull-out 
contribution  is  negligible  since  only  a  small  fraction  of  whiskers  exhibit  this 
phenomenon.  The  reduction  in  toughness  from  the  residual  strain,  Ee^.fd,  ranges 
between  0.3  Jm~2  for  Si3N4/SiC  to  2  Jm-2  for  Al2C>3/SiC  and  is  thus  of  negligible 
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importance  (in  part/  accounting  for  the  similar  toughening  levels  measured  for  both 
composites).  The  toughening  contribution  from  «\e  t'TSiic  strain  energy  stored  in 
the  whiskers  up  to  failure/  S^fd/E,  is  dominated  by  the  choice  of  whisker  "strength." 
The  appropriate  choice  for  S  is  unclear  because  the  Mgauge  length"  is  small  and 
because  the  whiskers  may  be  subject  to  degradation  upon  composite  processing.  For 
initial  purposes/  it  is  assumed  that  S  is  in  the  range  4-8GPa,*  whereupon  this 
component  of  toughening  is  at  most  45  Jm*2  for  A^Os/SiC  and  25  Jnv2  for 
SisNj/SiC.  Finally,  the  debonding  energy  contribution  is  estimated  by  noting  that 
amorphous  silicates  have  a  fracture  energy,  Fj  -  6  -8  Jm~2.  The  toughening  caused 
by  debonding  is  then  of  order  50  Jnr2  for  AhQj/SiC  and  25  Jnr2  for  SijN*  /SiC.  The 
energy  needed  to  create  the  debond  surface  and  the  strain  energy  dissipated  from 
elastic  bridging  thus  appear  to  provide  similar  contributions  to  toughness. 
Furthermore,  the  toughness  level  provided  by  the  combination  of  both  processes  is 
comparable  to  the  measured  values  (Table  I). 


6.  IMPLICATIONS  AND  CONCLUSIONS 

The  preceding  experiments  and  calculations  firstly  indicate  that  non-aligned, 
inclined  whiskers  typically  fail  by  bending  and  do  not  provide  a  pull-out 
contribution  to  toughening.*  Consequently,  composites  with  randomly  oriented 
whiskers  cannot  normally  be  expected  to  exhibit  high  toughness.  Subject  to  this 
limitation,  useful  toughness  increases  are  still  possible,  as  governed  by  an  optimum 
combination  of  bridging  and  debonding.  Since  residual  strain  is  invariably 
detrimental,  matched  thermal  expansions  are  desirable.  Enhanced  debonding  is  also 


*  An  exception  may  be  graphite  whiskers  which  can  sustain  very  high  bending  strains  and  have 
unbonded  interfaces  with  a  low  sliding  resistance. 
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desirable,  but  then  the  relative  contributions  to  toughness  from  bridging  and  from 
the  debonded  surfaces  requires  further  elaboration.  The  debond  length  is  expected 
to  scale  directly  with  the  whisker  radius,  to  increase  with  increase  in  S  and  to 
depend  inversely  on  Ft  (Eqn.  3).  Consequently,  d/R  and  H  are  coupled  in  such  a  way 
that  the  contribution  to  A£c  from  the  energy  of  the  debonded  surfaces  is  expected  to 
be  weakly  dependent  on  f(  and  insensitive  to  whisker  radius,  but  should  increase  as 
the  whisker  strength  increases.  A  corresponding  assessment  of  the  bridging 
contribution  yields  very  different  conclusions.  In  this  case,  the  direct  dependence  on 
debond  length  suggests  that  this  contribution  should  increase  appreciably  as  either 
H  decreases  or  the  whisker  radius  increases  and  should  become  the  dominant 
contribution  to  toughness  for  small  F*|  and  large  R,  provided  that  the  " strength "  S  is 
also  high.  Indeed,  it  is  important  to  note  that  careful  experiments6  indicate  a 
systematic  dependence  of  A$c  on  R,  confirming  an  important  contribution  of  elastic 
bridging  to  toughening.  However,  the  whisker  "strength"  is  not  related  in  simple 
form  to  the  uniaxial  fracture  strength  of  the  whiskers.  Further  research  is  needed  to 
understand  the  operative  relationships. 

The  factors  which  govern  the  debond  length  merit  brief  additional 
consideration.  While  small  H  and  large  S  clearly  enhance  debonding,  such 
variables  as  residual  strain,  surface  roughness  and  friction  coefficient  could  be 
important.  The  available  calculations  (Appendix)  indicate  that,  when  the  non- 
dimensional  residual  strain  parameter  Q  («  Sv/Efle^l)  is  much  larger  than  unity, 
the  Poisson  contraction  of  the  whisker  is  large  compared  with  the  misfit 
displacements.  Then,  residual  strain  is  unimportant:  instead,  the  amplitude  of  the 
roughness  on  the  debond  surface  dominates  debonding.  Conversely,  when  Q  <  1, 
residual  strain  effects  dominate  debonding  in  the  sense  that  positive  eT  (interface 
tension)  enhances  debonding  and  vice  versa.  Tor  the  present  materials,  the  inverse 
trend  with  residual  strain  {large  debond  lengths  for  Al?.03/SiC  in  which  ej  is 
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negative)  suggests  that  roughness  effects  and  interface  characteristics  are  more 
important  in  debonding  than  the  residual  strain.  Indeed,  consistent  with  this 
implication,  Q  is  larger  than  unity.  Whisker  ro?  ’hness  effects  would  thus  appear  to 
merit  further  investigation. 
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APPENDIX 


CRACK  BRIDGIN G  AN D  TOU GHN ESS 

Several  aspects  of  crack  bridging  have  been  addressed  by  analysis,  particularly 
the  stress/crack  opening  relation  t(u).  For  whiskers  normal  to  the  crack  plane  with 
interfaces  subject  to  residual  tension,  u/t  is  linear  when  the  debond  length  is 
constant  and  a  threshold  stress  is  needed  to  achieve  initial  opening  of  the  crack, 
such  that* 

u/ReT  *  (t/E(eT)(X1+X2d/R)+X3+X4d/R  (Al) 


where  Xj  (i  »  1-4)  are  coefficient  tabulated  in  Table  II.  When  the  whiskers  fail  at  a 
critical  axial  stress  t  *  S,  the  change  in  toughness  imparted  by  the  whiskers,  AQC, 
when  d  is  fixed,  becomes;11 


m  2f  Jtdu+4fr,d/(l-f)R 
fS,R[(X1+XId/R)-(EleT/S)J(XJ+X4d/R)r] 

=  E^Xj+Xjd/R) 


+4fr,d/(l-f)R 


(A2) 


The  first  term  is  the  contribution  to  toughness  from  elastic  bridging,  whereas  the 
second  term  is  the  contribution  from  the  debond  surface  energy.  When  d/R  >  >  1 
and  the  material  is  elastically  homogeneous,  Eqn.  (A2)  reduces  to 


AQ  c 


(EeT/S)5]  +  4frid/(l-f)R 


(A3) 
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revealing  that  the  toughness  Increases  linearly  with  increase  in  the  debond  length 
and  diminishes  as  the  residual  strain  increases.  Indeed,  A£c  ->  O  as  Ef  leTl  -»  S 

because  then,  the  whiskers  fail  upon  cooling  from  the  processing  temperature. 

For  composites  containing  whiskers  normal  to  the  crack  and  with  interfaces 
in  residual  compression.  t(u)  is  dependent  on  the  friction  coefficient  as  well  as  the 
debond  length.  For  fixed  d,10 

^  -  (d/R)(l  + v)/v 

-  (1  -  vF)(l  -  2v24)  [exp  (2pd*/R)  -  l]/2p*u  (A4) 


where 


♦  -  v(l  -  f  +  f I)/[ E(1  +  f)  +  (1  -  f) (1  -  2v)] 

and  £  *  Ef/Em,  with  Em  being  the  matrix  modulus. 

For  homogeneous  elastic  properties,  Eqn.  (A4)  reduces  to; 

-  (1  +  o) d/R  -  (1  -  oF)  [exp  (D)  -  l]/po 


(A5) 


where  D  »  JlDd/R.  The  toughness  for  constant  d  is  thus;10 


A£c 


fS*R[exp  (D)  1]  f  ferEjr  (n.„)p 
puE  [  \  uS  /[exp  (D)  -  1 


+4f  r,d/(l-f)R 


(A6) 


Furthermore,  for  small  p,  the  toughness  reduces  to  Eqn.  (A3). 

The  above  results  for  Agc  are  clearly  simplifications  because  the  debonds  are 
expected  to  extend  in  the  crack  wake  and  the  integral  should  include  this  behavior. 
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Subject  to  this  limitation,  it  is  apparent  that,  for  brittle  whiskers  which  fail  at  a 
characteristic  stress  S,  the  composite  toughness  invariably  decreases  with  increase  in 
misfit  strain,  eT,  whether  tensile  or  compressive  in  sign,  provided  that  the  debond 
length  is  independent  of  eT.  Furthermore,  when  the  friction  coefficient  is  small,  the 
toughness  is  also  essentially  independent  of  the  sign  of  the  residual  stress. 
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TABLE  I 


Properties  of  Materials  and  Constituents 


Material 

a(C-i  x  io«) 

E(GPa) 

^c(Jnr2> 

Afyc(Jnv-2> 

Experiment 

Theory 

AI2Q3 

7.5 

400 

25  i  5 

Si3N< 

3.5 

320 

50  ±  10 

SiC 

4.5 

420 

15  ±  5 

Amorphous 

Silicate 

Interphase 

— 

100 

7  ±  1 

AI2Q3/SK: 

420 

85  ±  15 

60  ±  20 

-80 

SijN^/SiC 

350 

90  ±  15 

40  ±  15 

-30 
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TABLE  II 


The  Coefficients  XtU  *  1,4),  used  in  the  expression  for  the  Matrix  Crack  Opening: 

I  -  E 


0.4 

1.0 

2.5 


1.062 

1.058 

1.043 
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FIGURE  CAPTIONS 


Fig.  1.  A  schematic  of  a  bridging  zone  in  a  reinforced  composite 

Fig.  Z  A  debond  diagram:  the  dependency  of  fracture  energy  on  elastic 
mismatch  and  whisker  orientation 

Fig.  3.  A  schematic  representation  of  the  four  mechanisms  that  contribute  to 
toughening  by  whiskers 

Fig.  4.  Analysis  of  outer  layer  on  a  Tateho  SiC  whisker 

a)  Through-focus  images  at  the  edge  of  a  whisker  (i)  Af  <  0,  (ii)  Af  »  0, 
(iii)  Af  >  0.  The  amorphous  layer  is  clearly  visible  on  the  infocus 
image  (Af  «  0).  The  defocus  images  indicate  that  the  density 
(scattering  power)  of  the  outermost  layer  is  less  than  that  of  SiC 
(bright  contrast  for  negative  defocusing) 

b)  XPS  spectrum  (courtesy  Sarin  and  Riihle14) 

Fig.  5.  TEM  micrograph  of  interface  between  SiC  whisker  and  AI2O3  matrix 
(i)  Af  «  -96nm,  (ii)  Af  -  0,  (iii)  Af  »  96nm.  The  interface  is  parallel  to 
the  electron  beam.  The  contrast  of  the  amorphous  grain  boundary  phase 
is  equivalent  to  that  of  the  amorphous  layer  at  the  edge  of  the  foil. 

Fig.  6.  Stress  contours  around  whiskers:  dynamical 

a)  Bright  field  and  b)  Dark  field  images.  A  quantitative  evaluation  the 
matrix  strain  can  be  obtained  from  the  number  and  positions  of 
contrast  oscillations  (micrograph  taken  by  E.  Bischoff) 

Fig.  7.  Transmission  electron  microscopy  study  of  SijN4  materials 

a)  High-resolution  image  revealing  continuous  thin  amorphous  layer 
in  the  matrix 

b)  High-resolution  image  of  the  interface  of  the  crystalline  phase  at  the 
matrix  grain  pockets  and  a  Si;jN4  grain 

c)  High-resolution  image  of  the  amorphous  layer  between  a  matrix 
grain  and  a  SiC  whisker 

Fig.  8.  Maximum  allowed  thickness,  t,  for  imaging  at  amorphous  layer  of 
thickness  a 
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Fig.  9.  Transmission  electron  microscopy  studies  of  the  crack  tip  region  in  thick 
foils  of  Al203/SiC.  A  comprehensive  visualization  of  debonding  and 
cracking  can  only  be  achieved  by  imaging  under  different  orientations  by 
extensive  tilting.  Consequently,  to  assist  in  summarizing  the  behavior,  a 
schematic  drawing  is  shown  in  addition  to  one  TEM  micrograph  of  each 
crack/whisker  interaction: 

a)  Overview  of  crack  tip  region 

b)  Region  A  with  schematic  3-dimensional  drawing 

c)  Region  B  with  schematic  3-dimcnsional  drawing 

d)  Region  C  bridging  zone  with  schematic  overview.  The  debonded 
interface  zones  between  whiskers  and  matrix  are  hatched.  The 
whiskers  are  not  fractured. 


Fig.  10  a)  Transmission  electron  micrograph  of  a  region  close  to  crack  tip  in 
SiC/Si3N4.  On  the  micrograph,  the  crack  enters  from  the  lower  left 
and  ends  at  the  position  of  the  uppermost  arrow.  Debond  cracks  are 
between  arrows  along  the  interfaces. 

b)  Transmission  electron  micrograph  of  S^N^/SiC  indicating  grain 
boundary  debonding  in  the  matrix  between  an  elongated  grain  and 
equiaxed  grains 

c)  Transmission  electron  micrograph  of  a  multiply-fractured  whisker 
well  into  the  crack  wake 


Fig.  11.  Scanning  electron  microscope  image  of  the  crack  tip  region  in  Al2C>3/SiC 

a)  Initiation  of  a  whisker  crack  from  the  end  of  an  inclined  debond 

b)  Debonding  around  the  whisker  end  resulting  in  crack  surface 
interlocking 

Fig.  1Z  SEM  investigation  of  a  crack  in  AI2O 3/SiC  after  etching  in 
orthophosphoric  add 

a)  Overview 

b)  Crack  tip  region  showing  intact  whiskers 

Fig.  13.  Scanning  electron  microscope  image  of  fracture  surface  of  Si-^Na/SiC 
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Abstract 

The  principal  microstructural  sources  oj  tough¬ 
ening  are  reviewed,  with  emphasis  on  comparisons 
between  theory  and  experiment.  Process  zone 
mechanisms,  such  as  transformation  and  micro¬ 
cracking,  as  well  as  bridging  mechanisms  induced 
by  either  ductile  phases  or  fibers  and  whiskers  are 
afforded  primary  consideration.  Microstruaural 
variables  which  allow  toughness  optimization  are 
discussed. 

1.  Introduction 

The  last  decade  has  witnessed  major  advances 
in  the  development  of  ceramics  having  enhanced 
toughness.  All  the  mechanisms  which  provide 
appreciable  toughening  have  the  common  feature 
that  material  elements  at,  or  near,  the  crack  sur¬ 
faces  exhibit  non-linear  behavior,  with  hysteresis, 
as  schematically  illustrated  in  Fig.  1.  Indeed,  the 
toughening  can  be  explicitly  related  to  the  hyster¬ 
esis,  as  will  be  elaborated  for  each  of  the  impor¬ 
tant  mechanisms.  Furthermore,  in  most  cases,  the 
mode  of  toughening  results  in  resistance  curve 
characteristics  (Fig.  2),  wherein  the  fracture 
resistance  systematically  increases  with  crack 
extension.  The  individual  mechanisms  that  have 
been  established  include  displacive  transforma¬ 
tions,  microcracking,  ductile  phase  and  brittle 
fiber  or  whisker  reinforcement.  The  general  phil¬ 
osophy  adopted  in  the  modelling  of  the  toughen¬ 
ing  includes  the  classical  concept  of 
homogenizing  the  properties  of  the  material 
around  the  crack  and  formulating  a  constitutive 
law  which  then  characterizes  the  material 
response.  This  approach  fully  describes  the 
toughening  behavior  when  the  length  of  the  non¬ 


•Paper  presented  at  the  3rd  International  Conference  on 
the  Science  of  Hard  Materials.  Nassau.  The  Bahamas. 
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linear  zone  (Fig.  1  *  is  appreciably  larger  than  the 
spacing  between  the  microstructural  entities 
which  dictate  the  non-linearitv.  as  elaborated 
below.  Otherwise,  microstructural  interactions 
must  be  treated  discretely. 

The  known  mechanisms  can  be  conveniently 
considered  to  involve  either  a  process  zone  or  a 
bridging  zone  (Fig.  3).  The  former  category  ex¬ 
hibits  a  toughening  fundamentally  governed  by  a 
critical  stress  for  the  onset  of  non-linearity  (o„  in 
Fig.  1 )  and  by  the  permanent  strain  induced  by 
the  non-linear  mechanism  (c„  in  Fig.  I ).  The  hys¬ 
teresis  is  dictated  by  the  stress-strain  behavior  of 
composite  elements  within  the  process  zone,  such 
that  integration  over  the  zone  gives 

HGem2foaEh  (1) 


•  MARTENSITIC  TRANSFORMATION 

•  MICROCRACKING  /DEBONDING 

•  INTERFACIAL  SLIDING 

•  PLASTIC  DEFORMATION 


O 


[Hysleresi^l 


Fig.  I.  A  schematic  diagram  illustrating  non-linear  hyslcrciic 
elemental  response  and  associations  with  enhanced  tough¬ 
ness. 
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^a2 


Fig.  2.  Resistance  curve  behavior  characteristically  encoun¬ 
tered  in  tough  ceramics:  Kn  is  the  fracture  resistance  and  Ait 
the  crack  advance. 


PROCESS  ZONE' 


Fig.  3.  A  schematic  diagram  illustrating  both  process  zone 
and  bridging  zone  mechanisms  of  toughening. 


where  A Gc  < .  the  increase  in  critical  strain  energy 
release  rate,  /  is  the  volume  fraction  of  toughen¬ 
ing  agent  and  A  is  the  width  of  the  process  zone 
(Fig.  3).  Transformation  and  microcrack  toughen¬ 
ing  are  mechanisms  of  this  type. 

The  latter  category  exhibits  toughening 
governed  by  hysteresis  along  the  crack  surface: 

»• 

AGc«/;Jo(u)du  (2) 

0 

where  u  is  the  crack  opening,  u,  the  opening  at 
the  edge  of  the  bridging  zone,  o  the  tractions  on 
the  crack  surfaces  exerted  by  the  intact  toughen¬ 
ing  agent  (Fig.  3)  and  /A  is  the  area  fraction  of 
reinforcements  along  the  crack  plane.  The  rela¬ 


tionship  between  /A  and  the  volume  fraction  / 
depends  on  reinforcement  morphology,  on  the 
residual  stress  and  on  the  elastic  mismatch 
(through  crack  attraction-repulsion  effects).  Duc¬ 
tile  dispersions,  as  well  as  whiskers  and  fibers, 
toughen  by  means  of  bridging  tractions. 

In  the  toughest  materials,  a  steady  state  crack¬ 
ing  phenomenon  has  been  identified,  wherein  the 
crack  extension  stress  becomes  independent  of 
crack  length.  For  such  materials,  the  toughness  is 
usually  non-unique  and  not,  therefore,  a  useful 
material  parameter.  It  is  also  noted  that  some  of 
the  composite  systems  of  interest  have  aniso¬ 
tropic  toughness,  causing  the  properties  to 
depend  on  the  loading  axis  and  the  mode  of  load¬ 
ing.  However,  the  central  problem  that  must  first 
be  resolved  in  order  to  have  a  successful  tough 
composite  concerns  the  mode  I  (tensile)  crack 
propagation  resistance  on  planes  normal  to  the 
reinforcement  axis.  This  mode  of  crack  propaga¬ 
tion  is  thus  emphasized  in  the  present  paper. 


2.  Steady  state  cracking 

In  certain  composite  ceramics,  matrix  cracking 
occurs  at  a  constant  stress  [1-3).  This  phen¬ 
omenon  is  referred  to  as  steady  state  cracking. 
Such  behavior  is  most  widely  known  in  fiber-rein¬ 
forced  ceramics  but  is  also  possible  in  ductile- 
phase-reinforced  ceramics.  Steady  state  cracking 
in  fiber-reinforced  ceramics  involves  mode  1 
cracks  which  extend  normal  to  the  fiber  axis, 
resulting  in  a  crack  bridged  by  strong  reinforce¬ 
ments  (Fig.  4).  An  equilibrium  crack  opening  then 
develops,  with  the  load  fully  supported  by  the 
intact  reinforcements.  For  such  cases,  the  stress 
intensity  associated  with  matrix  cracking 
becomes  independent  of  crack  length.  The  steady 
state  stress  depends  on  the  response  of  the  inter¬ 
face  and  matrix  to  the  load  on  the  reinforcements 
between  the  crack  surfaces.  For  fibers  which 
resist  opening  by  friction,  the  cracking  stress  is 
[1-3] 


<V 


6r K„Y‘E,E: 


(1  -f)Em*R 


i/j 


a*£ 

En 


(3) 


where  r  is  the  shear  resistance  of  the  interface,  Kn 
is  the  fracture  resistance  of  the  matrix,  /  is  the 
volume  fraction  of  fibers,  E  is  Young's  modulus, 
R  is  the  fiber  radius,  oR  is  the  residual  stress  in 
the  matrix,  and  the  subscripts  f  and  m  refer  to  the 
fiber  and  matrix  respectively.  This  prediction 
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agrees  well  with  various  experimental  results  (2, 
3]  obtained  on  fiber-reinforced  ceramics  and 
glasses. 

The  equivalent  result  for  partially  debonded 
fibers  without  friction  is  [3] 
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where  /  is  the  debonded  length,  0  is  the  ratio  of 
the  debond  to  matrix  toughness,  v  is  Poisson's 
ratio  andp-{0.8/<  1  -  /)}{6£/£/ 1  +  vj}1'2. 

Steady  state  crack  growth  conditions  exist 
when  the  reinforcement  strength  $  satisfies  the 
inequality  S>ajf.  Such  materials  have  very 
desirable  properties,  by  virtue  of  the  associated 
damage  tolerance  and  significant  non-linearity 
before  ultimate  failure  [4,  5j.  The  transition  from 
matrix  cracking  to  toughness-controlled  fracture 
can  sometimes  be  conveniently  represented  as  a 
map.  For  example,  when  frictional  sliding  domi¬ 
nates  the  composite  fracture  process,  imposing 
Sm  ajf  onto  eqn.  (3)  gives  a  transition  condition. 


3.  Transformation  toughening 

The  stress-induced  transformations  which  can 
cause  significant  toughening  include  martensitic 
{ft.  7|  and  lerroelastie  |S|  transformations,  as  well 
as  tw  inning.  The  lot  liter  involves  both  dilatniionnl 
and  shear  components  of  the  tianslorniation 
strain,  while  the  latter  typically  have  only  a  shear 
component.  Martensitic  transformation  toughen¬ 
ing  in  ZrO;  has  been  most  extensively  investi¬ 
gated  and  w  ill  be  given  primary  emphasis. 

At  the  simplest  level,  transformation  toughen¬ 
ing  can  be  tegarded  as  a  process  dominated  by 
the  dilaiationnl  component  of  the  stress-live 
strain,  ej  as  expressed  by  the  associated  super¬ 
critical*  stress-strain  curve.  Then,  on  the  basis  ot 
the  path  independence  of  the  ./  integral,  initial 
crack  growth  tx'curs  without  toughening  Fig.  2  . 
However,  on  crack  extension.  ./  becomes  path 
dependent,  and  toughening  develops  For  steady 
state  conditions,  the  supercritical  toughening  is 
readily  derived  as  jfi.  9-1 1 1 

A(;c-2A/Jadr  (5) 


where  the  integral  represents  the  hysteresis  area 
depicted  in  Fig.  1 ,  such  that  (cf.  eqn.  ( I )) 

AGc«2tyb„eT  (6) 

This  steady  state  level  is  attained  after  crack 
extensions  of  about  5 h  [9].  A  directly  equivalent 
result  for  the  increase  A  Kc  in  critical  stress 
intensity  factor  can  be  derived  by  considering  the 
residual  stress  field  created  by  transformation, 
giving  [91 
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where  £  is  the  composite  modulus  and  A  -  0.22  is 
a  coefficient. 

Comparison  with  experimental  data  [6]  (Fig.  3) 
has  revealed  that  eqn.  (6)  consistently  underesti¬ 
mates  the  toughness,  because  shear  effects  and 
zone  widening  have  not  been  incorporated.  One 
hypothesis  regarding  the  shear  strain  which  seem¬ 
ingly  coincides  with  existing  observations  and 
measurements  involves  non-associsted  flow  [6]. 
Specifically,  it  is  presumed  that  the  shear  stress 
dominates  the  nudeation  of  the  transformation, 
because  of  the  large  transformation  shear  strain 


‘Supercritical  refers  to  the  condition  wherein  all  particles 
within  the  process  zone  fully  transform. 
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Fig.  5.  A  comparison  between  theory  and  experiment  for 
various  partially  stabilized  zirconia  materials:  refers  to  a 

zone  shape  dictated  by  the  equivalent  stress,  whereas  AA'j 
refers  to  a  zone  shape  governed  by  the  mean  stress. 


associated  with  the  nucleus,  but  that  the  residual 
particle  strain  is  predominantly  dilatational, 
because  extensive  twinning  eliminates  long-rar.ge 
shear  strains  [  1 2].  This  premise  results  in  the  zone 
profile,  in  plane  strain,  which,  by  virtue  of  the 
absence  of  the  transformed  material  ahead  of  the 
crack,  predicts  a  toughening  that  exceeds  eqn.  (6) 
and  furthermore  agrees  well  with  experimental 
data  (Fig.  5).  Such  zone  profiles  are  also  consist¬ 
ent  with  available  observations  ( 1 3, 14].  While  the 
above  notions  offer  a  self-consistent  explanation 
of  the  transformation  toughening  in  some  cases,  it 
is  emphasized  that  alternative  models  of  the  influ¬ 
ence  of  shear  strains  must  be  used  to  address 
other  transformation  problems,  especially  twin 
and  ferroelastic  toughening. 

The  zone  size  h  represents  the  major  micro- 
structural  influence  on  toughness.  Clearly,  h  is 
governed  by  z  nudeation  law  (15].  However,  a 
fully  validated  law  for  nucleation  does  not  yet 
exist,  because  the  nucleation  sequence  has  not 
been  established.  Consequently,  connections 
between  h  and  the  microstructure  still  cannot  be 
spedfied.  Nevertheless,  certain  trends  are  appar¬ 
ent,  based  on  the  free  energy  of  the  fully  trans¬ 
formed  product  ( 1 6. 1 7],  Specifically,  h  invariably 
decreases  with  increase  in  temperature  and  de¬ 
crease  in  particle  size.  A  temperature-  and  parti¬ 
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Ftg.  6.  The  basic  concepts  of  microcrcck  toughening. 


cle-sizc-dependent  toughness  is  thus  inevitable 
for  this  mechanism. 

Finally,  it  should  be  noted  that  h  is  not  usually 
unique  but  varies  with  crack  extension,  especially 
during  initial  growth  [9,  18,  19|.  This  behavior 
leads  to  resistance  curves  which  increase  over 
larger  crack  extension  lengths  than  expected  from 
the  constant-Zt  analysis  [20J.  The  full  simulation 
of  this  process  has  yet  to  be  performed. 

4.  Microcrack  toughening 

The  phenomenon  of  microcrack  toughening 
has  been  postulated  for  over  a  decade  (21-23] 
and,  indeed,  a  range  of  materials  exhibit  trends  in 
toughness  with  particle  size,  temperature,  etc.. 
qualitatively  consistent  with  this  mechanism. 
However,  as  yet  there  is  only  one  fully  validated 
example  of  this  mechanism:  AKO,*  toughened 
with  monoclinic  ZrO;  [24],  The  fundamental 
premise  concerning  the  mechanism  is  depicted  in 
Fig.  6.  Microcracks  occur  within  regions  of  local 
residual  tension,  caused  by  thermal  expansion 
mismatch  or  by  transformation  (25.  26].  The  mi¬ 
crocracks  locally  relieve  the  residual  tension  and 
thus  cause  a  dilatation  governed  by  the  volume 
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displaced  by  the  microcrack.  Furthermore,  the 
microcracks  reduce  the  elastic  modulus  within 
the  microcrack  process  zone.  Consequently,  the 
elemental  stress-strain  curve  for  a  microcracking 
solid  has  the  form  depicted  in  Fig.  6.  The  hyster¬ 
esis  dictated  by  this  curve,  when  the  microcracks 
are  activated  by  the  passage  of  a  macrocrack, 
contributes  to  the  change  in  toughness,  as  elabor¬ 
ated  below.  However,  this  contribution  is  partially 
counteracted  by  a  degradation  of  the  material 
ahead  of  the  microcrack.  The  full  extent  of  the 
degradation  is  at  present  unknown. 

The  crack  shielding  can  be  conveniently  separ¬ 
ated  into  dilatational  and  modulus  contributions. 
The  former  depends  on  the  process  zone  size  and 
shape,  while  the  latter  depends  only  on  the  zone 
shape.  The  dilatational  contribution  AA.'d  has 
essentially  the  same  form  as  eqn.  i7).  Notably  for 
steady  state  supercritical  conditions  [24, 26 j, 

AA.'j=*  -XEftPh112  (8) 

where  6T  is  the  volume  strain,  as  governed  by  the 
microcrack  shape  and  the  prior  residual  tension. 
The  steady  state  modulus  contribution  A Km  is 
[26] 

K,  <*■  Vl 

+,*!+i)(^)  <9> 

where  *0.017,  *,*-0.043,  n  is  the  shear 
modulus,  the  bar  refers  to  microcracked  material 
and  Kc  is  the  composite  toughness.  The  contribu¬ 
tions  A and  A  Km  are  additive  unless  both  are 
large  compared  with  Kv  whereupon  interaction 
effects  occur  and  numerical  procedures  are  then 
needed  to  determine  the  change  in  toughness 
[27], 

Comparison  between  theory  and  experiment 
has  been  made  for  the  AI,0,-ZrO,  system  (24|, 
based  on  the  microcrack  density  measurements 
presented  in  Fig.  7  (obtained  using  electron  mi¬ 
croscopy),  and  the  dr  results  for  annular  micro- 
cracks  with  interface  opening.  For  this  case,  the 
contributions  to  toughening  from  the  dilatation 
and  the  modulus  are  evaluated  as  approximately 
2.5  and  5  MPa  ml,:  respectively,  compared  with  a 
measured  composite  toughness  of  about  6  MPa 
m1'2.  While  this  comparison  is  reasonable  and 
validates  microcracking  as  the  prevalent  toughen¬ 
ing  mechanism,  present  understanding  of  micro- 


Oistance  from  Crack  Plane,  y  ( fim) 


Kig.  7.  Trends  in  microcrack  density  with  distance  trom  the 
crack  surface  for  an  AI;0,-ZrO;  material  with  predomi¬ 
nantly  monoclinic  ZrO... 


crack  toughening  is  nevertheless  incomplete.  In 
particular,  interaction  effects  between  the  modu¬ 
lus  and  dilatational  contribution,  as  well  as  near¬ 
tip  degradation  effects  require  further  in¬ 
vestigation. 

Because  of  the  experimental  difficulty  involved 
in  detecting  microcracks*,  there  are  no  other  vali¬ 
dated  examples  of  microcrack  toughening.  How¬ 
ever,  it  is  noted  that  several  particulate-reinforced 
systems  exist  wherein  enhanced  toughness  only 
develops  when  the  particulates  exceed  a  critical 
size.  Microcracking  is  a  likely  contribution  to  the 
toughening  in  several  of  these  systems. 

One  potentially  detrimental  feature  of  micro¬ 
crack  toughening  is  the  incidence  of  thermal 
microcracks  at  the  largest  particles  in  the 
distribution  [24],  Such  cracks  can  be  strength 
limiting,  resulting  in  material  which  is  relatively 
tough  but  has  only  moderate  strength  [28 1.  Avoid¬ 
ance  of  such  strength-limiting  cracks  requires 
stringent  control  of  the  size  distribution  of  the 
reinforcing  particles,  just  beneath  the  critical  size 
for  thermal  microcracking. 

Finally,  it  is  noted  that  the  dilatational  contri¬ 
bution  to  microcrack  toughening  would  usually 
be  temperature  dependent  because  of  the  reduc¬ 
tion  in  residual  stress  with  increase  in  tempera¬ 
ture.  However,  the  modulus  contribution  is 
temperature  invariant,  at  least  at  temperatures 
below  which  the  process  zone  size  is  relatively 
large  compared  with  the  microcrack  spacing. 
Microcrack  toughening  is,  typically,  less  potent 
than  transformation  toughening. 


’Typical  residual  crack  openings  are  less  than  2  nm. 


S.  Ductile  phase  toughening 

Practical  ceramic  systems  toughened  by  ductile 
phases  typically  have  interpenetrating  networks, 
of  the  brittle  and  ductile  phases.  For  such  sys¬ 
tems.  cracks  in  the  brittle  ceramic  phase  are 
required  to  intercept  the  ductile  phase  such  that 
the  area  fraction  of  reinforcing  phase  on  the  crack 
plane  is  of  the  same  order  as  the  volume  fraction. 
In  these  materials,  two  sources  of  toughening 
occur,  as  governed  by  plasticity  in  the  ductile 
phase.  Segments  intercepted  by  the  crack  exhibit 
plastic  stretching  in  the  crack  wake  [29]  >  Fig.  3 1 
and  contribute  to  the  toughness  by  inhibiting 
crack  opening.  Simultaneously,  plastic  straining 
of  segments  in  a  process  zone  causes  crack 
shielding  (Fig.  3).  The  former  mechanism  has  the 
general  characteristics  that  high  toughness  is 
encouraged  by  a  large  value  of  the  product  of  the 
work  of  rupture  and  particle  size  [29].  By 
contrast,  the  crack  shielding  process  tends  to 
become  larger  for  ductile  sections  having  a  small 
size  and  low  yield  strength.  An  estimate  of  the 
shielding  has  been  derived  by  considering  the 
residual  strain  in  the  crack  wake  caused  by  plastic 
distortion  of  ductile  enclaves  in  an  elastic  matrix. 
This  estimate  indicates  that,  to  achieve  an  appre¬ 
ciable  shielding  contribution  to  the  toughness,  the 
yield  strength  Y  must  be  less  than  about  10  MPa 
and  the  ductile  phase  sections  less  than  about 
1  nm  in  diameter. 

The  contribution  to  the  toughness  from 
stretching  between  crack  surfaces  is  explicitly 
governed  by  the  stress-opening  curve  (eqn.  (2)). 
as  depicted  in  Fig.  8,  such  that  [29, 30] 

A  GemxfYa  (10) 

where  a  is  the  radius  of  the  ductile  enclave  and  x 
is  a  parameter  which  depends  on  the  work-hard¬ 
ening  rate  n,  the  ductility  of  the  ductile  phase  and 
the  bonding  between  the  ductile  and  brittle 
phases.  Calculations  conducted  for  fully  bonded, 
fully  ductile  phases  which  neck  to  a  point  predict 
X  values  of  between  0.5  and  3  [29]  (Fig.  9).  How¬ 
ever,  larger  values  of  x  are  possible  when  limited 
debending  occurs  [30].  The  maximum  x  observed 
by  experiment  is  about  6.  Based  on  this  maximum 
value,  experimental  toughness  data  obtained  for 
the  AI,0,-AI  system  (Fig.  10)  conform  well  with 
the  values  predicted  by  eqn.  (10).  However,  the 
incidence  of  debonding  in  this  system  has  not 
been  established.  Further  understanding  of  this 
mode  of  toughening  is  thus  predicated  on  a  rigor¬ 
ous  assessment  of  interface  debonding. 


u/a 


Fig.  H.  Stress-crack  opening  relation  for  a  crack  bridged  by 
a  ductile  panicle. 
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HARDENING  RATE,  n 

Fig.  9.  Trends  in  toughness  with  hardening  rate  with  AG,/ 
/Ya  being  equivalent  to  x  in  eqn.  ( 1 0). 

Finally,  it  is  noted  that  ductile  panicle  tough¬ 
ening  should  be  temperature  sensitive,  because  of 
the  temperature  dependence  of  the  yield  strength. 

6.  Fiber  and  whisker  toughening 

The  toughening  of  ceramics  by  brittle  fibers 
and/or  whiskers  occurs  subject  to  debonding  at 
the  interface.  In  the  absence  of  debonding, 
because  the  fiber  and  matrix  typically  have  com¬ 
parable  toughnesses,  the  composite  is  brittle  and 
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Fig.  10.  Ductile  rupture  in  Al:0,-A?  revealing  that  the 
aluminum  fails  by  necking. 


Interfacial  Interlace 


Fig.  1 1.  The  role  of  debonding  in  toughening. 


satisfies  a  rule  of  mixtures  (Fig.  1 1 ).  Debonding 
reduces  the  amplitude  of  the  stress  concentration 
at  the  fiber  along  the  matrix  crack  front  and, 
when  sufficiently  extensive,  allows  the  crack  to 
circumvent  the  fiber,  leaving  the  fiber  intact  in  the 
crack  wake.  The  intact  fiber  inhibits  crack  open¬ 
ing  and  allows  a  composite  toughness  exceeding 
that  of  either  constituent  (Fig.  II).  The  over¬ 
whelmingly  important  issue  in  fiber  or  whisker 
toughening  thus  concerns  the  extent  of  debond¬ 


ing.  its  dependence  on  interface  properties,  and 
its  effect  on  crack  opening  and  fiber  failure. 

The  full  debonding  and  fiber  fracture  problem 
has  several  different  aspects  which  eventually 
require  resolution.  These  include  the  charac¬ 
teristics  of  interface  liacturc  propel  ties  and  asso¬ 
ciated  requirements  for  the  initiation  and  extent 
of  debonding  at  the  matrix  crack  tip.  as  well  as  the 
inlluence  of  debond  length  on  the  crack-opening 
force  and  the  relationship  between  debond  length 
and  the  fiber  fracture  force.  While  some  progress 
has  been  made  toward  an  understanding  ol  these 
problems,  several  important  questions  remain. 
The  present  status  is  briefly  reviewed. 

t  he  central  issue  to  be  addressed  in  this  article 
concerns  the  mode  I  propagation  resistance  lor 
matrix  cracks  on  a  plane  normal  to  the  Hirer  axis. 
Once  this  problem  has  been  confronted  and 
resolved  in  terms  of  interface  debonding  etc.. 
mixed-mode  and  delamination  cracking  effects 
require  resolution,  in  order  to  describe  the  over¬ 
all  fracture  behavior  of  the  composite. 

ft.  /.  Initial  debonding 

Even  though  debonding  at  the  matrix  crack  tip 
is  a  prerequisite  to  fiber  toughening,  there  is 
minimal  quantitative  understanding  of  the 
phenomenon.  Two  mechanics  solutions  have 
relevance:  one  for  forked  or  kinked  cracks  [31] 
and  the  other  for  debonding  ahead  of  a  crack  tip 
[3J.  The  solution  to  the  former  clearly  indicates 
that  debonding  is  a  mixed-mode  problem  (Fig. 
1 2).  Furthermore,  dekonding  initiates  when  the 
interface  fracture  resistance  is  about  quarter  that  of 
the  fibers.  However,  further  debonding  becomes 
increasingly  difficult.  The  extent  of  the  difficulty 
is  estimated  from  the  latter  solution,  which 
reveals  that,  in  order  to  achieve  extensive 
debonding,  the  interface  fracture  resistance 
should  be  about  an  order  of  magnitude  less  than 
that  of  the  matrix  (Fig.  13).  Further  experimental 
and  theoretical  study  of  this  important  phen¬ 
omenon  would  greatly  facilitate  the  design  of 
interfaces  that  allow  optimal  deitonding. 

ft.2  Crack  opening 

Preliminary  results  have  been  obtained  for  the 
crack-opening  forces  associated  with  intact  fibers 
normal  to  the  crack  plane.  For  the  extreme  condi¬ 
tion  of  extensive  debonding,  with  opening  inhib¬ 
ited  by  friction,  a  shear  lag  analysis  [2, 3|  indicates 
that  the  initial  segment  is  linear  and  represents 
behavior  wherein  the  interfacial  shear  stress  is 
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Fig.  13.  Trends  in  debond  length  with  relative  interface 
fracture  resistance. 


less  than  the  sliding  stress  r  such  that  the  stress 
on  the  Tiber  end  is 
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For  debonds  without  friction,  it  is  noted  that  a 
steady  state  condition  exists  when  the  debond 
length  l>2R,  wherein  the  stress  intensities  and 
strain  energy  release  rate  for  the  debond  become 
independent  of  /  [32|.  When  the  matrix  has  the 
same  elastic  properties,  the  steady  state  quantities 
are 
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where  /  is  the  stress  on  the  Tiber  between  the 
crack  surfaces.  A  a  is  the  thermal  expansion  mis* 
match  (Tiber  minus  matrix!  and  A  7"  is  the  cooling 
range.  Steady  state  debonding  behavior  dictates 
that  the  crack  opening  u  varies  linearly  with 
debond  length,  such  that  [32, 331 

M-|^(/,I)+«B(AoAr,/)  (14) 

where  fi  is  a  function  of  the  volume  fraction  /  of 
fibers  and  the  modulus  ratio  Z  and  u0  is  an  offset 
at  zero  stress. 

When  fibers  fail,  the  above  functions  are 
clearly  modiTied  and  the  further  opening  of  the 
crack  often  occurs  subject  to  a  declining  stress,  as 
elaborated  below. 


6.3.  Fibtrfailure 

The  process  of  Tiber  failure  is  not  yet  under¬ 
stood  in  detail.  Available  analyses  have  focused 
on  the  problem  of  fracture  behind  the  matrix 
crack  front,  neglecting  fractures  which  might 
occur  in  the  crack  tip  field.  When  fibers  fail  in  the 
wake,  large  debond  lengths  encourage  a  statistical 
mode  of  fracture  within  the  debond  zone,  as 
governed  by  the  flaw  size  distribution  in  the  fiber. 

The  statistical  mode  of  fiber  failure  leads  to  a 
fiber  failure  probability  which  increases  with 
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increase  in  distance  behind  the  crack  tip  [34), 
while  the  most  probable  fiber  failure  location  dis¬ 
places  further  from  the  crack  surface.  The  asso¬ 
ciated  stress-displacement  curves  have  sliding 
and  pull-out  contributions  which  can  be  derived 
in  terms  of  the  fracture  properties  of  the  fibers 
and  the  shear  resistance  of  the  interface.  For 
fibers  normal  to  the  crack  having  a  flaw  strength 
distribution. 


i-Wd.Y- 


15. 


where  6',,  is  a  scale  parameter  and  m  a  shape 
parameter;  weakest-link  statistics  give  the  crack¬ 
opening  stresses,  plotted  in  Fig.  14,  in  terms  of 
the  non-dimensional  qualities  ajl  and  u/v  where, 
in  this  case,  £  and  v  arc  defined  by 
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When  the  fibers  or  whiskers  are  inclined  to  the 
crack  plane,  additional  effects  occur.  Clearly,  the 
inclination  angle  affects  the  debond  length  and 
the  stress  at  fiber  fracture.  However,  following 
such  fracture,  crack-opening  interference  may 
persist,  because  of  the  trajectory  of  the  associated 
fiber  crack.  An  enhanced  declining  segment  of 
the  o(u)  function  may  then  obtain. 


I- 


$Tr(m+l) 
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Fig.  14.  Sircu-ciick-opcfling  function*,  lor  Matotical  liber 
failure  with  friction. 


6.4.  The  toughening 

Trends  in  toughening  can  he  deduced  from  the 
out)  function,  using  eqn.  (2).  However,  resistance 
curve  and  steady  state  cracking  effects  must  be 
considered  as  important  related  effects.  Perhaps 
the  most  straightforward  case  involves  the 
whisker>  reinforced  systems,  AI:0»-SiC  and 
SijNj-SiC.  For  these  materials,  limited  debond¬ 
ing  along  an  amorphous  interphase,  without  fric¬ 
tion,  seems  to  contribute  to  the  toughness. 
Consequently,  for  aligned  whiskers  normal  to  the 
crack  plane,  eqns.  t2)  and  l  I4i  predict  a  toughen¬ 
ing  that  varies  linearly  with  debond  length.  The 
fiber  fracture  condition,  as  well  as  the  initial 
crack-opening  force,  is  also  influenced  by  the 
residual  field.  Analysis  of  this  problem  has  not  yet 
been  conducted  and.  hence,  trends  in  toughness 
with  residual  stress  are  at  present  unknown.  Fur¬ 
thermore,  satisfactory  solutions  for  toughness  in 
the  presence  of  non-aligned  whiskers,  which  fail 
in  the  crack  wake  by  bending  plus  tension,  have 
yet  to  be  developed. 

Composites  which  exhibit  extensive  debonding 
and  frictional  sliding  typically  have  pull-out  con¬ 
tributions  to  the  toughness  [34.  35).  The  associ¬ 
ated  o(n)  functions  (Fig.  14)  may  simply  be 
integrated  to  predict  the  asymptotic  toughness, 
using  eqn.  (2).  Frequently,  however,  the  mean 
pull-out  length  exceeds  the  crack  mouth  opening 
(except  for  very  long  cracks),  indicating  that 
asymptotic  behavior  does  not  occur  and.  instead, 
fracture  is  governed  by  a  rising  resistance  curve. 
Simulation  of  trends  in  toughness  with  crack 
extension  has  yet  to  be  conducted. 

One  important  feature  of  fiber  and  whisker 
toughening  is  the  absence  of  an  obvious  tempera¬ 
ture-dependent  parameter,  except  for  possible 
temperature  effects  on  the  debond  resistance. 
This  toughening  approach  thus  seems  to  have  the 
greatest  potential  for  toughness  at  elevated  tem¬ 
perature. 

7.  Other  mechanisms 

A  number  of  ceramic  materials  have  a  contri¬ 
bution  to  toughness  from  intact  grains  along  the 
crack  surface  [36).  The  phenomenon  is  evident  in 
several  large-grained  polycrystals,  most  notably 
Al.Ot,  and  in  certain  glass  ceramics.  The  contri¬ 
bution  of  these  intact  grains  to  toughness  is  for¬ 
mally  similar  to  whisker  toughening.  However, 
the  corresponding  o(u)  law  and  the  analogous  cri¬ 
teria  which  govern  grain  intactness  are  not  yet 
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well  understood  Nevertheless,  by  direct  analogy 
to  whisker  toughening,  grain  boundaries  weak¬ 
ened  by  additives  have  been  demonstrated  (37]  to 
encourage  bridging  effects  and  thus  to  enhance 
toughness.  The  ability  of  certain  grains  to  remain 
intact  probably  involves  residual  stresses,  with 
associated  grain  size  effects  (38).  perhaps  coupled 
with  statistical  variability  of  the  grain  boundary 
fracture  resistance. 

8.  Synergism 

When  bridging  and  process  zone  mechanisms 
occur  in  conjunction,  synergistic  toughening 
becomes  possible  |39.  40|.  The  basic  concept  is 
illustrated  in  Fig.  3.  Specifically,  the  tractions 
exerted  on  the  crack  surface  by  the  intact  pani¬ 
cles  can  locally  widen  the  process  zone.  This  zone 
widening,  in  turn,  enhances  the  tip  shielding 
above  the  level  expected  in  the  absence  of  bridg¬ 
ing.  The  net  effect  of  both  processes  on  toughness 
is  larger  than  the  sum  of  the  individual  mecha¬ 
nisms.  Indeed,  cases  exist  wherein  the  toughening 
is  multiplicative.  This  intriguing  topic  is  expected 
to  be  the  subject  of  appreciable  future  research. 

9.  Concluding  remarks 

• 

A  number  of  substantial  issues  remain  to  be 
addressed,  particularly  for  fiber-  and  whisker- 
toughened  materials.  Present  evidence  suggests 
that  coatings  are  needed  on  the  Fibers  having  a 
low  debond  resistance  and  a  small  subsequent 
sliding  resistance  along  the  debond.  The  coatings 
must  also  be  thermodynamically  and  microstruc- 
turally  stable.  Coatings  such  as  BN.  SiO,  and 
carbon  have  been  widely  used,  but  all  have  major 
limitations,  especially  at  elevated  temperatures. 
Other  interphases  are  needed  and  primary  atten¬ 
tion  is  now  being  focused  on  the  identification  of 
appropriate  materials  and  Fiber  coating  ap¬ 
proaches.  Interesting  approaches  include  refrac¬ 
tory  metal  and  intermetallic  coatings  as  well  as 
porous  coatings. 

References 

1  J.  Avcston.  G.  A.  Cooper  and  A.  Kelly.  National  Physical 

Lahoruiotv  Conf.  on  the  Properties  of  Fiber  Composites. 

I  PC.  Guildford.  197l.p.  15. 

2  0.  B.  Marshall.  B.  N.  Cox  and  A.  G.  Evans.  A  cm  Sleiall.. 

33(1985)2013. 

2  B.  Budiansky.  J.  W.  Hutchinson  and  A.  G.  Evans.  J. 

Mech.  Phys. Solids.  2(1986)  167. 

4  K.  Prewo  and  J.  J.  Brennan.  J.  Sluter.  .Yd..  IS  <  1 98(1)  463. 


5  D.  B  Marshall  and  A.  G.  Evans,  J.  Am.  Cenim.  Soc..  <W 
(19851225. 

6  A.  G.  Evans  and  R.  M.  Cannon,  Acta  Sleiall..  M  *  1 980 1 
761. 

7  N.  Claussen.  M.  Ruhle  and  A.  H.  Heucr  tods.).  Alliances 
in  Ceramics.  Vol.  1 2.  American  Ceramic  Society.  Colum¬ 
bus.  OH.  1985. 

8  A.  Virkar  and  R.  Matsumoto.  J.  Am.  Ceram.  Soc..  6V 
(I986IC224, 

9  R.  McMeeking  and  A.  G.  Evans,  J.  Am.  Cenim.  Soc..  65 
1 1 9821 242. 

HI  I).  B.  Marshall.  M.  I).  Drory  and  A.  G.  Evans,  in  R.  C 
Uradt.  A.  G.  Evans.  D.  I*.  H.  Hasselman  and  F.  F.  Lange 
icds. .  Fracture  Uechtoius  of  Ceramu v,  Vol.  5.  Plenum. 
New  York.  1983.  p.  289 

1 1  B.  Budianskv.  J.  W,  Hutchinson  and  J.  l.ambropolous. 
hit.  J.  Solid  Smut  .1 9i  1 9S3'  337 

12  M,  Ruble  and  W.  M.  Knvcn.  in  H.  Aaronson.  I). 
Laughlin.  R.  F.  Sekerkn  and  C.  M.  Wayman  teds.i. 
Solid-Solid  Phase  Transformations .  A  ISIh.  New  York. 
1 982.  p.  97. 

13  M.  V.  Swain  and  L.  R.  F.  Rose.  J.  Am.  Ceram.  Sac.,  6V 
•1986)511. 

14  M,  Ruble.  B.  Kraus.  A.  Strecker  and  I).  Wntdelieh.  in  N. 
Claussen,  M.  Ruhle  and  A.  H.  Ileuer  ieds.1,  Alliances  in 
Ceramics.  Vol.  1 2.  Plenum.  New  York.  1 985.  p.  256. 

15  M.  Ruhle  and  A.  H.  Heuer.  in  N.  Claussen.  M.  Ruble  and 
A.  H.  Heuer  teds.).  Alliances  in  Ceramics.  Vol.  12. 
Plenum.  New  York.  I985.p.  14. 

16  A.  G.  Evans.  M.  D.  Drory.  N.  Burlingame  and  W.  Kriven. 
Acta  Sleiall.,  29(1981)  447. 

17  F. K. Lange.  1. Mater. Sci.,  /7(I982)225. 

t8  D.  B.  Marshall.  J.  Am.  Ceram.  Soc..  6V(  1 986)  1 73. 

19  A.H.Heucr.7.  Am.  Cenim.Soc..  3)11987) 689. 

20  M.  V.  Swain  and  R.  J.  H.  Hanninck.  in  N.  Claussen.  M. 
Ruble  and  A.  H.  Heuer  \eds.i.  Alliances  in  Cenimics. 
Vol.  1 2.  Plenum.  New  York.  1 985.  p.  225. 

21  R.  G.  Hoagland,  J.  D.  Embury  and  D.  i.  Green.  Sir. 
Metal/..  9(1975)907. 

22  N.  Claussen.  J,  Stetb  and  R.  F.  Pabst.  Am.  Cenim.  Soc., 
Hull.,} 6(1977)559. 

23  R.  G.  Hoagland  and  J.  D.  Embury.  J.  Am.  ( i ■rum.  Sin-..  63 
,198014114. 

24  M,  Ruble.  A.  G.  Evans.  P.  G.  Charalambides.  R.  M. 
McMeekmg  and  I.  W.  Hutchinson.  Acta  Sleiall.,  35 
(1987)2701. 

25  A.  G.  Evans  and  K.  T.  Faber.  J.  Am.  Cenim.  Soc..  67 
11984)255. 

26  J.  W.  Hutchinson.  Acta  Sleiall.,  to  be  published. 

27  P.  G.  Charalambides  and  R.  M.  McMeeking.  Sleek. 
Slater..  6(1987)  71. 

28  M.  Ruble.  N.  Claussen  and  A.  H.  Heuer.  J.  Am.  Cenim. 
Soc-.,  69(1 986)  195. 

29  L.  Sigl,  P.  Malaga,  B.  J.  Dalgleish.  R.  M.  McMeeking  and 
A.  G.  Evans.  Ada  Sleiall..  36 1 1 988)  945. 

30  M.  F.  Ashby,  to  be  published. 

31  B.  Cotterell  and  I.  K  Rice.  Int.J.  Fmct..  I  fit  1980)  1 55. 

32  P.  G.  Charalambides  and  A.  G.  Evans.  J.  Am.  Cenim. 
Soc.,  to  be  published. 

33  M.  Ruble.  B.  J.  Datgleish  and  A.  G.  Es’ans.  .Sir.  Sleiall.,  2/ 
tl987)68l. 

34  M.  D. Thouiess and  A. G.  Evans.  Auu Sic'  ‘L  36.1988) 
517. 

35  D.  C.  Phillips.  /.  Slater.  Set..  71 1 972 1 1 1 75. 


.16  P.  L.  Swanson,  C.  J.  Fairbanks.  B.  K.  Lawn.  Y.  W,  Mai  anil 
B.  J.  Hockey.  J.  Am.  Ceram.  Soc..  70 1 1 9871 289. 

.17  R.  K  Cook.  C.  J.  Fairbanks.  U,  R.  Lawn  and  Y.  M.  Mai.  J. 
Muter.  Hes..  2(1 9871 345. 

38  Y.  Fu  and  A.  C.  Evans,  Atm  Mttall.,  MH 1982/1619. 


75 

.19  B.  Budiansky.  in  J.  P,  Lamb  icd.i.  Mnronurhtmus  II. 
I'roc.  Kith  U.S.  Ctuigr.  oj  Applied  Mechanics.  Amlin,  IX 
lotto,  p.  25. 

40  A.  0.  Evans.  P.  W.  R,  Beaumom.  Z.  Ahmad  and  D.  G. 
Gilbert.  Atm Metall.,  M (1986)  79. 


Tto  appear  in  the  International  Journal  for  NumericaJ  Methods  in  Enc.^ering 


MATERIALS 


SOME  RECENT  DEVELOPMENTS  IN  NUMERICAL 
MODELLING  OF  FRACTURE  TOUGHNESS  IN  BRITTLE 
MATRIX  COMPOSITES 


C.  L.  HOM,  P.A.  MATAGA  AND  R.  M.  MCMEEKING 
DEPARTMENT  OF  MATERIALS  AND  DEPARTMENT  OF  MECHANICAL 

ENGINEERING 

UNIVERSITY  OF  CALIFORNIA 
SANTA  BARBARA,  CA  93106 


May  1989 


ABSTRACT 


Finite  element  analysis  was  used  to  study  the  fracture  toughening  of  a 
ceramic  by  a  stress  induced  dilatant  transformation  of  second  phase  particles. 
The  finite  element  method  was  based  on  a  continuum  theory  which 
modelled  the  composite  as  subcritical  material.  Transient  crack  growth  was 
simulated  in  the  finite  element  mesh  by  a  nodal  release  technique.  The 
crack's  remote  tensile  opening  load  was  adjusted  to  maintain  the  near  tip 
energy  release  rate  at  the  level  necessary  for  crack  advance.  The 
transformation  zone  surrounding  the  crack  developed  as  the  crack  propagated 
through  the  composite.  Resistance  curves  were  computed  from  the  analysis; 
and  the  results  show  that  during  crack  advance  maximum  toughness  is 
achieved  before  steady-state  is  reached. 

The  toughening  effect  of  a  crack-bridging  ductile  phase  in  a  brittle 
material  may  be  predicted  if  ligament  deformation  is  characterized.  A 
plastically  deforming  ligament  constrained  by  surrounding  elastic  matrix 
material  is  modelled  using  finite  elements  and  the  relevant  toughness 
enhancement  information  extracted.  Comparison  is  made  to  model 
experiments  as  well  as  to  toughnesses  measured  for  technologically  important 
materials.  The  results  suggest  that  debonding  along  the  interface  between  the 
ligament  and  the  matrix  may  enhance  the  toughening  effect  of  a  ductile 
phase. 


INTRODUCTION 


There  is  a  critical  need  for  light  weight  high  strength  materials, 
especially  for  high  temperature  applications.  Candidates  for  development  are 
ceramics  and  intermetallics  which  both  have  the  disadvantage  of  brittleness 
with  little  elongation  at  failure.  As  a  substitute  in  such  materials,  it  is 
desirable  to  improve  the  fracture  toughness  so  that  notch  and  flaw  sensitivity 
becomes  less  of  a  problem.  A  common  strategy  for  improving  fracture 
toughness  is  to  make  a  composite  material  by  putting  whiskers,  fibers  or 
particles  into  the  brittle  matrix.  The  design  of  optimal  composite 
microstructures  must  be  based  on  accurate  models  of  the  mechanism  of 
toughening,  arising  from  the  reinforcements.  This  paper  reviews  two  such 
model  calculations  for  transformation  toughened  and  ductile  particle 
toughened  materials. 

TRANSFORMATION  TOUGHENING 

The  fracture  toughness  of  ceramic  materials  can  be  greatly  enhanced  by 
the  presence  of  particles  which  undergo  a  stress  induced  martensitic 
transformation  (Evans  and  Heuer  [1];  Evans  and  Cannon  [2])  such  as  takes 
place  in  systems  containing  stabilized  zirconia  (Z1O2)  particles.  At  sufficiently 
high  stress,  the  particles  of  such  systems  undergo  a  transformation  from  the 
tetragonal  to  monodinic  phase  which  is  accompanied  by  a  volume  increase  of 
4%  for  the  particles.  This  dilatation  strain  is  the  mechanism  which  increases 
the  effective  fracture  toughness  of  the  composite  material.  Since  the 
transformation  is  stress  induced,  a  zone  of  material  containing  transformed 
particles  will  surround  the  crack  tip.  The  volume  expansion  of  the  particles 
in  this  zone  will  cause  eigenstresses  which  will  tend  to  close  the  crack  and 


lower  the  stress  intensity  factor  at  the  tip.  This  shielding  mechanism  means 
that  a  higher  applied  load  than  otherwise,  and  therefore,  an  apparently  higher 
stress  intensity  factor,  is  required  to  pfopagate  the  crack. 

Transformation  toughening  was  first  modelled  by  McMeeking  and 
Evans  [3]  and  Budiansky,  Hutchinson  and  Lambropoulos  [4].  The  effect  of 
phase  transformation  was  represented  by  the  hydrostatic  stress  versus 
dilatation  strain  shown  in  Fig.  1.  At  the  critical  stress  o£  phase 
transformation  commences.  If  the  slope  B  of  the  stress-strain  curve  during 
transformation  is  below  -4G/3,  where  G  is  the  shear  modulus,  then  the 
transformation  continues  spontaneously  to  completion  [41.  This  situation  has 
been  termed  supercritical.  In  the  model  of  McMeeking  and  Evans,  the  phase 
transformation  was  supercritical  and  the  volume  increase  due  to 
transformation  was  small.  They  obtained  estimates  of  the  R-curve,  the 
toughness  value  which  rises  as  the  crack  grows.  Eventually,  a  steady  state 
toughness  value  develops  after  an  amount  of  crack  growth  which  is  about  3 
transformation  zone  widths.  Budiansky  et  al.  [4]  considered  supercritical  and 
also  subcritical  materials  in  steady-state  crack  advance  only.  In  the  subcriticai 
case,  with  B~  >  -4G/3,  the  phase  change  occurs  gradually  and  the  material  can 
remain  stably  in  a  state  in  which  the  particles  are  only  partially  transformed. 
Budiansky  et  al.  also  accounted  accurately  for  the  perturbation  of  the 
transformation  zone  size  and  shape  due  to  the  stresses  induced  by  the 
transformation  itself.  Using  finite  element  analysis,  they  calculated  steady 
state  fracture  toughnesses  including  cases  where  the  volume  increase  from 
the  transformation  was  quite  large. 

Stump  and  Budiansky  [5]  have  recently  provided  a  more  accurate 
estimate  of  the  R-curve  for  a  crack  advancing  in  super  critically  transforming 


material  The  transformation  zone  evolves  as  the  crack  advances  and  remote 
load  was  adjusted  to  maintain  the  stress  intensity  factor  at  the  critical  value  at 
the  crack  tip.  Their  numerical  analysis  shows  that  maximum  fracture 
toughness  occurs  after  a  finite  amount  of  crack  advance,  and  that  this 
maximum  can  be  significantly  higher  than  the  steady-state  fracture  toughness 
which  develops  later.  This  indicates  that  the  amount  of  toughening  is 
underestimated  by  the  steady  state  value.  The  steady  state  estimate  generally 
underpredicts  experimental  data  [2]  so  the  new  predictions  bring  the  theory 
into  better  agreement 

The  purpose  of  the  calculations  performed  for  this  paper  is  to  examine 
the  transient  behavior  of  a  crack  advancing  in  a  material  which  transforms 
subcritically.  Experimental  evidence  indicates  that  the  transformation  zones 
surrounding  a  crack  tip  tend  to  be  diffuse  or  partially  transformed  indicating  a 
subcritical  transformation.  Finite  element  analysis  is  used  to  solve  the 
problem  of  a  semi-infinite  crack  growing  in  a  transforming  material  under 
Mode  I  loading  and  plane  strain  conditions.  Crack  growth  in  the  finite 
element  mesh  is  modelled  using  a  nodal  release  technique;  the 
transformation  zone  develops  as  the  crack  advances.  Resistance  curves  are 
computed  for  different  dilatant  transformation  strains  and  the  results  are 
compared  with  the  steady-state  analysis  of  Budiansky  et  al.  [4],  A  near  critical 
case  equivalent  to  one  done  by  Stump  and  Budiansky  [5]  was  also  analyzed  for 
comparison. 

Constitutive  Relations 

In  this  section  we  describe  the  constitutive  relations  used  to  model 
transformation  toughened  composites.  Developed  by  Budiansky  et  al.  [4j,  the 


6 


model  assumes  the  transformation  zone  contains  many  particles  so  that  an 
incremental  continuum  description  of  the  composite  can  be  formulated.  The 
composite  material  is  isotropic  and  consists  of  a  linear  elastic  matrix 
containing  particles  which  undergo  an  irreversible  dilatant  transformation. 
The  particles  are  otherwise  isotropic  and  linear  elastic  and  have  a  volume 
fraction  of  c. 

Since  the  transformation  is  purely  dilatant,  the  macroscopic  shear 
response  is  entirely  linear  elastic  with  modulus  G,  which  will  depend  on  the 
composite  properties  of  the  material.  Thus  the  deviatoric  stress-strain 
relationship  for  the  composite  is 

<^=20  s',  (1) 

where  o'  is  the  deviatoric  part  of  the  macroscopic  stress  and  s'  is  the 
deviatoric  part  of  the  macroscopic  strain. 

The  dilatant  behavior  of  the  composite  is  depicted  in  Fig.  1,  and  can  be 
represented  by 

£*=T~  + 9  (2) 

where  e#  denotes  the  total  dilatation;  <xm  is  the  hydrostatic  part  of  the  stress 
equal  to  (Tu/3;  B  is  the  bulk  modulus  for  the  material;  and  9  is  the  current 
dilatation  due  to  particle  transformation  in  a  macroscopic  element  of  the 
composite  material.  (Einstein  summation  is  used  on  repeated  indices 
throughout.) 

When  the  strain  «£  =  <£/  B  is  exceeded,  particles  at  the  material 
point  change  phase  to  some  extent,  and  an  individual  particle  experiences  a 


dilatation  Of  when  it  transforms  completely.  When  all  of  the  particles  at  a 
material  point  transform/  the  macroscopic  dilatation  9  is  equal  to  c$f  .  In  a 
material  in  which  the  elastic  moduli -of  the  particles  are  identical  with  those 
of  the  matrix  c  *  c  [41.  However,  McMeeking  [61  has  shown  that  in  binary 
elastic  composites,  c  differs  from  c  by  a  factor  which  depends  on  the  ratios  of 
elastic  moduli.  When  the  material  is  partially  transformed  in  subcritical 
materials,  the  incremental  dilatation  during  loading  ( &kk>  0)  and  due  to 
transformation  is  [4] 

9  =(l-B_  /B  )e*  (3) 

when  <r£  / B+0  (1-B-  /BH  efcjt  *  <r£  /B+ctf,  (1-B~  /B).  Since  the  phase 
transformation  is  irreversible,  9  remains  constant  during  unloading  (e/yt  <  0) 
in  all  cases.  In  the  critical  and  supercritical  case,  eq.  (3)  is  replaced  by 

dO  I  de*  *  c  9rrS0  (%  -ai  /  B  )  (4) 

where  SD  is  a  Dirac  delta  function. 

For  critical  and  supercritical  behavior,  a  region  of  partially  transformed 
material  does  not  exist,  and  9  is  discontinuous  at  the  edge  of  the 
transformation  zone.  In  this  situation,  the  governing  equations  are  no  longer 
completely  elliptic  as  they  are  for  subcritical  materials  [41. 

Boundary Jfalue  Problem 

A  boundary-layer  formulation,  as  described  by  Rice  [71,  was  used  to 
solve  the  problem  of  a  semi-infinite  crack  growing  in  plane  strain  with  a 
small  scale  zone  of  phase  transforming  particles  (see  Fig.  2).  In  this 
formulation  it  is  assumed  the  outer  boundary  of  the  problem  domain  is  large 
compared  with  the  transformation  zone  surrounding  the  crack  tip. 


Displacement  boundary  conditions  corresponding  to  a  Mode  I  linear  elastic 
plane  strain  field  are  applied  remote  to  the  crack  tip.  This  displacement  field 
is  given  by  the  singular  part  of  the  near  tip  field 

v  app  rr. — 

Mr  ,6)  =  g- V 3r““(d  ' v  )  (5) 

where  is  the  Mode  I  elastic  stress  intensity  factor  applied  remote  from  the 
crack  tip,  u  is  the  displacement  field,  v  is  Possion’s  ratio  and  u  are  universal 

functions  for  mode  I  which  can  be  found  in  any  fracture  mechanics  text  The 
coordinate  system  is  chosen  so  that  the  origin  lies  at  the  crack  tip.  The  xj  and 
*2  axes  are  parallel  and  perpendicular  to  the  crack  respectively  and  r  and  B  are 
polar  coordinates  as  shown  in  Fig  .  2.  The  external  load  applied  to  the  plane 
strain  region  is  then  characterized  by  the  stress  intensity  factor  KAPP. 

The  material  behavior  described  in  the  previous  section  was  used  to 
model  the  transforming  strain  region.  As  shown  in  Fig.  2,  material  near  the 
tip  transforms  due  to  the  stress  concentration  generated  by  the  crack.  A  zone 
of  material  which  has  completely  transformed  ^  surrounds  the 
crack  tip.  This  core  region  is  incrementally  linear  elastic  with  a  permanent 
residual  strain.  Consequently,  the  stress  field  at  the  crack  tip  has  a  r1!2 
singularity  and  is  characterized  by  a  stress  intensity  factor  KTIP.  For  the 
subcritical  case,  the  region  of  purely  transformed  material  is  surrounded  by  a 
zone  of  material  which  is  partially  transformed  (9  <  c  . 

For  a  stationary  crack  with  monotonically  increasing  KAPP,  no 
unloading  occurs  and  the  J-integral  of  Rice  [7]  is  path  independent^].  The 
value  of  J  on  a  contour  taken  entirely  within  the  fully  transformed  zone  near 
the  tip  is 
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(6) 

On  a  contour  completely  outside  the  transformed  zone, 

(7) 

where  E  is  the  compositeYoung's  modulus.  Since  /  is  path  independent  for  a 
stationary  crack,  then  KAPP  =fCnp.  Thus,  prior  to  any  crack  growth,  there  is  no 
shielding  [3,4].  The  crack  will  commence  growing  when  a  K‘  the 
fracture  toughness  of  the  composite. 

As  the  crack  propagates  and  a  wake  of  transformed  material  develops,  KTIP 
decreases  due  to  shielding.  To  maintain  crack  growth,  KAPP  must  be 
continually  adjusted  so  that  KTIP  equals  Kc.  KAPP  is  the  affective  fracture 
toughness  of  the  composite  material  and  the  R-curve  is  its  graph  versus  the 
amount  of  crack  growth  Aa. 

Finally,  all  length  scales  in  the  moving  crack  tip  problem  were 
normalized  by  L,  where  L  is  defined  by 


Physically,  L  is  the  horizontal  length  of  the  nominal  transformation  zone  for 
the  stationary  crack  with  KAPP=KC.  By  normalizing  all  lengths  with  respect  to 
L  a  self  similar  solution  in  terms  of  Kc  is  obtained.  The  solution  depends  on 
the  strength  of  the  transformation  which  is  characterized  by  the 
nondimensional  parameter  co,  where 

“oTTi  -  v  J 


0)  = 


(9) 


In  the  calculate  subcritical  materials  were  considered  for  different  values 
of 


For  plane  strain  j=0)  and  in  the  absence  of  body  forces,  the 

principle  of  virtual  velocities  is  (~  *  1,2) 

f  q*  d  A  =  J  f0  8uadS  (10) 

A  5r 


where  A  is  the  area  domain  of  the  plane  strain  problem  and  Sr  is  its  surface 
where  tractions  t  are  prescribed  5  u  is  an  arbitrary  virtual  velocity  variation 

which  disappears  on  the  surface  S-Sr  where  displacements  are  prescribed  The 
incremental  form  of  the  constitutive  relation  given  by  equations  (1)  and  (2)  is 

^*2Gfi^+[(B  -  2G  /  3)em -  BO  ]$* 


for  plane  strain  where  8  is  the  Kronecker  delta. 

The  principle  (10)  can  be  used  to  formulate  a  finite  element  method 
For  this  purpose,  we  define  an  of  the  appropriate  velocity  field  as 

(  u,u,  f  =  (  ti  ;«  (N  }  (  ii"  )  ,(  k  }  *[B  1  l  u  }  (12) 

where  (u  M  }  are  the  nodal  velocities,  [N]  and  [ B ]  are  the  shape  functions  and 
(  i  }»  (  eM  i  n  '  Substituting  (12)  into  the  virtual  work  principle 
(10)  aiui  using  the  constitutive  relation  (11)  gives  the  finite  element  equations 

j[  Bf  [CUBld  A(  d"  }  =  \(  i  JIN  Id  S  +  J  f  BUCK  e  }d  A 

A  t  A 


(13) 


where  (eT )  are  the  strain  rates  due  to  transformation  and  [C]  is  the  linear 
elasticity  matrix  such  that  [  o  ) » [C  }  (  e  }  when 
0*0  ({&}  *  (  cr  m  <r  n  a  n  )  )  j-qj.  pjjjne  strain  {eT  }  conforms  to 

<,  »  0S¥  (14) 

The  material's  non-linear  behavior  is  reflected  completely  in  the 
second  term  on  the  right  hand  side  of  equation  (13).  This  term  is  the 
contribution  to  the  load  vector  due  to  0  .  The  parameter  9  itself  depends  on 
the  velocity  field.  Therefore,  {uH  )  and  0  must  be  found  iteratively.  A 
successive  approximations  approach  is  used.  Given  an  estimate  of  8  then 
(u  N  )  can  be  computed  from  (13).  Use  of  this  estimate  for  the  velocity  field 
provides  a  new  estimate  for.  8  computed  from  equation  (3)  or  (4)  if  it  is  non 
zero.  This  process  is  repeated  until  adequate  convergence  is  achieved.  The 
converged  velocity  field  (  u  )  is  then  used  to  provide  an  increment  of 
nodal  displacements.  The  iteration  procedure  was  started  by  an  initial  guess 
of  0  *0.  In  the  case  of  the  critical  and  supercritical  materials,  eq.  (13)  should  be 
interpreted  as  representing  a  finite  increment. 

In  the  finite  element  analysis,  4-noded  quadrilateral  elements  with  four 
stations  for  the  integration  of  the  stiffness  were  used  (Zienkiewicz  [8]).  The 
domain  containing  the  crack  was  modelled  with  2720  elements  and  2860 
nodes  as  shovrn  in  Fig.  3.  Since  Mode  I  loading  is  symmetric,  only  the  upper 
half  of  the  region  was  considered.  Symmetry  conditions  were  applied  directly 
ahead  of  the  crack  tip  («2»0  on  *2«0),  while  traction  free  conditions  exist  at  the 
crack  surface  Initially,  the  tip  of  the  crack  was  located  two  elements  to  the 
right  of  the  left  hand  side  of  the  finite  element  mesh  in  Fig.  3c  Displacement 
boundary  conditions  given  by  (5)  were  applied  to  the  outer  boundary  of  the 


mesh  (Fig.  3a}.  Th*  dimensions  of  tht  mesh  were  chosen  so  that  the  outer 
radius  was  at  least  100  times  the  transformation  zone  height  h,  thus  ensuring 
small  scale  transformation.  The  refined  mesh  core  was  designed  so  the  crack 
could  grow  a  distance  of  10Jt  entirely  in  the  fine  mesh. 

The  nodal  release  technique  was  used  to  simulate  crack  growth  in  the 
finite  element  mesh.  This  method  has  been  used  successfully  by  Sham  [9], 
Hawk  and  Bassani  [10),  and  Charaiambides  and  McMeeking  [11].  The 
stationary  crack  solution  was  first  obtained  for  -JK77*  Grade  growth 
was  simulated  by  relaxing  the  nodal  reaction  force  at  the  current  crack  tip 
node  in  five  increments.  After  the  node  was  released,  JC71*  was  obtained  by 
calculating  th?  integral  close  to  the  new  crack  dp.  This  computation  was 
done  using  t  ss  derivative  method  of  Paries  [12, 13).  Then  was 

adjusted  in  fiv  ents  to  return  KJ1*  to  the  critical  value.  The  procedure 

was  repeated  to  .  .ase  the  new  crack  tip  node.  As  the  crack  grows,  the  crack 
tip  moves  from  node  to  node  towards  the  right  side  of  the  mesh  (Fig.  3c).  The 
boundary  conditions  were  also  adjusted  to  maintain  the  singular  field  origin 
at  the  moving  crack  tip. 

The  rate  of  convergence  for  the  iterative  procedure  depends  strongly  on 
the  type  of  material  modelled.  Subcritical  material  converges  quite  rapidly. 
For  the  case  B-  «0  the  stationary  crack  solution  only  required  eleven  iterations 
for  the  convergence  of  the  displacement  norm  (the  sum  of  over  all  the 
nodes)  to  *ive  significant  figures.  On  the  other  hand,  the  critical  and 
supercritical  cases  did  not  converge  at  all  In  that  case  the  material  behavior  is 
represented  by  equation  (4)  and  the  transformation  zone  for  the  stationary 
crack  increases  steadily  in  size  with  each  iteration.  To  overcome  this 
problem,  the  transformation  behavior  was  modelled  with  equation  (3)  as  for  a 


subaitical  material  but  with  B  slightly  above  the  critical  value.  This  method 
involve*  a  stable  transformation.  The  value  of  B  can  be  chosen  so  that  the 
transition  zone  of  partial  transformation  is  confined  to  a  layer  of  material  of 
thickness  less  than  the  distance  between  integration  stations.  Although  the 
transformation  that  occurs  is  not  exactly  critical,  the  results  should  be  almoat 
the  same.  The  reason  is  that  the  discreteness  of  the  mesh  would  spread  the 
discontinuity  which  characterizes  the  zone  boundary  in  the  critical  and 
supercritical  case.  Even  when  the  critical  case  was  modelled  by  just  subaitical 
conditions  with  B~ /G— 1.3  ,the  stationary  crack  solution  required  fifty-three 
iterations  for  the  convergence  of  the  displacement  norm  to  five  significant 
figures. 

The  computations  were  done  on  a  Convex  Cl-XP2at  the  University  of 
California,  Santa  Barbara.  A  typical  finite  element  run  with  B~  -0  required 
4000  minutes  of  computer  time  to  propagate  the  crack  through  90  dements. 

Raulti  for  i  Crewing  Crick 

Using  finite  element  analysis,  the  problem  of  a  moving  crack  was 
solved  for  various  material  parameters.  These  characteristic  parameters  are 
the  transformation  strength  a,  Possion's  ratio  v,  and  B  /G.  Three  sets  of 
finite  dement  computations  were  done  with  o-5, 10  and  15.  In  each  set  of 
calculations,  cases  were  run  for  B”  /G-0,  -0.5,  and  -1.0  with  v-0.3.  A 
calculation  with  ©«5  and  B~ /G— 1.3  was  also  done  to  compare  a  near  critical 
result  with  the  calculations  of  Stump  and  Budiansky  [5].  The  two  cases  where 
oM0  and  15  with  B~  /G— 1.3  were  not  done  because  of  the  large  amount  of 
computer  time  required;  indeed  the  stationary  crack  solutions  needed  more 
than  200  iterations  to  converge.  In  all  the  finite  element  cases  the  crack  was 


propagated  a  distance  of  approximately  9L  In  this  paper,  the  near  critical 
solution  and  one  of  the  others  is  described.  The  complete  set  of  results  are 
presented  elsewhere  [14]. 

Transformation  Zones 

The  transformation  zone  for  the  near  critical  case  (B~  /G— 1.3)  with  o>«5 
and  Aa  »  11.4L  is  shown  in  Fig.  4.  In  this  case,  the  layer  of  partially 
transformed  material  is  very  thin.  Apart  from  this  thin  layer,  the  material 
inside  the  zone  has  transformed  completely.  It  is  clear  from  the  zone  shape, 
that  as  the  crack  grew,  the  zone  first  widened.  After  reaching  a  maximum 
width,  the  zone  narrowed  sharply  with  growth  and  then  appears  to  settle  into 
a  steady  state. 

In  this  case,  the  maximum  zone  height  is  1.06L  and  occurs  after  the 
crack  has  grown  a  distance  3.7L  The  finite  element  results  show  that  the  zone 
reaches  a  steady-state  height  of  0.88L.  The  transient  behavior  of  a  crack 
growing  in  a  supercritical  material  has  also  been  considered  by  Stump  and 
Budiansky  [5].  For  o>*5,  their  results  show  that  the  maximum  zone  height  is 
1.03 1.  and  occurs  when  Aa-2.4L  Their  computation  also  predicts  a  steady-state 
zone  height  of  0.89L 

Fig.  5  shows  the  transformation  zone  when  B~  /G»0  and  fl>*5  after 
the  crack  has  propagated  a  distance  8.6 L.  The  zone  is  depicted  as  contour  plots 
of  the  transformation  dilatation  9.  The  dilatation  is  normalized  by  c  (?r .  As 
expected  the  crack  tip  is  surrounded  by  a  region  of  fully  transformed  material 
which  in  turn  is  surrounded  by  a  region  of  partially  transformed  material.  In 
this  case  h  reaches  a  maximum  of  0.87L  after  the  crack  has  propagated  a 


disU.nct  1.4L,  The  steady-state  zone  height  predicted  by  the  finite  element 
calculations  is  0.81L. 

r 

Resistance  Curves 

As  mentioned  earlier;  the  remote  applied  stress  intensity  factor  was 
varied  during  crack  advance  to  maintain  Kc  at  the  crack  tip.  The  parameter 
KAPP  is  a  measure  of  the  effective  fracture  toughness  in  a  transformation 
toughened  composite  and  the  R-curves  (KAPP  verses  Aa)  for  the  case  when 
at-5  are  shown  in  Fig.  6.  As  expected;  in  each  case  the  transformation  zone 
shields  the  crack  tip  and  toughening  is  observed.  The  R-curves  rise  to  a  peak 
level  associated  with  the  widest  part  of  the  zone.  Thereafter;  the  R-curve  falls 
as  the  zone  narrows.  The  relative  amount  of  toughening  is  higher  for  the 
lower  values  of  B~  because  there  is  relatively  more  fully  transformed  material 
in  the  wake  zone.  In  addition,  the  peak  toughening  is  more  pronounced 
when  B~  is  more  negative. 

After  the  crack  has  propagated  a  sufficient  distance,  the  R-curve  reaches 
an  asymptotic  value.  This  steady-state  value  of  KAPP  corresponds  to  the 
steady-sUte  region  in  the  transformation  zone.  For  comparison,  the  dashed 
lines  in  Fig.  6  denote  the  toughnesses  predicted  by  the  steady-state  finite 
element  analysis  of  Budiansky  et  al.  [4].  The  subcridcal  steady-state  values  of 
KAPP  predicted  by  our  transient  finite  element  analysis  are  higher  than  those 
of  [4].  For  example  when  B~  *0,  the  steady-state  toughness  predicted  by  the 
finite  element  analysis  is  1.19KC  while  the  analysis  of  Budiansky  et  al  [4]. 
predicts  1.17KC.  This  means  that  our  prediction  of  the  zone  contribution  is 
about  10%  higher.  The  difference  is  unresolved. 


The  toughness  for  the  near  critical  material  B  /G—1.3  predicted  by  our 
finite  element  calculation  agrees  well  with  the  steady-state  analysis  for  critical 
and  supercritical  materials  which  is  exact.  This  latter  result  gives  us  a  degree 
of  confidence  in  our  numerical  solutions.  For  the  near  critical  case  (B~  —1.3) 
with  0*5,  the  finite  element  analysis  predicts  a  maximum  and  steady-state 
KAPP  of  1.30KC  and  127KC  respectively.  The  peak  in  KAPP  occurs  when  the 
crack  has  grown  a  distance  5.6L.  For  the  supercritical  material,  Stump  and 
Budiansky  [5]  predict  values  of  1.29KC  and  1.26KC  for  a>-5.  In  their  analysis, 
they  found  that  maximum  KAPP  occurred  when  Aa*5.5L. 

For  the  subcritical  material,  the  difference  in  the  peak  and  steady-state 
toughnesses  are  much  smaller  than  the  supercritical  case  For  B~  -0  the  finite 
element  analysis  shows  that  both  the  peak  and  steady-state  KAPP  are 
indistinguishable  at  1.19KC.  Even  for  B~  —1.0,  the  peak  KAPP  is  only  1.27KC 
compared  to  a  steady-state  value  of  1.26KC. 

PiSCU88to*\ 

The  finite  element  results  presented  in  this  paper  indicate  agreement 
between  our  near  critical  solution  and  the  accepted  steady  state  toughening 
estimate  of  previous  work  [3, 4, 5].  In  addition,  the  peak  toughness  predicted 
here  by  finite  elements  agrees  with  the  value  obtained  by  Stump  and 
Budiansky  [5]  by  another  method.  This  gives  us  confidence  in  our  numerical 
results  even  though  some  of  our  other  calculations  disagree  with  the 
established  solutions  [41.  It  is  worth  noting  that  we  have  achieved  agreement 
v  other  results  in  the  case  in  which  we  found  convergence  most  difficult 


to  obtain. 


As  with  the  work  of  Stump  and  Budiansky  [5],  the  importance  of  the 
transient  numerical  results  over  the  previous  steady  state  solutions  is  that  the 
predicted  peaks  in  the  R-curves  are  higher.  Since  the  peak  values  of 
toughening  will  determine  the  potential  toughness  of  the  composite  material, 
these  higher  values  are  significant.  Since  theory  has  so  far  underpredicted  the 
potency  of  the  transformation  toughening  mechanism  [21,  the  new  results 
offer  the  prospect  of  bringing  theory  into  better  agreement. 


DUCTILE  PHASE  TOUGHENING 

The  addition  of  a  dispersed  ductile  phase  to  a  brittle  material  can  lead  to 
significant  increases  in  fracture  resistance  compared  to  the  untoughened 
matrix  material.  Examples  of  current  or  potential  technological  significance 
which  have  been  studied  are  tungsten  carbide  reinforced  with  cobalt  [151, 
alumina  reinforced  with  aluminum  [16, 17]  and  a  brittle  titanium-aluminum 
alloy  reinforced  with  niobium  [18].  The  first  two  systems  are  interconnecting 
networks,  while  in  the  third  the  niobium  phase  is  in  the  form  of  oriented 
thin  disks.  Successful  toughening  has  also  been  observed  in  a  model  system 
consisting  of  large  aluminum  particles  in  glass  [19].  The  primary  mechanism 
responsible  for  the  enhanced  toughnesses  appears  to  be  bridging  by  intact 
ligaments  of  the  ductile  phase  behind  the  advancing  crack  tip  (Fig.  7), 
although  other  effects  such  as  crack  deflection  and  crack  trapping  by  the 
ductile  phase  also  contribute.  One  of  the  aims  of  the  modeling  presented  here 
is  to  determine  the  extent  to  which  bridging  effects  due  to  deformation  of 
ligaments  can  account  for  the  observed  toughness  increases. 


The  contribution  to  fracture  energy  from  bridging  has  been  modeled  in 
various  contexts:  examples  are  ligaments  due  to  ledge  formation  in  quasi¬ 
cleavage  of  steels  [20, 21]  and  fiber  reinforcements  of  various  kinds  [22, 23, 24]. 
Recently,  bridging  models  based  on  distributions  of  nonlinear  springs  have 
been  considered  in  some  detail  [25, 26].  In  general,  the  enhancement  of 
steady-state  (i.e.  resistance  curve  plateau)  fracture  toughness  of  a  brittle 
material  due  to  crack  bridging  effects  may  be  estimated  [27]  if  a  relationship  is 
established  between  the  distance  of  separation  of  the  faces  of  a  crack  in  the 
composite  and  the  average  stress  supported  across  the  crack  faces  by  the 
bridging  ligaments  at  that  separation.  Given  this  framework,  the  problem  of 
estimating  the  toughness  enhancement  due  to  the  presence  of  a  bridging 
ductile  phase  (particulate  or  network)  may  be  reduced  to  that  of  determining 
the  load-separation  relation  for  a  "typical"  bridging  ligament,  whence  the 

fracture  energy  increase  may  be  written  as 

«• 

Ag  a  g  -  gm*  f  J  <r  du  -/& 

o  (15) 

where  <?is  the  fracture  energy  of  the  composite,  gm  is  the  matrix  fracture 
energy,  a  is  the  nominal  stress  supported  across  a  bridging  ligament  at  stretch 
u  (er  falling  to  zero  at  u  *  u*),  and  f  is  the  volume  fraction  of  ductile  phase 
(assumed  to  be  the  same  as  the  area  fraction  intercepted  by  the  crack).  The 
final  term  on  the  right  hand  side  is  introduced  [26]  to  account  for  the  fact  that 
the  area  of  matrix  fractured  is  reduced  by  the  presence  of  a  significant  area 
fraction  of  bridging  phase. 

This  relationship  may  be  written  in  a  form  scaled  by  the  properties  of 
the  bridging  ligament  as 


g-f  <rg  agw  +  (i-/ )  gm 


(16) 
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where  a<j  is  the  radius  of  the  ligament/  c tq  is  the  initial  yield  stress  of  the 
ductile  phase  and  to  is  a  number  defined  by 


The  scalar  to  may  be  interpreted  as  containing  information  about  the 
geometric  constraint  experienced  during  the  deformation  of  the  ligament/ 
about  strain-hardening  and  about  the  failure  of  the  ligament.  The  problem 
thus  becomes  that  of  determining  to  by  obtaining  the  (a/ao)  versus  (ujao) 
relation  for  some  representative  configuration  and  computing  the  area  under 
the  curve  (Fig.  8). 

The  preceding  formulation  is  well-established.  However/  there  is  a  lack 
of  detailed  modeling  of  the  a-u  relation  (and  hence  of  the  bridging 
contribution  to  toughening).  Measurements  of  composite  fracture  toughness 
may  be  employed  to  infer  values  of  to  via  the  inverted  relationship 

1  f(I-v')K'  (l-f)(l-vi)Kil 

f  aoa o  l  E  Em  (18) 


where  the  energy  release  rates  have  been  expressed  in  term  of  plane  strain 
fracture  toughness  and  elastic  properties  for  the  matrix  ( Km ,  Em,  vm )  and 
composite  (K,  E,  v).  Values  of  w  inferred  in  this  way  for  several  systems  of 


interest  are  displayed  in  Table  1.*  The  wide  variation  in  w  for  the  various 
systems  remains  to  be  explained. 

Some  recent  model  experiments  on  lead  fibers  surrounded  by  glass  [28] 
provide  direct  measurements  of  <y-u  relations  for  constrained  ligaments,  as 
distinct  from  comparison  to  values  of  w  inferred  from  toughness 
measurements.  The  insights  gained  from  these  tests  will  be  discussed  below. 

Alternatively,  experimental  observations  of  bridging  zone  length  L 
have  been  compared  to  the  predictions  of  a  cohesive  zone  model  with  an 
assumed  shape  of  the  a-u  relation  and  used  to  infer  the  peak  load  supported 
by  the  ligament  [26]  .  In  one  limit  of  this  model,  the  bridging  zone  is  a 
constant  stress  (Dugdale)  zone.  The  (<Jcohe»iveloo)  level  then  required  to 
explain  the  observed  toughnesses  are  shown  in  Table  2.  These  levels  are 
anomalously  high  in  both  the  WC/Co  and  AI2O3/ A1  materials.  The  predicted 
failure  stretches  conjugate  to  these  stress  levels  are  shown  in  Table  2,  and  are 
seen  to  be  quite  small. 

Objectives  and  Idealized  Problem 

The  work  described  in  the  present  article  is  an  initial  attempt  to  model 
numerically  the  behavior  of  a  single  ductile  bridging  particle  suitably 
constrained  by  a  stiffer,  elastic  matrix,  and  to  determine  whether  the 
contribution  to  toughness  thereby  predicted  via  the  bridging  model  is 


*  The  two  entries  for  the  TiAl/Nb  material  represent  different  orientations  of  the 
reinforcements,  which  in  this  case  are  disks  of  niobium  (ao  corresponding  to  half  the  thickness 


of  the  disks) 


sufficient  to  explain  experimental  observations.  The  problems  to  be 
considered  concern  the  response  of  a  single  elastic/plastic  particle  surrounded 
by  a  cylinder  of  an  elastic  material  with  a  considerably  higher  modulus.  The 
cylinder  is  fully  cracked  in  the  equatorial  plane  of  the  particle  perpendicular  to 
the  axis  of  the  cylinder  (Fig.  S)  as  needed  to  model  circumstances  in  which  the 
matrix  crack  has  left  the  intact  particle  in  its  wake.  The  numerical  study 
consists  of  deforming  the  ensemble  axially  (with  boundary  conditions 
appropriate  to  an  array  of  such  particles)  and  determining  the  <r-u 
characteristics.  The  constraint  experienced  by  the  particle  is  also  expected  to  be 
similar  to  that  experienced  by  a  ligament  which  is  part  of  a  fibrous  network  of 
ductile  material,  since  only  the  region  near  the  crack  faces  can  deform 
plastically. 

The  idealized  model  considered  here -closely  corresponds  to  the  model 
experiments  [28] ,  a  few  of  the  results  of  which  are  schematically  shown  in 
Fig.  10.  The  first  set  of  results  (a)  involve  circumstances  in  which  there  was 
no  debonding  of  the  lead  from  the  glass.  The  second  set  of  results  (b)  involve 
substantial  matrix  cracking  near  the  lead-glass  interface  adjacent  to  the  crack 
tip.  Significant  differences  are  apparent  between  the  two  sets  of  results.  In 
particular,  the  results  of  type  (a)  indicate  an  average  w  of  about  1.6,  while 
those  of  type  (b)  indicate  a  range  of  values  with  an  average  of  about  4.5  and  an 
extreme  of  around  6 . 

Regimes  of  Ligament  Behavior 

Fractographic  examination  of  toughened  composites  and  the  model 
experiments  show  that  several  distinct  types  of  behavior  may  be  expected  for 
the  constrained  bridging  particle.  Indeed,  analysis  of  the  deformation  history 


may  be  distilled  into  the  circumstances  wherein  the  transitions  between 
regimes  take  place.  Under  very  low  loads,  the  particle  should  be  largely 
elastic,  with  plasticity  confined  to  a  region  dose  to  the  tip  of  the  crack,  which 
has  a  blunted  tip  in  the  particle  (Fig.  Ua).  The  detailed  stress  fields  will  not  be 
dassical  elastic/plastic  small-scale  yielding  fields,  due  to  the  material 
inhomogeneity  around  the  tip,  but  should  have  many  of  the  same  features. 
When  the  entire  partide  has  yielded,  one  possibility  is  that  constraint  levels 
remain  high  enough  to  produce  a  deformation  field  resembling  a  perfectly- 
plastic  plane  strain  slip-line  solution  [27]  (Fig.  lib  and  Fig.  12).  Under  these 
circumstances,  the  stress  distribution  within  the  partide  would  be  expected  to 
be  very  sensitive  to  events  at  the  blunt  tip  and  would  tend  to  involve 
relatively  high  levels  of  hydrostatic  stress.  The  load  supported  by  the  partide 
would  be  correspondingly  high  (note  that  no  effect  of  strain-hardening  has 
been  induded  in  Fig.  12). 

An  altemadve  for  the  fully  yielded  partide  is  that  the  constraint  of  the 
stiffer  surrounding  matrix  is  relieved  suffidently  by  crack-tip  deformation 
and/or  interfadal  debonding  or  sliding  to  allow  the  bridging  ligament  to 
begin  to  neck  (Fig.  10c).  The  necking  process  involves  lower  stress  levels 
within  the  partide;  moreover,  lower  nominal  stress  levels  a  arise  because  of 
the  decreased  load-bearing  area.  Constraint  by  the  surrounding  stiff  matrix 
will  have  a  significant  effect  on  the  load  history  since  the  rate  at  which 
necking  takes  place  is  strongly  influenced.  This  regime  must  dominate  the 
later  stages  of  deformation  when  the  ligament  fails  in  a  highly  ductile 
manner. 

In  what  follows  the  stress-strain  behavior  cf  the  ligament  material  has 
been  taken  to  be  that  of  the  bulk  material,  with  incompressible,  pressure- 


insensitive  plastic  deformation  assumed.  The  toughening  effectiveness  of  a 
ductile  phase  will  in  general  be  enhanced  by  strain-hardening  or  an  increased 
yield  stress/  unless  an  associated '  lack  of  ductility  leads  to  failure  at 
significantly  decreased  separation  distance.  Any  increase  in  eg  will  lead  to  a 
proportionate  decrease  in  the  inferred  value  of  w  (Table  II)  and  in  the 
constraint  factors  emerging  from  the  analysis  of  Ref.  [26]  (Table  m)  which 
employed  properties  appropriate  to  pure  bulk  materials.  For  instance, 
microstructural  studies  of  the  A1  phase  in  the  AI2O3/AI  material  [29]  suggest 
that  dispersion  strengthening  might  significantly  raise  the  yield  stress  of  the 
ligaments,  perhaps  by  as  much  as  a  factor  of  three,  although  no  quantitative 
hardness  data  is  available..  (Note,  though,  that  the  yield  stress  used  to 
compute  to  for  die  model  experiments  of  Ref.  [28]  was  measured  from  a  batch 
of  identical  but  unconstrained  lead  wires.) 

It  is  initially  assumed  that  the  interfacial  bond  is  strong  enough  that  no 
debonding  takes  place.  However,  under  circumstances  where  the  particle 
remains  highly  constrained  for  a  significant  portion  of  its  history,  features 
near  the  crack  tip  may  control  stresses  throughout  the  particle.  Should  this  be 
the  case,  small  scale  evsnts  such  as  debonding  of  the  interface  near  the  tip 
affect  the  load  history  of  the  ligament  in  the  early  stages  of  deformation.  In 
general,  debonding  will  tend  to  lower  constraint  levels  and  hence  lead  to 
lower  peak  loads.  However,  the  influence  of  debonding  on  the  necking 
regime  is  also  very  strong,  since  the  dimensions  of  the  necking  ligament  are 
thereby  determined.  Debonds  which  are  significant  fractions  of  the  ligament 
radius  in  extent  are  observed  both  in  model  experiments  [28]  and  in  detailed 
fractographic  examination  of  the  AI2O3/AI  material  [29] . 


Interaction  between  bridging  ligaments  is  likely  to  be  an  important 
effect  when  the  volume  fraction  of  ductile  phase  is  significant  The  cylinder 
model  employed  here  incorporates  this  interaction  to  lowest  order  by  having 
an  outer  radius  to  the  matrix  jacket  which  reflects  the  volume  fraction,  and 
appropriate  "unit  cell"  boundary  conditions:  straight  but  unconstrained 
boundaries.  Again,  with  a  stiff  matrix,  these  effects  are  small. 

Numerical  Modeling 

The  numerical  modeling  of  this  problem  was  implemented  using  the 
finite  element  package  ABAQUS  [30],  again  on  a  CONVEX  C1-XP2.  The  unit 
cell  of  Fig.  9  was  discretized  and  analyzed  for  both  the  axisymmetric  geometry 
and  the  corresponding  plane  strain  problem.  The  computations  employed  a 
finite  strain  formulation  in  order  to  account  for  geometry  changes,  with 
elastic  behavior  assumed  for  the  matrix  and  fe-flow  theory  elastic/plastic 
behavior  for  the  ductile  phase.  The  upper  boundary  of  the  unit  cell  was 
extended  gradually  in  order  to  generate  a-u  curves  for  the  ligament. 
Separation  u  is  measured  as  the  axial  displacement  of  the  matrix  point  at  the 
tip  of  the  crack,  while  a  is  computed  from  the  total  force  exerted  on  the  upper 
boundary,  normalized  by  the  original  ligament  area. 

CoMtiiincd  fagiiM 

The  aim  at  the  outset  was  to  describe  the  initiax  s.  _  and  also  the 
necking  regime  as  far  as  possible.  However,  serious  difficulty  was 
encountered  in  extending  the  a-u  curves  to  large  u.  Indeed,  the  results  never 
extend  into  a  regime  of  clearly  decreasing  total  load  on  the  ligament  This 
failure  is  attributed  to  the  characteristics  of  the  deformation  in  the  crack 
tip/interface  region  (inset  in  Fig.  9}>  This  is  discussed  later  on  in  this  section. 


To  produce  results  relevant  to  larger  stretches,  a  blunt  tip  of  finite 
Initial  radius  was  included,  and  the  results  for  different  radii  compared  for 
consistency. 

« 

The  majority  of  the  results  were  obtained  for  material  parameters 
characteristic  of  the  (bulk)  properties  of  AI2O3  and  A1 :  the  matrix  Young’s 
modulus  is  six  times  larger  than  that  of  the  inclusion;  the  inclusion  initial 
yield  stress  is  1/1000  of  its  Young's  modulus  and  the  material  strain-hardens 
with  an  exponent  of  n-0.2  until  the  flow  stress  saturates  at  three  times  initial 
yield. 

Typical  a-u  curves  for  these  material  parameters  is  shown  in  Fig.  13  . 
The  small-scale  yielding  regime  exists  only  for  nominal  stress  levels  of 
(o/oq)  <  1  ,  corresponding  to  openings  u  which  are  extremely  smalL  The 
growth  of  the  plastic  zone  is  rather  more  rapid  than  for  a  similar 
homogeneous  small-scale  yielding  problem,  due  to  the  shear  induced  at  the 
interface.  The  particle  is  fully  plastic  at  (a/ao)  -  4.  The  constrained  fully 
plastic  regime  appears  to  produce  a  peak  stress  level  (0/00)  -  6 ,  by  which  time 
a  macroscopic  softening  due  to  the  onset  of  necking  has  begun,  even  though 
all  of  the  material  in  the  particle  is  still  slowly  strain-hardening.  Fig.  13  also 
includes  results  in  which  no  strain-hardening  is  incorporated.  The  constraint 
magnification  factor  is  seen  to  be  similar  in  either  case. 

However,  a  typical  failure  stretch,  whether  observed  experimentally  or 
predicted  on  the  basis  of  necking  calculations,  corresponds  to  (u/oq)  on  the 
order  of  1  when  failure  occurs  by  necking  to  a  point  The  results  displayed 
here  thus  cover  only  a  tiny  range  of  the  expected  total  load-displacement 
relation  for  the  ligament 


The  solid  cum  in  Fig.  13  wu  generated  using  an  initial  dp  radius  r 
such  that  (rl*o)  ■  0.05.  Even  when  this  rather  large  initial  radius  is  used,  the 
computations  fail  at  a  small  stretch.  The  results  suggest  that  necking  becomes 
important  rather  rapidly,  although  additional  results  obtained  using  smaller 
initial  radii  (dashed  curves  in  Fig.  13)  indicate  that  the  characteristics  described 
above  may  be  sensitive  to  the  choice  of  initial  tip  radius. 

A  comparison  to  some  analogous  plane  strain  results  is  displayed  in 
Fig.  14.  With  the  given  normalization,  the  results  are  seen  to  be  similar,  as 
are  the  limiting  stretches  achievable  by  the  computation. 

In  an  effort  to  improve  the  solution,  a  number  of  variants  of  the 
computations  were  carried  out.  Differing  degrees  of  strain-hardenhig  and 
material  descriptions  were  employed  to  investigate  the  possibility  of  flow 
localization.  Differing  degrees  and  natures  of  near-tip  mesh  refinement  and 
focusing  were  also  investigated.  The  numerical  problems  encountered, 
however,  appear  to  be  independent  of  the  details  of  material  behavior  and  of 
the  extent  and  nature  of  near-tip/interface  discretization.  Currently,  interest 
is  focused  on  the  near-tip  fields  themselves. 

Nfijjr-Hp.JBfiformaligD 

The  breakdown  of  the  numerical  solution  is  exacerbated  by  the  intense 
and  non-uniform  deformation  in  the  tip-interface  region.  A  sample 
deformed  mesh  in  that  region  (for  a  rather  crude  mesh)  is  shown  in  Fig.  15. 

The  reason  for  this  deformation  may  be  seen  from  the  fact  that  that  the 
large-scale  deformation  of  the  ligament  material  is  essentially  volume- 
conserving.  The  behavior  is  exemplified  by  considering  the  volume 


contained  in  that  part  of  the  stretched  ligament  which  extends  below  its 
original  midplane  (Fig.  16).  This  volume-  must  be  accounted  for  by  the  "void 
space"  contained  in  the  blunting  craek-tip.  If  a  small  amount  of  necking  dr 
has  occurred,  but  large  enough  that  elastic  volume  changes  are  not  important, 
the  volume  to  be  accounted  for  is  of  order  ?uo2u.  The  corresponding  volume 
of  the  toroidal  "void"  is  of  order  xaoArAh.  Volume  conservation  then 
requires  that 

Ah  ae 

“  “  dr  (19) 

That  is.  a  small  crack-tip  "void”  is  driven  in  a  direction  normal  to  the 
crack  plane  more  rapidly  than  the  opening  rate  of  the  tip  itself.  Without 
debonding  or  sliding,  the  constraint  of  the  stiff  surrounding  matrix  produces 
intense  shear  deformation.  When  no  debonding  occurs,  this  pattern  of 
deformation  leads  to  a  "hollowing  out"  of  the  ductile  phase  near  the  matrix 
crack  tip.  Such  behavior  is  observed  experimentally. 

This  type  of  constrained  interfacial  flow  is  encountered  frequently  in 
problems  involving  a  composite  of  a  brittle  and  a  ductile  material.  As  a 
prototype  problem  which  may  shed  some  light  on  the  difficulties  encountered 
here,  consider  plane  strain  deformation  near  the  intersection  of  a  free  surface 
with  an  interface  between  an  elastic  material  and  a  rigid/ per  fectly-pl  as  tic 
(Mises)  material  (Fig.  17).  The  asymptotic  solutions  are  very  similar  to  those 
encountered  in  homogeneous  plastic  crack  and  notch  problems,  as  is  sketched 
briefly  below. 

Searching  for  solutions  with  bounded  stresses  in  the  yielded  plastic 
sector  P  means  that  asymptotically 


<7  *  o(6) 
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and  the  governing  equations  reduce  to 

*m  *“  2c7* 

where  a  prime  denotes  a  derivative  with  respect  to  r. 
The  yield  condition  in  P  is 

+  (*•  “ 


(20) 
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where  is  the  yield  stress  in  shear  of  the  plastic  material.  Differentiation  of 
(22)  with  substitution  from  (21)  yields 

W  +«*,;)- 0  (23) 


Solution  and  more  substitution  shows  that  the  two  types  of  solution  to 
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where  flo  and  S'  are  arbitrary  angles.  These  are  the  familiar  singular  fan  and 
rigid  constant  state  region,  respectively,  of  slipUne  plasticity. 

The  asymptotic  stresses  in  the  elastic  sector  are  determined  by  the 
traction  stresses  on  the  interface,  since  the  homogeneous  solutions  are  less 
singular  than  r°  in  a  non-reentrant  wedge  [31]. 


The  only  way  to  arrange  the  plastic  sectors  in  a  fully  yielded  plastic 
quarter-space  is  in  the  sequence  shown  in  Fig.  18,  where  the  fan  is  possibly  of 
vanishing  extent  Traction  continuity  is  then  sufficient  to  calculate  the 


stresses  in  the  constant  state  region  adjacent  to  the  interface  in  terms  of  the 
fan  extent  6f.  In  particular,  the  traction  stresses  are 


o*  *  x^sinlQ.  1 


(25) 


where  a  local  tension  has  been  assumed  at  the  free  surface. 


Increasing  load  transfer  to  the  near-surface  interface  thus  correlates 

with  a  growing  fan.  One  possibility  for  the  numerical  difficulties  experienced 

»  • 

in  this  and  similar  work  is  speculated  to  be  the  growth  of  the  fan  region  as 
loading  continues. 

For  instance,  preliminary  finite  element  results  for  a  sample  problem 
consisting  of  two  slabs  (one  elastic,  one  plastic)  bonded  together  and  in 
tension  perpendicular  to  the  interface  [32]  suggest  that  the  results  may  be 
improved  by  extreme  mesh  refinement  in  the  tangential  direction,  apparently 
due  to  improved  modeling  of  the  fan  growth.  (Over  the  range  that  results  can 
be  extracted,  agreement  with  the  asymptotic  results  above  is  excellent.)  To 
what  extent  this  is  a  general  feature  of  finite  element  solutions  of  such 
problems  is  being  further  investigated. 

Necking  Regime 

Since  the  numerical  approach  described  in  the  previous  section  was  not 
successful  in  providing  results  extending  into  a  dearly  necking  behavior,  and 
since  debonding  of  ligaments  from  the  matrix  appears  to  significantly  affect 
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toughening,  •  different  class  of  problem  was  next  studied.  The  axial 
deformation  of  plastic  bars  was  modeled,  with  the  ends  of  the  bars  constrained 
from  shrinking  radially  (Fig.  19).  This  is  intended  to  model  a  ligament  for 
which  the  constraint  of  the  surrounding  stiff  matrix  has  been  partially  relaxed 
by  debonding  of  the  ligament  near  the  crack  tip.  Finite  element  modeling  was 
employed  to  discover  how  the  initial  bar  height  affects  the  subsequent  load- 
displacement  history.  The  stretch  u  is  now  measured  as  the  extension  of  the 
bar. 


A  set  of  results  (Fig.  20)  with  material  properties  appropriate  to  the 
AI2O3/AI  material  for  initial  ‘debonds'  ranging  from  (hcMm 0.1  to  (J«a/*o) "0-5 
indicate  that  two  effects  are  important:  (a)  a  small  debond  leads  to  higher 
constraint  levels  than  a  large  one,  but  (b)  the  necking  process  is  strongly 
accelerated  by  the  constraint  when  the  debond  is  short,  so  that  the  load 
decreases  more  rapidly  with  increasing  ligament  stretch  than  for  die  long  bar. 

Similar  trends  can  be  seen  in  the  plane  strain  analogs  of  the  above 
calculations,  corresponding  to  slab-like  reinforcements.  The  comparison  in 
Fig.  21  shows  that  there  is  slightly  more  constraint  for  the  plane  strain  case. 

Approximate  models  of  the  necking  process  in  constrained  ligaments 
may  be  constructed  [16, 33]  which  agree  well  with  the  finite  element  results. 
Using  these  over  the  whole  range  of  ligament  deformation  or  extrapolating 
die  finite  dement  results  predicts  a  value  for  w  of  about  3  for  the  large  debond 
case  (ho/ao)»  0.5. 
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Comparison  of  the  models  described  above  to  the  experiments  of  [28] 
shows  qualitative  agreement,  but  convincing  quantitative  predictions  axe  yet 
to  be  obtained.  For  the  initial,  constrained  stages  of  deformation,  the 
numerical  results  indicate  constraint  factors  in  the  requisite  range.  A  priority 
of  future  work  will  be  to  extend  the  constrained  results  into  a  dearly  necking 
regime. 

For  debonded  ligaments,  the  observed  correlation  between  increased 
debond  length  and  increased  w  [28]  is  predicted  by  the  models,  but  the  largest 
measured  w  values  with  debonding  are  not  approached,  apparently  due  to  the 
accelerated  necking  predicted  compared  to  the  experiments. 

The  toughness  enhancement  due  to  bridging  is  dominated  by  the 
contribution  from  the  necking  regime,  since  the  high  stresses  in  the 
constrained  plasticity  regime  persist  only  briefly.  However,  this  conclusion, 
does  not  exclude  the  early  stages  of  deformation  as  irrelevant,  since  the  initial 
stresses  and  near-tip  deformation  may  control  whether  debonding  occurs. 
Clearly  the  significance  of  such  effects  will  depend  strongly  on  the  material 
and  interfadal  properties.  In  addition,  the  evolution  of  the  necking  ligament 
geometry  may  depend  on  the  details  of  the  initial  deformation  even  when  no 
debonding  takes  place.  It  is  thus  important  to  model  the  whole  range  of 
ligament  deformation  accurately.  Achievement  of  the  numerical  modeling 
of  the  whole  range  of  deformation,  including  if  possible  the  evolution  of 
debonding  along  the  matrix-ligament  interface,  is  a  priority  of  ongoing  work. 

From  the  materials  design  viewpoint,  perhaps  the  most  interesting 
aspect  of  the  results  is  the  suggestion  that  the  ductile  phase  need  not  be 
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completely  bonded  to  the  matrix  during  deformation  to  provide  toughening. 
Limited  debonding  may  well  be  beneficial  in  terms  of  toughness 
enhancement. 

CLOSURE 

The  results  presented  in  this  paper  indicate  useful  directions  for 
optimizing  the  toughness  of  brittle  matrix  composite  materials.  Large  scale 
numerical  simulation  of  these  problems  has  proved  to  provide  insight  and 
will  be  necessary  for  further  progress  in  this  area. 
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FIGURE  CAPTIONS 

Figure  1.  The  hydrostatic  material  behavior  of  a  ceramic  containing 
particles  which  undergo  a  stress  induced  phase  transformation. 

Figure  2.  The  boundary  value  problem  of  a  semi-infinite  crack  subject  to  a 
mode  1  tensile  opening  load. 

Figure  3.  The  finite  clement  mesh  used  to  examine  a  growing  crack  in  a 
transformation  toughened  composite. 

Figured  Transformation  zone  for  the  case  a>-5  and  B~ /G— 1.3  when 
de-11.4L. 

Figure  5.  Contour  plot  of  0/  and  transformation  zone  for  the  case  o>-5 
and  B  /G-0  when  de«6.9L 

Figure  6.  R-curves  for  a>-5.  The  steady-state  results  of  Budiansky  et  aL  [4] 
are  shown  with  dashed  lines. 

Figure  7.  Schematic  of  crack-bridging  behavior  of  ductile  partides  in  a 
brittle  matrix. 

Figure  ft.  Non-dimensional  stress  vs.  stretch  behavior  of  a  typical  ligament 
and  assodated  area  w . 

Figure  9.  Idealized  configuration  for  analysis  of  behavior  of  a  single 
par  tide.  Inset  shows  initial  blunting  of  crack  tip  at  partide 
equator. 
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Figure  10.  Sketch  of  results  of  model  experiments  of  Ref  (28). 

(a)  without  debonding  between  ligament  and  matrix 

(b)  with  disbonding 

Figure  11.  Regimes  of  ligament  behavior. 

(a)  small-scale  yielding  (b)  constrained  plasticity 

(c)  plastic  necking 

Figure  12.  Plane  strain  slipline  solution  of  Ref  (271. 

(a)  slipline  geometry  for  ao/u>2150  (b)  a-  u  relation 

Figure  13.  Initial  stage  finite  element  results  for  different  choices  of  work- 
hardening  exponent  n  and  of  initial  root  radius  tq  .  (Bonded 
interface). 

Figure  14.  Finite  clement  plane  strain  vs.  axisymmetric  comparison  for 
initial  stages.  (Bonded  interface). 

Figure  15.  Deformed  mesh  in  dp/interface  region. 

Figure  16.  Geometry  for  initial  deformation  near  crack  tip  in  ductile  phase. 

Figure  17.  Prototype  asymptotic  problem  near  the  intersection  of  a  free 
surface  and  a  brittle/ductile  interface. 

Figure  18.  Asymptotic  sector  arrangement  for  prototype  problem. 

Figure  19.  Constrained  necking  bar  geometry  designed  to  simulate  the  large 
deformation  of  a  ligament  with  debonding. 

Figure  20.  Constrained  necking  bar  Finite  element  results  for  various 
'debond'  lengths  ho  .  Also  shown  for  comparison  are 


corresponding  uniform  deformation  (unconstrained  ends) 
results. 

Figure  21.  Plane  strain  vs.  axisymmetric  comparison  for  constrained 
necking  ban  for  various  debond  lengths  ho . 


TABLE  CAPTIONS 


Table  L  Matrix,  ligament  and  composite  properties  and  inferred  values 
of  w  for  some  materials  of  interest. 

Table  IL  Values  of  cohesive  stress  in  Dugdale  model  inferred  in  Ref.  [26] 
from  observed  bridging  zone  lengths,  and  corresponding  failure 
stretches. 
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ABSTRACT 

Finite  element  analysis  was  used  to  study  the  fracture  toughening  of  a 
ceramic  by  a  stress  induced  dilatant  transformation  of  second  phase  particles. 
The  finite  element  method  was  based  on  a  continuum  theory  which 
modelled  the  composite  as  a  subcritical  material.  Transient  crack  growth  was 
simulated  in  the  finite  element  mesh  by  a  nodal  release  technique.  The 
crack's  remote  tensile  opening  load  was  adjusted  to  maintain  the  near  tip 
energy  release  rate  at  the  level  necessary  for  crack  advance.  The 
transformation  zone  surrounding  the  crack  developed  as  the  crack  propagated 
through  the  composite.  Resistance  curves  were  computed  from  the  analysis; 
the  results  confirm  that  during  crack  advance  maximum  toughness  is 
achieved  before  steady-state  is  reached.  Diagrams  of  each  transformation  zone 
and  R-curve  are  provided  to  expedite  comparison  with  experimental  data. 

Introduction 

The  fracture  toughness  of  certain  ceramics  can  be  greatly  enhanced  by 
the  presence  of  particles  which  undergo  a  stress  induced  martensitic 
transformation  (Evans  and  Heuer  (1980);  Evans  and  Cannon  (1986);  Green, 
Hannink  and  Swair.  (1989)  such  as  takes  place  in  systems  containing  stabilized 
zirconia  (Z1O2)  particles.  Examples  include  partially  stabilized  zirconia  (PSZ) 
and  zirconia  toughened  alumina  (ZTA).  At  sufficiently  high  stress,  the 
particles  of  such  systems  undergo  a  transformation  from  the  tetragonal  to  the 
monoclinic  phase  which  is  accompanied  by  a  volume  increase  of  4%.  Since 
the  transformation  is  stress  induced,  a  zone  of  material  containing 
transformed  particles  surrounds  the  crack  tip  after  it  has  been  stressed.  The 
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volume  expansion  of  the  particles  in  this  zone  will  cause  eigenstresses  which 
will  tend  to  close  the  crack  and  lower  the  stress  intensity  factor  at  the  tip.  This 
shielding  mechanism  means  that  a  higher  applied  load  than  otherwise,  and 
therefore  an  apparently  higher  stress  intensity  factor,  is  required  to  propagate 
the  crack. 

Transformation  toughening  was  first  modelled  by  McMeeking  and 
Evans  (1982)  and  Budiansky,  Hutchinson  and  Lambropoulos  (1983).  The 
phenomenology  of  phase  transformation  was  represented  by  the  macroscopic 
hydrostatic  stress  versus  dilatation  strain  behavior  shown  in  fig.  1.  At  the 
critical  stress  of, ,  phase  transformation  commences.  If  the  slope  B  of  the 
stress-strain  curve  during  transformation  is  below  -4G/3,  where  G  is  the  shear 
modulus,  then  the  transformation  continues  spontaneously  and  immediately 
to  completion  (Budiansky  et  al.  (1983)).  In  fact,  points  on  the  stress  strain 
curve  between  1  &  2  are  excluded  as  unstable  and  the  state  jumps  on 
transformation  from  1  to  the  segment  between  4  and  3.  This  situation  has 
been  termed  supercritical.  In  the  model  of  McMeeking  and  Evans,  the  phase 
transformation  was  supercritical  and  the  volume  increase  due  to 
transformation  was  asymptotically  small.  The  transformation  zones  were 
also  asymptotically  small.  By  calculating  the  amount  of  crack  tip  shielding, 
they  obtained  estimates  of  the  effective  composite  R-curve,  the  toughness 
value  which  rises  as  the  crack  grows.  Eventually,  a  maximal  steady  state 
toughness  value  develops  after  an  amount  of  crack  growth  which  is  about  3 
transformation  zone  widths. 

Budiansky  et  al.  (1983)  considered  supercritical  and  also  subcritical 
materials  in  steady-state  crack  advance  only.  In  the  subcritical  case,  with  B  > 


-4G/3,  the  phase  change  occurs  gradually  and  the  material  can  remain  stably 
in  a  state  in  which  the  particles  are  only  partially  transformed.  As  a  result, 
points  in  fig.  1  between  1  &  2  are  stable  and  the  material  moves  gradually 
from  1  to  2  as  strain  increases.  If  the  strain  decreases  (unloading)  while  the 
material  is  between  1  and  2,  the  state  follows  the  line  with  slope  B  through 
the  current  location  as  shown  in  fig.  1.  In  addition,  Budiansky  et  al.  also 
accounted  accurately  for  the  perturbation  of  the  transformation  zone  size  and 
shape  due  to  the  stresses  induced  by  the  transformation  itself.  Using  finite 
element  analysis,  they  calculated  steady  state  fracture  toughnesses  including 
cases  where  the  volume  increase  from  the  transformation  was  quite  large. 
Rose  (1986)  and  Amazigo  and  Budiansky  (1988)  have  provided  additional 
analyses  of  steady  state  toughening  for  dilatant  transformations. 

Stump  and  Budiansky  (1989)  have  recently  provided  a  more  accurate 
estimate  of  the  R-curve  for  a  crack  advancing  in  supercritically  transforming 
material.  The  problems  were  solved  numerically  by  means  of  an  integral 
equation.  The  transformation  zones  evolved  as  the  crack  advanced  and  the 
remote  load  was  adjusted  to  maintain  the  stress  intensity  factor  at  the  critical 
constant  value  at  the  crack  tip.  Their  solutions  show  that  the  maximum 
fracture  toughness  occurs  after  a  finite  amount  of  crack  advance,  and  that  this 
maximum  can  be  significantly  higher  than  the  steady-state  fracture  toughness 
which  develops  later.  The  peak  fracture  toughness  is  associated  with  a 
transiently  wider  transformation  zone.  The  result  indicates  that  the  amount 
of  effective  toughening  is  underestimated  by  the  later  steady  state  value  since 
the  system  must  be  forced  to  grow  through  the  peak  toughness  state.  The 
steady  state  estimate  generally  underpredicts  experimental  data  (Evans  and 
Cannon  (1986))  so  the  new  predictions  tend  to  bring  the  theory  into  better 


agreement.  Furthermore,  R-curves  with  peaks  in  the  toughness  have  been 
reported  by  Swain  (1983)  and  Swain  and  Hannink  (1984). 
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The  purpose  of  the  calculations  performed  for  this  paper  is  to  consider 
the  transient  behavior  of  a  crack  advancing  in  a  material  which  transforms 
subcrilically.  Experimental  evidence  indicates  that  the  transformation  zones 
surrounding  a  crack  tip  tend  to  be  diffuse  or  partially  transformed,  indicating 
a  subcritical  transformation.  Finite  element  analysis  is  used  to  solve  the 
problem  of  a  semi-infinite  crack  growing  in  a  transforming  material  under 
Mode  I  loading  and  plane  strain  conditions.  Crack  growth  in  the  finite 
element  mesh  is  modelled  using  a  nodal  release  technique;  the 
transformation  zone  develops  as  the  crack  advances.  Resistance  curves  are 
computed  for  different  pi'~ely  dilatant  transformation  strains  and  the  results 
are  compared  with  the  steady-state  analysis  of  Budiansky  et  al.  (1983).  A  near 
critical  case  almost  equivalent  to  the  supercritical  analysis  done  by  Stump  and 
Budiansky  (1989)  was  also  analyzed  for  comparison.  Extensive 
documentation  of  each  solution  is  provided  so  that  comparisons  with 
experimental  data  can  be  made  more  easily. 

Constitutive  Relations 

In  this  section  we  describe  the  constitutive  relations  used  to  model 
transformation  toughened  composites.  Developed  by  Budiansky  et  al.  (1983), 
the  model  assumes  that  the  transformation  zone  contains  many  particles  and 
th.  »  a  continuum  description  of  the  composite  can  be  formulated.  The 
composite  material  is  isotropic  and  consists  of  a  linear  elastic  isotropic  matrix 
containing  linear  elastic  isotropic  particles  which  undergo  an  irreversible 
dilatant  transformation. 


Since  the  transformation  is  purely  dilatant,  the  macroscopic  shear 
response  is  entirely  linear  elastic  with  modulus  G,  which  will  depend  on  the 
composite  properties  of  the  material.  Thus  the  deviatoric  stress-strain 
relationship  for  the  composite  is 

o/iJ=2G  By  (1) 

where  o'  is  the  deviatoric  part  of  the  macroscopic  stress  and  e'  is  the 
deviatoric  part  of  the  macroscopic  strain. 

The  dilatant  behavior  of  the  composite  is  depicted  in  Fig.  1,  and  can  be 
represented  by 

+  0  (2) 

where  c**  denotes  the  total  dilatation;  am  is  the  hydrostatic  part  of  the  stress 
equal  to  a**/3;  B  is  the  bulk  modulus  for  the  material;  and  &  is  the  current 
dilatation  due  to  particle  transformation  in  a  macroscopic  element  of  the 
composite  material.  (Einstein  summation  is  used  on  repeated  indices 
throughout.) 

When  the  strain  =  o£  /  B  is  exceeded,  locally  particles  change 
phase  to  some  extent.  When  all  of  the  particles  have  transformed  locally,  the 
macroscopic  dilatation  9  is  equal  to  .  In  a  material  in  which  the  elastic 
moduli  of  the  particles  are  identical  with  those  of  the  matrix  =  c$r  where 
c  is  the  volume  fraction  of  particles  and  6^  is  the  free  dilatation  of  an 
individual  particle  (4%  in  the  case  of  zirconia)  (Budiansky  et  al.  (1983)). 
However,  McMeeking  (1986)  has  shown  that  in  binary  elastic  composites. 


$  =  FcflJ  .  Where  F  is  a  factor  which  depends  on  the  ratios  of  elastic 
moduli. 

When  the  material  is  partially  transformed  in  subcritical  materials,  the 
incremental  dilatation  during  loading  (e^  >  0)  and  due  to  transformation  is 
(Budiansky  et  al.  (1983)) 

6  =  (l-B~  /  B  )eu  (3) 

when  o£/B+0(l-B~  /B)£ekk  /B+tf  (1-B~  /B). 

Since  the  phase  transformation  is  assumed  irreversible,  9  remains 
constant  during  unloading  (e**  <  0)  in  all  cases.  In  the  critical  and 
supercritical  case,  eq.  (3)  is  replaced  by 

de  I  60(c»-oil  B)  (4) 

where  80  is  a  Dirac  delta  function. 

Boundary  Value  Problem 

The  problem  of  a  very  long  crack  growing  in  plane  strain  with  a  very 
small  zone  of  phase  transforming  particles  (see  fig.  2)  was  solved  using  the 
finite  element  method.  Displacement  boundary  conditions  corresponding  to 
a  Mode  I  linear  elastic  plane  strain  field  were  applied  around  the  outer 
perimeter  of  the  domain.  The  magnitude  of  the  applied  load  is  characterized 
by  KAPF ,  the  Mode  I  elastic  stress  intensity  factor.  As  shown  in  fig.  2,  material 
near  the  tip  transforms  due  to  the  stress  intensification  generated  by  the  crack. 
A  zone  of  material  which  has  completely  transformed  (0=6^)  surrounds 
the  crack  tip.  This  core  region  is  incrementally  linear  elastic  with  a 
permanent  residual  strain.  Consequently,  the  stress  field  at  the  crack  tip  has  a 
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r1!2  singularity  and  is  characterized  by  a  stress  intensity  factor  X  In  the 
subcritical  case,  the  region  of  purely  transformed  material  is  surrounded  by  a 
zone  of  material  which  is  partially  transformed  (0  <  (f) .  In  the  critical  and 
supercritical  cases,  partially  transformed  material  does  not  exist  and  9  jumps 
from  zero  to  $  across  the  zone  perimeter. 

For  a  stationary  crack  with  monotonically  increasing  X  no 
unloading  occurs  and  the  J-integral  of  Rice  (1968)  is  path  independent 
(Budiansky  et  al.  (1983)).  As  a  result,  K™  =  X*”’  and  thus,  prior  to  any  crack 
growth,  there  is  no  shielding  (McMeeking  and  Evans  (1982),  Budiansky  et  al. 
(1983)).  The  crack  will  commence  growing  when  X  =  X  ,  the  fracture 
toughness  of  the  composite  in  the  crack  tip  state,  i.e.  with  pretransformed 
particles.  Equivalently,  crack-growth  commences  when  X'1”’  =  K°  . 

As  the  crack  propagates  and  a  wake  of  transformed  material  develops, 
K™  decreases  compared  to  X  ^  due  to  shielding.  To  maintain  crack  growth, 
X^must  be  continually  adjusted  so  that  Xw  equals  Xc .  X*'”’  is  the 
effective  fracture  toughness  of  the  composite  material  and  the  R-curve  is  its 
graph  versus  the  amount  of  crack  growth  Aa. 

Finally,  all  length  scales  in  the  moving  crack  tip  problem  were 
normalized  by  L,  where  L  is  defined  by 

r  2  rxc(l+z>)f 

9*  L  J  (5) 

Physically,  L  is  the  distance  on  the  X-axis  from  the  tip  ahead  to  the  boundary 

APP  C 

of  the  nominal  transformation  zone  for  the  stationary  crack  with  X  =  X  . 
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The  solutions  depend  on  the  strength  of  the  transformation  which  is 
characterized  by  the  nondimensional  parameter  co,  where 


co  = 


E  f  p-f  p  1 
"oTll  -  v  J 


(6) 


Finite  Element  Solutions 

The  finite  clement  method  used  to  solve  these  problems  has  been 
described  by  Horn,  Mataga  and  McMeeking  (1989).  The  method  was 
incremental  with  the  load,  K  ,  adjusted  in  steps  as  necessary  to  tend  to 
maintain  K  equal  to  K  .  After  each  adjustment  of  the  load,  a  successive 
approximation  iteration  was  carried  out  until  satisfactory  convergence  of  the 
solution  was  achieved.  When  K79  equaled  Kc ,  the  crack  tip  node  was 
released  incrementally  to  advance  the  crack,  with  iterations  carried  out  as 
necessary.  Thereafter,  was  again  adjusted  in  steps  to  return  K79  to  Kc 
and  so  on.  The  virtual  crack  extension  method  of  Parks  (1974, 1978)  was  used 
to  calculate  K79  when  necessary.  The  finite  element  mesh  in  fig.  3  was  used 
for  the  calculations.  The  crack  was  grown  from  the  point  marked 
"STATIONARY  CRACK  TIP"  in  that  figure  to  near  the  point  marked 
"MOVING  CRACK  TIP". 

Attempts  were  made  to  compute  results  for  the  precisely  critical  case 
(b  =  -  4  G  /  3),  However,  it  was  found  that  the  iterative  procedure  failed 
to  converge.  Without  any  change  to  the  load  or  geometry,  the  transformation 
zone  simply  expanded  with  each  iteration.  Thus,  no  stable  transformation 
zone  size  was  ever  established  even  for  stationary  cracks.  No  way  was  found 
by  us  to  avoid  this  in  the  algorithm  directly.  Instead,  subcritical  materials 
were  analyzed.  Satisfactory  convergence  to  a  rather  strict  criterion  was  then 


achieved.  Few  iterations  were  required  when  B  equaled  zero  but 
considerably  more  were  necessary  when  B  was  smaller. 

The  subcritical  results  we  obtained  involved  partially  transformed 

material  within  the  zone.  However,  as  B  approached  -4G  /  3,  the 

regions  of  partially  transformed  material  formed  a  narrow  band  around  the 

outer  perimeter  of  the  zone.  For  a  sufficiently  small  value  of  B  and  with 

appropriate  choices  of  other  parameters,  this  band  was  made  narrower  than 

the  distance  between  2  neighboring  integration  stations  in  the  finite  element 

mesh.  Thus,  at  one  integration  station  the  material  is  untransformed  and  at 

the  neighboring  integration  station  across  the  partially  transformed  band,  the 

material  is  completely  transformed.  This  situation  is  as  good  as  can  be 

achieved  anyway  for  the  exactly  critical  material  given  the  discreteness  of  the 
•  * 

mesh.  The  near  critical  case  so  calculated  is  numerically  equivalent  to  the 
exactly  critical  case  for  the  given  mesh.  This  equivalence  was  actually 
achieved  for  Oi  =  5  with  B  =  -  2 . 3  G  in  the  mesh  shown  in  fig.  3.  This 
solution  was  slow  to  converge  (-50  interations  per  step  compared  to  5  for 
B  =  0  )  and  the  amount  of  computer  time  precluded  us  from  carrying  out 
other  near  critical  solutions. 

The  parameters  of  the  problems  were  chosen  so  that  at  least  10 
elements  spanned  the  transformation  zone  in  the  Xj  direction.  To  check  if 
the  mesh  layout  was  fine  enough,  o£  was  made  smaller  to  enlarge  the  zone, 
making  L  larger,  equivalent  to  refining  the  mesh.  The  combination  E6T  was 
reduced  also  to  keep  co  fixed.  The  results  of  calculations  then  carried  out 
were  identical  to  those  performed  in  the  effectively  coarser  mesh,  confirming 
that  the  mesh  and  calculation  strategy  were  satisfactory. 


Results  for  a  Growing  Crack 


The  problem  of  a  crack  in  untransformed  material  growing  and 
creating  a  transformation  zone  was  solved  for  various  material  parameters. 
These  characteristic  parameters  are  the  transformation  strength  a>,  Poisson's 
ratio  v,  (taken  to  be  0.3  throughout)  and  B  /G.  Three  sets  of  finite  element 
computations  were  done  with  co=5,  10  and  15.  In  each  set  of  calculations, 
cases  were  run  for  B  /G-* 0,  -0.5,  and  -1.0.  The  calculation  with  o>*5  and 
B  /G=-1.3  was  also  done  for  comparison  with  the  calculations  of  Stump  and 
Budiansky  (1989).  In  all  cases  the  crack  was  propagated  a  distance  of  at  least 
8  L. 


Transformation  Zones 

The  transformation  zone  for  the  near  critical  case  (B  /G=-1.3)  with  co=5 
and  Aa  =«  11.4L  is  shown  in  fig.  4.  In  this  case,  the  layer  of  partially 
transformed  material  is  Yery  thin  and  has  not  been  shown  in  the  figure.  It  is 
thinner  than  the  distance  between  neighboring  integration  stations  in  the 
finite  element  mesh  -  about  10%  of  the  peak  zone  height  above  the  crack,  h 
shown  in  fig.  4.  Apart  from  this  thin  layer,  the  material  inside  the  zone  has 
transformed  completely.  It  is  clear  from  the  zone  shape,  that  as  the  crack 
grew,  the  zone  first  widened  sharply  and  then  gradually.  After  reaching  a 
maximum  width,  the  zone  narrowed  sharply  with  growth  and  then  appears 
to  settle  into  a  steady  state. 

In  this  case,  the  maximum  zone  height  is  hm  =  1.06L  and  occurs  after 
the  crack  has  grown  a  distance  3 ,7L.  The  finite  element  results  show  that  the 
zone  reaches  a  steady-state  height  of  0.88L.  The  transient  behavior  of  a  crack 


growing  in  a  supercritical  material  has  also  been  considered  by  Stump  and 
Budiansky  (1989).  For  a>=5,  their  results  show  that  the  maximum  zone  height 
is  1.03L  and  occurs  when  da=2.4L.  Their  computation  also  predicts  a  steady 
state  zone  height  of  0.89 L.  Overall,  the  zones  have  very  similar  shapes.  It 
should  be  noted  that  between  M  =2.4L  and  3.7L,  the  zone  height  is  almost 
steady,  and  the  discrepancy  in  the  position  of  the  zone  width  peak  should  be 
considered  in  that  context. 

The  development  of  the  transformation  zone  for  the  case  B  /  G  =  0 
and  0)  =  10  as  the  crack  tip  moves  to  the  right  is  shown  in  fig.  5.  The  zone  is 
shown  for  different  crack  lengths,  where  M  is  the  amount  of  growth  which 
has  taken  place.  The  zones  are  depicted  as  contour  plots  of  the  transformation 
dilatation  9 .  As  expected  the  crack  tip  is  surrounded  by  a  region  of  fully 
transformed  material  which  in  turn  is  surrounded  by  a  region  of  partially 
transformed  material.  As  the  crack  grows,  the  zone  expands  in  height.  The 
height  of  the  zone  h  reaches  a  maximum  at  1.02L  after  the  crack  has 
propagated  a  distance  1.7L  .  Thereafter,  the  zone  narrows  and  when  the  crack 
reaches  a  steady  state  at  around  As  =8 L,  the  zone  height  in  the  steady  state 
region  is  smaller  at  0.88L.  The  steady-state  zone  height  predicted  by 
Budiansky  et  al.  (1983)  for  subcridcal  material  with  B  /  G  =  0  and  co  =  10 
is  h  =0.84  L. 

Fig.  6(a)  shows  the  transformation  zone  when  B  /  G  =  0  and  fl)  =  5 
after  the  crack  has  propagated  a  distance  of  8.6L.  The  fully  transformed  region 
in  this  case  is  larger  than  the  fully  transformed  region  for  (0  =  10  case. 
However,  the  whole  transformation  region  observed  for  0)  =  5  is  smaller 
than  for  Q)  =  10  ,  and  the  peak  height  is  not  as  large.  In  this  case  h  reaches  a 


maximum  of  0.87L  after  the  crack  has  propagated  a  distance  1.4L.  The  steady 
state  zone  height  predicted  by  the  finite  element  calculations  is  0.81L.  The 
computations  of  Budiansky  et  al.  (1983)  predicted  the  steady-state  zone  height 
as  0.89L.  The  transformation  zone  after  the  crack  has  propagated  a  distance 
8.6 L  for  a>  =  5  with  B/G  =  -Q.S  and  -1.0  are  shown  in  figs.  6(b)  and  6(c) 
respectively.  It  can  be  seen  clearly  that  for  the  smaller  values  of  b  there  is  a 
larger  fully  transformed  zone  compared  to  the  total  zone  size.  The  next  figure 
in  this  series  for  <o  =  5  is  that  in  fig.  4  for  B  /  G  =  -1.3  discussed  already  where 
there  is  no  partially  transformed  zone. 

l*igs.  7(a)  and  (b)  are  plots  of  the  transformation  zone  after  the  crack  has 
propagated  a  distance  8.6L  for  <o  =  10  when  B  /  G  —  —0.5  and  —1.0 
respectively.  Comparison  of  figs.  7  with  6  show  that  a  larger  relative 
dilatation  a  produces  a  larger  final  zone  size  vven  though  they  start  growing 
from  nearly  the  same  initial  zone  size.  Finally,  figs.  8(a,b&c)  show  the 
transformation  zones  after  the  crack  has  propagated  a  distance  12.9L  for  the 
cases  when  <o  =  15  . 

Table  I  shows  the  peak  and  steady  state  zone  heights  and  da  when  the 
peak  occurs  for  each  case  calculated.  The  finite  element  results  show  that  for  a 
given  l ,  the  peak  height  and  the  steady-state  zone  height  are  larger  for 
stronger  transformation  strengths  a> .  Also,  the  crack  must  propagate  further 
to  reach  both  the  maximum  zone  height  and  the  steady  state  zone  height  for 
larger  Similarly,  the  closer  B  is  to  the  critical  value  of  -  4G  /  3  ,  the 
larger  is  the  peak  zone  height  and  the  steady  height.  The  latter  comment 
applies  except  for  the  near  critical  case  B  /  G  =-1.3  where  the  trend  seems  to 
reverse.  But  when  the  material  is  near  critical,  the  distance  the  crack  must 


propagate  to  achieve  both  the  maximum  zone  height  and  the  steady-state  is 
greater.  Included  in  Table  I  for  completeness  arc  results  taken  from  Stump 
and  Budiansky  (1989)  for  the  supercritical  material. 

Resistance  Curves 

As  mentioned  earlier,  the  remote  applied  stress  intensity  factor  was 
varied  during  crack  advance  to  maintain  K7*  =  Kc  at  the  crack  tip.  The  R- 
curves  verses  Aa)  for  the  case  when  o)=*5  are  shown  in  fig.  9.  As 
expected,  in  each  case  the  transformation  zone  shields  the  crack  tip  and 
toughening  is  observed.  The  R-curves  rise  to  a  peak  level  associated  with  the 
widest  part  of  the  zone.  Thereafter,  the  R-curve  falls  as  the  zone  narrows. 
The  curves  then  tend  to  settle  down  to  a  steady  state.  The  relative  amount  of 
toughening  is  higher  for  the  lower  values  of  §  because  there  is  relatively 
more  fully  transformed  material  in  the  wake  zone.  In  addition,  the  peak 
toughening  relative  to  the  later  steady  state  value  is  more  pronounced  when 
B  is  more  negative. 

After  the  crack  has  propagated  a  sufficient  distance,  the  R-curve 
approaches  an  asymptotic  value.  This  steady-state  value  of  KAPP  corresponds 
to  the  steady  state  region  in  the  transformation  zone.  For  comparison,  the 
dashed  lines  in  fig.  9  denote  the  toughnesses  predicted  by  the  steady-state 
finite  element  analyses  of  Budiansky  et  al.  (1983).  The  steady  state  toughness 
for  the  near  critical  material  B  /  G  =-1.3  predicted  by  our  finite  element 
calculation  agrees  well  with  the  steady-state  analysis  for  critical  and 
supercritical  materials  which  is  exact.  Furthermore,  the  peak  toughness 


agrees  well  with  the  result  of  Stump  and  Budiansky  (1989).  These  results  give 
us  confidence  in  our  numerical  solutions.  For  the  near  critical  case 
(£f  /  G  =-1.3)  with  o>*5,  our  finite  element  analysis  predicts  a  maximum 
and  steady-state  of  1.30 Kc  and  1.27 Kc  respectively.  The  peak  in 
occurs  when  the  crack  has  grown  a  distance  5.6L.  For  the  supercritical 
material,  Stump  and  Budiansky  (1989)  predict  a  toughness  value  of  1.29  Kc 
for  the  peak  and  the  steady  state  value  is  1.26  Kc  (Budiansky  ct  al.  (1983)). 
Therefore,  the  zone  contributions  to  toughness  agree  to  within  a  few  percent. 
Maximum  K  in  the  results  of  Stump  and  Budiansky  (1989)  occurred  when 
da= 5.5L 

The  subcritical  steady-state  values  of  K**  predicted  by  our  transient 
finite  element  analysis  are  higher  than  the  steady  state  values  of  (Budiansky 
et  al.  (1983)).  For  example  when  B  =  0  ,  the  steady-state  toughness  predicted 
by  the  finite  element  analysis  is  1.19  Kc  while  the  analysis  of  Budiansky  et  al 
(1983).  predicts  1.17 Kc .  This  means  that  our  prediction  of  the  zone 
contribution  is  about  10%  higher.  The  difference  is  unresolved. 

For  the  subcritical  material,  the  difference  in  the  peak  and  steady  state 
toughnesses  are  much  smaller  than  the  supercritical  case.  For  B  =  0  the 
finite  element  analysis  shows  that  both  the  peak  and  steady-state  K^are 
indistinguishable  at  1.19  Kc  .  Even  for  B  /  G  =-1.0,  the  peak  K^'is  only 
1.27 Kc  compared  to  a  steady-state  value  of  1.26  Kc . 

Fig.  10  shows  the  R-curves  for  the  case  when  co  =  10  .  Because  the 
strength  of  the  transformation  is  greater,  the  toughnesses  computed  in  these 
cases  are  higher  than  those  for  0)  =  5  .  Also,  the  perk  value  for  K***  is  more 
pronounced  compared  to  the  steady-state  value  or  K‘kpp  .  For  B  /  G  =-1.0, 
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the  computation  was  only  done  until  6a  =8.6 L  and  a  steady  state  was  not 
developed.  However,  a  peak  value  of  K  of  1.65  K  was  calculated.  The 
dashed  lines  in  fig.  10  indicate  the  results  of  Budiansky  et  al.  (1983).  As  in  the 
case  of  =  5  ,  the  steady  state  toughness  predicted  by  our  finite  element 
analyses  for  o>  =  10  are  higher  than  those  of  the  previous  steady  state 
analysis.  The  R-curves  for  0)  =  15  are  shown  in  fig.  11.  The  higher 
toughnesses  reflect  the  greater  strength  of  the  transformation.  Again,  the 
steady  state  toughnesses  were  higher  than  those  predic.sd  by  Budiansky  et  al. 
(1983). 


In  addition  to  zone  shape  information.  Table  I  shows  the  peak  and 
steady  stale  toughnesses  and  da  to  reach  peak  toughness  predicted  by  our 
finite  element  analysis  for  all  cases  examined  in  this  study.  The  numerical 
computations  show  that  larger  peak  and  steady  toughnesses  are  achieved 
when  0)  is  greater  and  B  is  closer  to  critical,  i.e.  a  stronger  transformation 
with  more  material  fully  transforming.  Also,  with  increasing  a)  and  B 
closer  to  critical,  the  crack  must  grow  a  greater  disicnce  in  terms  of  L  to  reach 
both  the  peak  toughness  and  the  steady-state. 

Discussion 

The  finite  element  results  presented  in  this  paper  indicate  agreement 
between  our  near  critical  solution  and  the  accepted  steady  state  toughening 
estimate  of  previous  work  (McMeeking  and  Evans  (1982),  Budiansky  et  al. 
(1983),  Stump  and  Budiansky  (1989)).  In  addition,  the  peak  toughness 
predicted  here  for  the  near  critical  case  by  finite  elements  agrees  with  the 
value  obtained  by  Stump  and  Budiansky  (1989)  by  another  method.  This 
gives  us  confidence  in  our  numerical  results.  It  is  worth  noting  that  we  have 


achieved  agreement  with  other  results  in  the  case  in  which  we  found 
convergence  most  difficult  to  obtain/  i.e.  the  near  critical  situation. 

In  contrast,  it  is  found  that  our  predictions  for  steady  state  behavior  of 
subcritical  materials  disagree  with  the  established  results  of  Budiansky  et  al. 
(1983).  We  have  checked  to  see  if  lack  of  mesh  refinement  is  the  source  of  our 
problem,  but  that  is  not  so.  The  discrepancy  remains  unresolved. 

Our  calculations  confirm  the  novel  R-curve  behavior  found  by  Stump 
and  Budiansky  (1989)  in  their  calculations,  namely  that  there  is  a  peak  in 
toughness  prior  to  steady  state.  Since  the  peak  of  the  R-curve  will  determine 
the  potential  toughness  of  the  material,  these  new  higher  theoretical  v?1** 
are  significant.  The  actual  toughness  measured  in  an  experiment  will  d;  ^eiK 
on  the  compliance  of  the  system  (McMeeking  and  Evans  (1982))  and  this  must 
be  taken  into  account.  However,  it  is  interesting  that  theory  has  so  far 
underpredicted  experiments  on  transformation  toughening  (Evans  and 
Cannon  (1986))  and  so  the  new  results  offer  the  prospect  of  the  theory  being 
brought  into  better  agreement  with  the  data. 

It  has  also  been  observed  that  the  original  very  approximate  prediction 
of  an  R-curve  by  McMeeking  and  Evans  (1982)  has  proved  to  be  too  stiff 
compared  to  the  data  (Heuer  (1987)).  It  is  likely  that  the  R-curves  now 
predicted  by  Stump  and  Budiansky  (1989)  and  us  will  tend  to  rectify  this 
situation.  Compared  to  the  original  R-curve  predicted  by  McMeeking  and 
Evans  (1982),  those  calculated  in  this  case  for  a)  =  5  as  well  as  that  of  Stump 
and  Budiansky  (1989)  are  more  compliant.  For  higher  values  of  (0 ,  the  new 
calculated  R-curves  are  even  more  compliant  so  that  the  difference  from  the 
old  curve  of  McMeeking  and  Evans  (1982)  will  be  greater. 
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A  note  of  caution  is  called  for,  however.  The  ratio  of  da  for  peak 
I  Kc  divided  by  peak  h  is  typically  in  the  range  3  to  5  (see  Table  I). 
Thus,  the  amount  of  crack  growth  to  reach  peak  toughness  is  only  about  3  to  5 
times  the  observed  fully  developed  zone  height.  This  range  is  not  very 
different  from  the  original  prediction  (McMeeking  and  Evans  (1982))  that  the 
R-curve  would  peak  at  about  3  zone  heights. 

J.t  should  be  noted  also  that  all  the  results  obtained  so  far  are  for 
transformation  zones  which  are  very  small  compared  to  specimen 
dimensions.  No  allowance  has  been  made  for  large  scale  transformation. 
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FIGURE  CAPTIONS 

Figure  1.  The  hydrostatic  material  behavior  of  a  ceramic  containing 
particles  which  undergo  a  stress  induced  phase  transformation. 

Figure  2.  The  boundary  value  problem  of  a  semi-infinite  crack  subject  to  a 
mode  I  tensile  opening  load. 

Figure  3.  The  finite  element  mesh  used  to  examine  a  growing  crack  in  a 
transformation  toughened  composite. 

Figure  4.  Transformation  zone  for  the  case  co= 5  and  g  /G=- 1.3  when 
dfl=*11.4L. 

Development  of  the  transformation  zone  for  the  case  co  =  10 
and  B  /  G  =  0  as  the  crack  grows;  to  is  the  amount  of  crack 
growth.  Contour  levels  are  for  8  /  9  . 

Transformation  zone  contour  plots  of  9  /  9  for  the  case  of 
c o  =  5  when  to  =8.6L  (a)B/G  =  0  (b)  B/G  =  -0.5 

(c)  B/G  =  -1.0 

Figure  7.  Transformation  zone  contour  plots  of  9  I  9T  for  the  case  of 
co  =10  when  to  =8.6L  (a)  fl  /  G  =  -0.5  (b)  B  /  G  =  -1.0 

Figure  8.  Transformation  zone  contour  plots  of  9  /  dT  for  the  case  of 


Figure  5. 


Figure  6. 


Figure  9.  Resistance  curves  for  the  cases  of  a>  =  5  .  The  steady-state  results 
of  Budiansky  et  al.  [5]  are  shown  with  dashed  lines. 

Figure  10.  Resistance  curves  for  the  cases  of  o>  =  10  .  The  steady-state 
results  of  Budiansky  et  al.  [5]  are  shown  with  dashed  lines. 

Figure  11.  Resistance  curves  for  the  cases  when  co  =  15  .  The  steady-state 
results  of  Budiansky  et  al.  [5]  are  shown  with  dashed  lines. 


4:A4/mef-9/14/89 


Figure  4 


CRACK 


A  a  =  8.6L 


Figure  6  (a) 


10.0 


Figure  6  (b) 


X/L 


Figure  6  (c) 


Figure  7  (a) 


Figure  7  (b) 


10.0 


Aa  =  12.9L 


Figure  8  (a) 


12.0  15.0 


Figure  8  (b) 


Figure  8  (c) 


^ddV* 


Figure  9 


Aa/L 


Figure  10 


Aa/L 


2.50 


Figure  11 


Aa/L 


MECH-147 


CRACK  GROWTH  RESISTANCE  IN  TRANSFORMATION-TOUGHENED 
AND  DUCTILE-PARTICLE  REINFORCED  CERAMIC 


David  M.  Stump 


Division  of  Applied  Sciences 
HARVARD  UNIVERSITY 
Cambridge,  Massachusetts  02138 


July  1989 


CRACK  GROWTH  RESISTANCE  IN  TRANSFORMATION-TOUGHENED 
AND  DUCTILE-PARTICLE  REINFORCED  CERAMIC 

David  M.  Stump 

Divison  of  Applied  Sciences 
Harvard  University 
Cambridge  MA  02138 

ABSTRACT 

Transient  crack  growth  resistance  is  studied  in  ceramics  reinforced  with  both  dilatant 
transforming  panicles  and  very  ductile  crack-bridging  panicles.  The  overall  material  toughness  of 
a  growing  precut  ersek  is  found  by  modeling  the  evolution  of  the  surrounding  transformed  region 
and  the  formation  of  a  bridging  panicle  strip  behind  the  advancing  crack  tip.  The  maximum 
toughness  occurs  for  finite  amounts  of  crack  growth  and  exceeds  the  corresponding  steady-state 
level. 

INTRODUCTION 

Brittle  c  -ramies  have  been  toughened  by  a  number  of  methods  including  reinforcement  with 
partially-stabilized  zirconia  (PSZ)  panicles  or  dispersions  of  ductile  metal  panicles  [1,2].  Small 
PSZ  panicles  which  undergo  a  phase  transformation  near  an  advancing  crack  tip  arc  responsible 
for  transformation  toughening.  Ductile  panicles  that  bridge  the  faces  of  a  growing  crack  cause 
paniculate  toughening. 

A  recent  theoretical  study  [3]  of  steady-state  crack  growth  in  the  combined  material  reinforced 
with  both  PSZ  and  very  ductile  particles  has  revealed  that  the  component  mechanisms  can  interact 
synergistically.  This  study  contemplates  the  theoretical  toughening  during  the  growth  of  a  semi- 
infinite  precut  (i.e.  initially  unbridged)  combined-material  crack.  The  analysis  is  motivated  by  a 
study  [4]  of  crack  growth  resistance  in  PSZ  materials,  where  it  was  discovered  that  for  finite 
amounts  of  growth,  the  transient  toughening  ratio  Xj  =  K/Kn,  (K  is  the  "applied"  stress  intensity 
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factor,  K„,  is  the  critical  crack-tip  stress-intensity  factor  for  fracture)  reached  a  maximum 
exceeding  the  corresponding  steady-state  value  X”  [5).  We  begin  with  a  review  of  results  for 
paniculate  and  PSZ  reinforcement. 

PARTICULATE  REINFORCEMENT 


The  semi-infinite  precut  crack  is  shown  from  above  and  the  side  in  Figure  la.  The  crack 
front  is  interrupted  by  a  random  dispersion  of  small  ducdle  panicles.  The  panicles  behind  the  front 
have  been  severed  across  the  crack  plane.  As  crack  growth  occurs,  see  Figure  lb,  the  crack  front 
advances  through  the  matrix  leaving  behind  bridging  panicles  that  exen  restraining  forces  as  the 
crack-faces  are  drawn  apan.  We  analyze  crack  growth  by  averaging  the  effects  of  the  panicles 
through  the  thickness  of  the  body,  and  adopt  a  2-dimensional  model  of  a  crack-tip  bridged  by  a 
strip  of  deforming  panicles.  This  study  uses  a  simplified  "Dugdale-like"  panicle  model  that 
considers  the  bridging  zone  to  be  a  uniform  strip  of  particles  obeying  the  crack-face  deformation 
rule  of  Figure  2.  The  critical  crack-opening  displacement  (COD)  at  the  end  of  the  strip  is  2vf. 


The  enhanced  toughness  is  expressed  in  terms  of  the  modified  toughness  ratio 


0) 


where  K  is  the  "applied"  stress  intensity  factor,  Kp,  is  the  critical  crack-tip  stress  intensity  factor  for 
fracture  in  the  matrix,  and  c  is  the  concentration  of  ductile  panicles.  The  square-root  term 


accounts  for  the  decrease  in  crack  front  due  to  the  presence  of  the  particles.  The  toughness  ratio 
for  plane-strain  steady-state  crack  growth,  Ai* ,  is  given  by  the  J-Integral  result  [6] 


..  T  2vfcSE  *1 

Ap  =  1  + - - — y 

p  [  d-c)(i-v2)K‘  J 


where  E  and  v  are  Young's  modulus  and  Poisson's  ratio  of  the  matrix.  The  steady-state  bridging 


length  Ip,  see  Figure  lb,  is  given 


(3) 


2 


During  steady-state  growth  /p  remains  constant  with  rupture  of  the  particles  at  the  end  of  the  strip 
occurring  simultaneously  with  crack  growth. 

The  dependence  of  the  transient  toughening  ratio  Ap  on  the  growth  of  the  precut  crack  is 
found  by  replacing  /p  in  (3)  with  the  dp  advance  Aa  for  an  initial  stage  of  growth  when  all  the 
bridging  panicles  remain  intact.  When  Aa  reaches  the  value  /p.  steady-state  growth  commences 
with  Ap  remaining  fixed  at  Ap‘.  Recent  in-situ  measurements  of  vf  and  plausible  estimates  of  S 
in  the  Aln03/Al  system  [7]  reveal  that  (2)  provides  a  reasonable  approximation.  Experimental 
confirmation  of  (3)  is  still  lacking,  but  might  be  attributed  to  the  fact  that  so  far  measurements  of  /p 
have  been  made  on  the  surface  of  specimens  [7).  Nevenheless,  we  accept  the  validity  of  both 
relations  for  the  subsequent  combined  material  analysis. 

PSZ  REINFORCEMENT 


Transformation  toughening  has  been  analyzed  with  the  "supercritical"  transformation  model 

introduced  in  (8).  The  transformed  material  is  assumed  to  undergo  a  uniform  stress-free 

T  T  . 

transformation-dilatation  of  strength  c{0p  ,  where  c,  is  the  PSZ  volume  fraction  and  0p  is  the 

unconstrained  dilatation  (typically  0.04).  The  transformation  occurs  supercritically  (i.e. 

completely)  when  the  mean  stress  om  *  Oy/3  reaches  the  critical  value  o£, .  An  impoiant 

transformation  strength  parameter  [8-10]  is 


co  = 


T 

£ci9pn-fv\ 

o'  U-vJ 


(4) 


A  plane-strain  characteristic  length  is  given  by 


(5) 


Steady-State  Cracx  growth 

Steady-state  crack  growth,  wherein  the  faces  of  the  growing  crack  are  bordered  by  small- 
scale  transformed  wakes  of  height  HT  is  shown  in  Figure  3.  Calculation  of  the  steady-state 
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toughness  ratio  XT  and  the  nondimensional  wake  height  Hf/L  was  accomplished  by  requiring  the 
"applied"  K  and  the  transformation  itself  to  keep  om  at  o£,  along  the  leading  edge  of  the 
transformed  boundary,  while  maintaining  the  crack-tip  stress-intensity  factor  IQp  at  the  critical 
value  K^.  Results  for  X”  are  given  by  the  outer  curve  of  Figure  4,  a  plot  of  ( X”)-1  versus  the 
parameter  to  [5,6].  "Lock-up"  of  the  steady-state  crack  occurs  for  w  =  coe  -  29.99  [9). 

For  weak  transformations  (i.e.  to  *  0),  the  fractional  increase  in  toughness  AKn/Km  , 
where  AK**  =  K  -  Km ,  is  related  to  the  zone  height  HT  by  the  approximate  formula  [8] 


AK 

Km 


IS 


Ec,eJ 


JJLl 

iL  kV' 


7T 


m 


(6) 


2(1  -  v)Km 

The  relation  (6)  along  with  the  finite-strength  transformation  results  of  [5]  are  plotted  in  Figure  5. 
When  compared  with  experimental  data,  the  steady-state  results  of  Figure  5  are  typically  low  by  a 
factor  of  two  (2).  Indications  are  that  the  shear  stress  also  plays  a  role  in  triggering  the 
transformation,  which  may  account  for  this  discrepancy  [3], 


R-CURVES 

The  dependence  of  the  transient  toughness  ratio  X^  on  the  growth  of  an  initially  stationary 
semi-infinite  crack  was  considered  in  [4],  Crack  growth  initiation  occurs  when  K^p  *  K  =*  ^[7]. 
At  this  instant,  the  tip  is  surrounded  by  a  transformed  region  along  the  exterior  of  which  the  mean 
stress  equals  o|j, .  As  crack  growth  occurs,  the  transformed  region  continues  to  surround  the  tip 
as  the  leading  edge  of  the  boundary  advances,  transforming  "fresh"  material  and  depositing  "old" 
material  in  wake  regions.  The  instantaneous  toughness  ratio  ^  was  found  by  enforcing  the  o„ 
criterion  along  the  advancing  portion  of  the  boundary,  while  maintaining  at  K^.  R-curves, 
plots  of  Xq.  versus  the  nondimensional  crack  extension  Aa/L  such  as  Figure  6,  were  generated  for 
various  values  of  the  parameter  to.  The  corresponding  value  of  X ”  is  given  by  the  dotted  line. 
The  nondimensional  zone  height  H/L  and  the  toughness  ratio  XT  reached  the  maximum 
values  H™w/L  and  X™**  for  finite  (but  not  the  same!)  amounts  of  crack  growth.  The  dependence 
of  ( X?K  )-1  on  0)  is  given  by  the  inner  curve  of  Figure  4.  "Lock-up"  of  transient  cracks  occurs  for 


6)  -  20.2  [4). 

COMBINED  PSZ  AND  DUCTILE-PARTICLE  REINFORCEMENT' 

Wc  now  study  semi-infinite  crack  growth  in  the  combined  material  by  using  the  supercritical 
transformation  model  together  with  the  very-ductile  bridging-particle  model.  The  component 
transformation  toughening  ratios  X!j!*x  and  X*T* ,  and  the  modified  particulate  toughness  ratio  A” 
an*  considered  to  be  prescribed  tnaterial  parameters.  We  begin  with  a  review  of  steady-state  crack 
growth  before  studying  the  transient  toughening  of  a  growing  precut  crack. 


STEADY-STATE  CRACK  GROWTH 

Steady-state  crack  growth  in  the  combined  material  is  shown  in  Figure  7.  The  effects  of  the 
"applied'1  K,  the  bridging  segment,  and  the  transformation  keep  cm  at  oj,  along  the  exterior  of  the 
leading  edge  of  the  transformed  region,  while  maintaining  at  the  critical  value  K^V  1  -  c  and 

keeping  the  COD  at  the  end  of  the  strip  /,  fixed  at  2vf.  The  "natural”  coupling  parameter 

cS(I  +  v) 


emerged  from  the  analysis  [3].  The  steady-state  modified  toughness  ratio  As\  given  by  the  form 
of  (1),  was  found  for  various  prescribed  values  of  the  toughness  ratios  X”,  A^*  ,  and  the 
parameter  p.  In  the  limits  p  ■  (0,»»),  the  formulas 

A,,  =  X‘T,Ap,‘  p->~  (8) 


1/2 

a,,=[(x”)2  +  (a;,)2-i]  p-40 


were  found  to  apply.  An  alternative  coupling  parameter  was  given  by 

HT(l-c) 

"■“T" 


where  HT  and  Ip  are  the  transformed  wake  height  and  bridge  length  of  the  uncoupled  systems. 
Large  values  of  T|  correspond  to  large  values  of  p  so  that  the  formulas  (8)  and  (9)  continue  to  apply 
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for  the  limits  Tj  *  (0,*»).  Values  as  small  as  ti  « .1  gave  toughness  ratios  almost  as  high  as  those 
of  (8). 

TRANSIENT  CRACKS 

The  stationary  precut  crack  at  the- instant  of  crack^growth  initiation  is  shown  in  Figure  8. 
The  crack  front  is  blocked  by  nondeformed  particles  while  surrounded  by  a  transformed  region. 
Since  panicles  ahead  of  the  tip  offer  no  resistance,  crack  growth  initiation  depends  only  on  the 
applied  K  and  the  transformation,  whose  combined  effects  maintain  am  at  along  the  exterior 
of  the  transformed  region  while  holding  at  the  critical  value  K^Vl  -c  .  As  discussed  in  (9), 
the  transformed  region  does  not  affect  the  near-tip  stress  intensity  factor  of  a  stationary  crack,  so 
that  crack  growth  initiation  occurs  when  «•  K  « f^Vl  -c  .  The  shapes  of  the  surrounding 
boundaries  are  found  by  rescaling  the  results  of  [4]  with  the  modified  length  L(l-c),  as  has  been 
done  in  Figure  9  for  various  values  of  the  transformation-strength  parameter  w  ( X.”  or  A™*  via 
Figure  4). 

The  upper  half  of  a  crack  that  has  grown  by  the  amount  Aa  is  shown  in  Figure  10.  The 
growth  process  is  divided  into  two  distinct  phases.  During  the  initial  stage  of  growth,  all  the 
bridging  panicles  left  behind  by  the  advancing  tip  remain  intact  so  that  the  length  of  the  strip  /  is 
given  by  At  '  out  this  r/hase,  the  incremental  change  in  length  of  the  strip  /  equals  the 
incremental cr  ;  .  Aa.  When  Aa  reaches  the  special  value  /c,  the  critical  COD  2vr  is 

achieved  at  the  ’ .  the  strip  and  particle  rupture  commences.  Throughout  the  remainder  of 
growth  /  varies  continuously  as  the  COD  condition  is  enforced.  However,  in  order  to  prevent  the 
rehealing  of  ruptured  particles,  the  restriction  /  SAi  applies. 

The  boundary  of  the  transformed  region  surrounding  the  growing  crack  is  modeled  by  three 
pieces;  the  active,  passive  and  residual,  see  Figure  10.  The  active  piece,  MN,  is  the  leading  edge 
of  the  transformed  boundary  along  which  material  has  just  transformed  according  to  the 

o£,  criterion.  The  residual  piece,  OP,  is  that  portion  of  the  boundary  surrounding  the  stationary 
crack  that  is  left  behind  with  the  first  increment  of  crack  growth.  The  passive  segment  is  a  growth 
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dependent  piece  connecting  0,  the  end  of  the  residual  segment,  with  N,  the  end  of  the  current 
active  piece.  For  st  crack  that  advances  by  a  series  of  small  finite  increments  6a,  the  passive 
segment  is  sequentially  extended  with  a  series  of  straight-line  segments  while  always  providing  a 
smooth  connection  to  the  current  active  piece.  Thus  as  the  crack  advances,  a  straight-line 
approximation  to  die  actual  passive  segment  is  constructed.  Points  on  the  cuiTcm  active  segment 

arc  given  in  terms  of  translating  crack-tip  coordinates  by  die  complex  variable  z  *  x+iy  where 

z(0)  =  R(8)[cos(0)+  isin  (0)]  O<|0|<a  (11) 

The  unknown  angle  a  marks  the  end  of  the  current  active  segment. 

Calculations  of  the  overall  transient  toughness  ratio  A  along  with  the  nondimcnsional  active 
boundary  radius  R(8)/L(l-c)  and  bridge  length  // L(l-c)  for  each  of  a  series  of  growth  increments 
5a  is  detailed  in  Appendix  A  for  prescribed  values  of  to,  A^‘ ,  and  p.  Typical  R-curves,  plots  of  A 
versus  the  nondimensional  crack  advance  Aa/L(l-c)  are  shown  in  Figure  1 1  for  the  values  to  »  10 
(X™1*  =  1.8),  Ap1  *  2,  and  a  variety  of  p.  The  reason  for  the  peak  in  the  toughness  ratio  is 
explained  below.  The  dependence  of  some  corresponding  normalized  bridge  lengths  lfU.bc)  on 
Aa/L(l-c)  are  shown  in  Figure  12.  The  critical  values  /,/L(l-c)  occur  when  the  curves  depart  from 
the  line  //L(l-c) «  Aa/L(l-c). 

Throughout  crack  growth,  the  "applied"  K  must  overcome  the  combined  resistances  of  the 
transformation  and  bridging  panicle  mechanisms.  As  was  previously  discussed,  the 
transformation  contribution  reaches  a  peak  value  for  finite  amounts  of  crack  advance  depending  on 
the  transformation-strength  parameter  (0.  The  particulate  contribution  increases  steadily  during 
initial  growth  as  the  bridging  strip  continually  extends  and  then  levels  off  near  its  "full"  value  as  the 
length  of  the  strip  does  not  vary  much  once  rupture  commences,  see  Figure  12.  The  particulate 
toughness  ratio  due  to  the  inherent  tip  resistance  plus  that  provided  by  a  strip  of  instantaneous 
length  /  is  found  by  introducing  (4),  (5)  and  (7)  into  (3)  to  give 

Av  =  1  +  JkJ  L(l-c)  (12) 
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The  interaction  of  the  bridging  strip  and  the  transformed  wake  regions  during  crack  growth 
determines  the  peak  in  the  transient  toughness  ratios  of  Figure  11.  If  the  paniculate  component, 
given  by  (12),  comes  close  to  its  "full"  value  a£*  prior  to  the  peak  in  the  transformation  effect,  the 
mechanisms  reinforce  each  other  to  provide  a  maximum  transient-toughness  ratio  Amw  that  can 
substantially  exceed  the  corresponding  steady-state  value  A**.  On  the  other  hand,  if  the 
paniculate  component  approaches  its  "full"  value  well  after  the  transformation  peak  has  occurred, 
appreciable  interaction  takes  place  only  when  each  mechanism  has  come  close  to  its  steady-state 
level  so  that  Amw  just  slightly  exceeds  A“ .  We  now  consider  transient  toughening  behavior  for 
the  limiting  values  p  *  (0,**). 

For  "weak"  panicles  (i.e.  p  -  0),  the  paniculate  contribution  only  becomes  imponant  after 
the  crack  has  grown  much  further  than  the  peak  in  the  transformation  contribution.  Thus,  for  p*0, 
the  transient  toughness  ratio  is  determined  by  just  the  applied  K  and  the  transformation,  so  that  the 
rescaled  growing  crack  results  of  [4]  apply.  Only  in  the  limit  of  steady-state  crack  growth  do  the 
particulate  and  transformation  component  interact  to  provide  the  overall  toughness  ratio  A** .  For 
"extremely  strong"  particles  (i.e.  p  the  particulate  effect  reaches  its  "full"  value  just  after  the 
onset  of  growth  and  prior  to  the  peak  tranformation  contribution.  In  the  limit  p  *  •»,  the  particulate 
contribution  reaches  its  maximum  value  at  the  instant  of  crack  growth  initiation  and  acts  to 
reinforce  the  transformation  effects  throughout  growth.  The  special  analysis  for  crack  growth 
initiation  and  transient  cracks  in  the  limit  p  -»  ••,  ^ / //L(l  -  c)  -4  0  is  detailed  in  Appendix  B. 

Finally,  we  present  Figures  13-15,  plots  of  the  maximum  overall  toughness  AmM  versus  the 
maximum  transformation  component  X™**  for  various  values  of  p  and  A“  *  2,  3,  and  4.  In  the 
limits  p  *  (0,-»),  the  maximum  overall  toughness  Am“  is  given  by  the  approximate  and  exact 
formulas 


.  mix  »  mu.  it 

A  -XT  A,,  p->~ 

(13) 

=  [(X‘T,)2  +  (A”)2-lf2  p-»0 

(14) 

Some  corresponding  values  of  the  alternative  paramter  T|  have  been  included  in  Figures  13  -  15. 
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Small  values  of  TJ  are  sufficient  to  provide  a  substantial  transient  synergism.  It  is  noteworthy  that 
slight  changes  in  t\  can  greatly  influence  the  maximum  toughness  ratio. 

DISCUSSION 

The  transient  toughness  ratios  of  ceramics  reinforced  with  PSZ  and  ductile  crack-bridging 
particles  reach  maximum  values  for  finite  amounts  of  crack  growth.  However,  for  the  maximum 
toughness  ratio  to  substantially  exceed  the  corresponding  steady-state  value,  the  component 
toughening  phenomena  must  occur  on  approximately  the  same  size  scale.  Based  on  realistic 
estimates  of  the  transformation-strength  parameter  tu  S  15,  we  conclude  that  for  synergistic 
interactions  transient  cracks  can  experience  a  maximum  toughness  of  up  to  30%  above  the  steady- 
state  value. 
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APPENDIX  A 


TRANSIENT  CRACKS 

The  equations  governing  the  growing  crack  are  formulated  by  enforcing  the  o|j,  criterion 
along  with  Ktip*  KmV  1  -  c  and  when  necessary  the  critical  COD  condition  2vf.  Small-scale 
plane-strain  conditions  are  assumed  throughout  the  analysis.  The  effects  of  the  applied  K,  the 
transformation,  and  the  bridging  zone  are  given  respectively  by  the  complex  potentials 

Mz>=kV?F  <ao 


MZ>  =  -  +  V^)d>'o 


(A2) 


4>p  (*)  =  ~ 


cSVTz 

Jt 


+  •§•(*+  /)!  og 


(A3) 


where  all  coordinates  are  measured  from  the  current  crack-tip  and  the  branch  cuts  lie  along  the 
crack.  The  integral  of  (A2)  is  carried  out  in  the  counter-clockwise  direction  over  the  points  zq  on 
the  boundary  of  the  transformed  region. 

The  mean  stress  exterior  to  the  transformed  region,  the  upper  crack-face  opening  at  the  end 
of  the  bridging  segment,  and  K^,  are  given  by  the  relations 


=  ‘ 


4(1  +  v) 


(A4) 


v+(-  /)  = 


2(1 -v2) 
iE 


[♦<-/>]! 


(A5) 


K,  =  lim 

*  x-*o  L  ax  J 


(A6) 
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where  $  =  ^  ,  the  backets  indicate  the  jump  in  $  accross  the  crack  faces,  and  Re 

denotes  the  real  pan  of  a  complex  quantity.  After  substituting  the  combination  of  (A1MA3)  into 
(A4)-(A6),  we  obtian 


where  Im  denotes  the  imaginary  part  of  a  complex  quantity.  The  governing  equations  arc 
formulated  by  allowing  z  to  approach  z(0)  given  by  02)  while  setting  am  =o„  ,  Ktip= 
KmVl  -c  .  and  v+(-/)  *  vf.  With  the  introduction  of  the  parameters  (4)  and  (7),  along  with  the 
toughness  ratio  A  given  by  the  form  of  (1)  and  the  nondimensional  coordinates  Z=z/L(l-c), 


i-U L(l-c),  we  derive 


1  =  ARe 


+  Im  log 


1  -  iV//Z(6) 
l  +  lJ/IZtf) 


(All) 


w,  =  AV7-|f 


(1) 

18k 


f. 


Im  log 


( 1  +  X-yJ  //Z(0) 


dY(0) 


and 


where 


wf  = 


6L(l-c)(l-v)o' 


(A  12) 


(A  13) 


and 


dY(0)  = 


d  |~R(0)sin(0)' 
d0[  L(l-c) 


(A  14) 


For  a  <  i0l  <  K ,  the  boundary  radius  vector  R(0)  describes  the  passive  and  residual  segments 
with  respect  to  the  current  crack-tip  position.  For  specified  levels  of  the  paniculate  toughness 
ratio,  the  combination  of  (2),  (5),  (7)  and  (A  13)  provides  the  additional  relation 

si  2  8pwf 

'A1» 

that  is  used  to  fix  the  left  side  of  (All).  The  tangency  condition  between  current  active  piece  and 

the  passive-segment  extension  is  given  by 

dY(a)|  dY  I 

dX  “  dX  (A  16) 

ACTIVE  EXTENSION 

The  solution  of  (A10)  -  (A12)  for  R(0)/L(l-c),  /,  A  and  a  given  specified  values  ofA^‘ ,  co 
and  p  is  described  for  the  general  crack  increment  5a  when  Aa  >  /c.  The  active  boundary  segment 
was  expanded  in  the  series 

L^y  =  X*"  T2n<0/a>  0 <  |0|  <  a  (A  17) 

n=0 


where  the  Ts  are  the  Chebyshev  polynomials  of  the  first  kind.  The  substitution  of  (A  17)  into 
(A10)  -  (A12)  and  (A16)  resulted  in  a  nonlinear  integral  equation  and  three  constraints  in  the  N+4 
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unknowns  (to.—,  *h»  A,  A  A  system  of  N+4  equations  was  generated  by  collocating  (A  10) 
at  the  N+l  points  0j  * jot/N  0’  *  0,...,  N)  and  asserting  (All),  (A12),  and  (A16).  Solution  was 
accomplished  by  a  Newton-Raphson  iterative  technique  with  convergence  specified  by  a  relative 
change  ofless  than  0.1%  in  each  of  the  unknowns  between  iterations.  All  integrals  were  evaluated 
by  Gauss  quadrature. 

The  initial  stage  of  growth  was  handled  by  setting  /=Aa/L(l-c)  and  relaxing  the  constraint 
(All).  When  the  right  side  of  (Al  1)  reached  the  critical  value  wf,  /  was  allowed  to  vary  and 
(All)  was  turned  on  for  subsequent  growth  increments.  The  restriction  /  £ 5a/L(l  - c)  was 
enforced  to  prevent  ruptured  panicles  from  rehealing. 

For  the  very  first  growth  increment,  the  passive-residual  juncture  was  located  by  augmenting 
the  above  system  with  the  unknown  angle  p  marking  the  end  of  the  residual  segment  and  the 
tangency  constraint 


dY(p) 

dX 


RESIDUAL 


_  dY 
=  dX 


EXTENSION 


(A  18) 


Typically  initial  growth  increments  needed  to  be  small  but  could  be  increased  in  size  as  growth 
proceeded.  As  a  check  on  the  accuracy,  the  calculations  of  select  runs  were  repeated  with  the 
increment  sizes  halved.  Only  slight  changes  in  results  were  observed. 
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APPENDIX  B 


EXTREMELY  STRONG  PARTia.ES 


Wc  consider  crack  growth  in  the  limit  of  "extremely  strong"  panicles.  In  order  to  maintain  a 
prescribed  value  of  A*p‘ ,  we  let  p  V7*  =  //L(l  -  c)  -»  0  in  such  a  way  that  the  product 

p  V7  remains  bounded.  We  derive  the  equations  for  the  growing  crack  and  then  specialize  the 
results  to  handle  crack  growth  initiation.  A  portion  of  the  boundary  surrounding  the  stationary 
crack  then  serves  as  the  residual  segment  for  the  transient  crack. 

The  governing  equations  are  derived  by  adapting  (A10)-(A12).  We  proceed  by  noting  that  in 
the  limit  V7  -4  0,  the  asymptotic  form 

applies.  After  introducing  (Bl)  into  (A10)*(A12),  the  governing  equations  become 

lel  s  °  <BJ’ 


Im  log 


'  1  -  iV //Z(9)  N, 
,l  +  iV//Z(8)  ) 


where  (A  16)  has  been  used  to  fix  the  left  side  of  (B3)  and  dY(6)  is  given  by  (A  14).  By 
eliminating  the  transformation  contributions  of  (B3)  and  (B4),  we  derive  the  quadratic  equation 

(p-y/7)2  +  -y-pV7  -  -^-((Ap  )2 -  l)  =  0  (B5) 

for  the  product  pV7 .  The  positive  root  of  (B5)  yields  the  relation 
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(B6) 


pV/ 

which  remains  constant  for  the  stationary  and  growing  crack.  The  introduction  of  (B6)  into 
(B5)  and  the  elimination  of  (B4)  reduces  the  governing  equations  to  (B3)  and 

A=A*;  +  ^jRe-7l^<nr(e)  on) 

For  the  stationary  crack,  (B7)  was  further  simplified  by  noting  that  the  integral  is  identically 
zero  so  that  crack  growth  is  initiated  when  A  =  A” .  The  surrounding  boundary  given  by 

z(0)»R(0)[cos(0)H  isin(0))  O<l0l<Jt 

was  found  by  setting  A  »  A”  in  (B2)  and  expanding  R(0)/L(l>c)  in  the  series 

R(0) 

l^j  =  2r‘nC0S(ne>  <B9> 

'  n*0 

After  substituting  (B9)  into  (B2)  and  fixing  A^‘  and  w,  a  system  of  N+l  equations  in  the  N+l 
unknowns  aN)  was  generated  by  collocating  (B2)  at  the  points  0j  *  jtr/N  (j  *  0,...,  N). 
The  Newton-Raphson  procedure  detailed  in  Appendix  A  was  used  to  solve  for  the  unknown 
coefficients.  Typically,  ten  terms  were  sufficient  to  obtain  a  solution. 

The  solution  of  (B2)  and  (B7)  for  the  growing  crack  paralleled  the  method  of  Appendix  A. 
Equation  (A17)  was  used  to  describe  the  active  boundary  segment  and  was  substituted  into  (A  16), 
(B2)  and  (B7)  to  yield  a  nonlinear  integral  equation  and  two  constraints  in  the  N+3  unknowns 
(ag,...,  ajsi,  oc,  A).  A  system  of  N+3  equations  was  then  generated  by  collocating  (B2)  at  the 
points  0j  *  jot/N  (j  »  0,...,  N)  and  asserting  (B7),  and  (A  16).  The  Newton-Raphson  procedure 
previously  described  was  then  to  obtain  a  solution.  The  initial  increment  was  handled  by 
augmenting  the  system  with  the  unknown  f)  and  equation  (A18). 
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Fig  2  Bridging  particle  traction  ve 


Fig  3  Steady-state  crack  growth  in 


Fig.  3  Steady-state  crack  growth  in  the  PSZ  reinforced  maierial 


Fig  5  Fractional  toughness  increase  versus  the  parameter  given  by  the  right  side  of  (6). 
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Fig  8  Stationary  precut  crack  in  the  combined  material. 


Fig  9  Normalized  transformed  regions  just  before  crack  growth  initiation 
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Fig.  12  Bridge  length 
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Maximum 
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Fig.  14  Maximum  overall 
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Abstract 

A  first  order  perturbation  analysis  is  presented  for  the  configuration  of  an  initially 
straight  crack  front  which  is  trapped  against  forward  advance  by  contact  with  an  array 
of  obstacles  (i.e.,  regions  of  higher  fracture  toughness  than  their  surroundings).  The 
problem  is  important  to  the  micromechanics  of  crack  advance  in  brittle,  locally  hetero¬ 
geneous  solids.  The  formulation  is  based  on  a  linear  perturbation  result  for  the  stress 
intensity  factor  distribution  along  the  front  of  a  half-plane  crack  when  the  location  of 
that  front  differs  moderately  from  a  straight  line.  The  trapping  solutions  for  a  periodic 
array  of  blocking  rectangular  obstacles  are  given  using  an  analogy  to  the  plane  stress 
Dugdalo/BCS  clastic-plastic  crack  model.  The  effects  of  the  shape  of  the  blocking  ob- 
stacles  on  the  limit  load  at  which  the  crack  breaks  through  the  obstacles  are  discussed 
within  the  range  of  validity  of  the  linear  perturbation  theory.  We  also  formulate  a  nu¬ 
merical  procedure  using  the  FFT  technique  and  adopting  a  “visco-plastic"  crack  growth 
model  which,  in  an  appropriate  limit,  simulates  crack  growth  at  a  critical  stress  intensity 
factor.  This  is  applied  to  show  how  a  crack  front  begins  to  surround  and  penetrate  into 
various  arrays  of  round  obstacles  (with  a  toughness  ratio  of  2)  as  the  applied  load  is 
gradually  increased.  The  limitations  of  the  first  order  analysis  restrict  its  validity  to 
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obstacles  only  slightly  tougher  than  the  surrounding  elastic  medium.  Recently  Fares 
(1988)  analyzed  the  crack  trapping  problem  by  a  Boundary  Element  Method  (DEM) 
with  results  indicating  that  the  first  order  linear  analysis  is  acceptable  when  the  fracture 
toughness  of  the  obstacles  differs  by  a  moderate  amount  from  that  of  their  surroundings 
(e.g.,  the  toughness  ratio  can  be  as  large  as  2  for  circular  obstacles  spaced  by  2  diame¬ 
ters).  However,  the  first  order  theory  is  not  only  quantitatively  inaccurate,  but  can  make 
qualitatively  wrong  predictions  when  applied  to  very  tough  obstacles. 


Introduction 


The  micromechanics  of  crack  advance  through  brittle,  locally  heterogeneous  mate* 
rials  is  of  fundamental  interest.  Generally  speaking,  the  problems  involved  are  of  three 
dimensional  (3D)  character  and  often  lack  a  theoretical  treatment  due  to  mathematical 
difficulties.  Solution  procedures  based  on  finite  clement  and  boundary  element  analyses 
can  be  devised  (see  Fares,  19SS)  arid  they  involve  rather  heavy  numerical  computations. 
This  paper  gives  a  simplified  analysis,  of  limited  validity,  based  on  linear  perturbation 
theory  for  the  configuration  of  an  initially  straight  crack  front  which  is  trapped  against 
forward  advance  by  contact  with  arrays  of  obstacles.  The  obstacles  axe  modeled  as 
having  the  same  clastic  properties  as  the  rest  of  the  elastic  medium,  but  with  slightly 
higher  fracture  toughness,  so  that  the  material  considered  here  is  treated  as  elastically 
homogeneous.  We  assume  that  the  crack  grows  whenever  the  local  stress  intensity  factor 
reaches  the  local  fracture  toughness  at  some  point  along  the  crack  front.  As  the  applied 
load  increases,  the  crack  front  penetrates  between  and  partially  into  the  blocking  obsta¬ 
cles  and  reaches  new  equilibrium  stales  in  which  the  intensity  factor  equals  the  fracture 
toughness  value  along  the  penetrating  portions  of  the  crack  front.  The  distribution  of 
stress  intensity  factors  is  calculated  based  on  the  linear  perturbation  result,  developed 
earlier  in  Rice  (1965a,  1963),  for  a  half-plane  tensile  crack  with  a  sb'ghtly  curved  front. 
The  half-plane  crack  result  models  finite  sized  cracks  assuming  the  lengths  of  the  cracks 
are  large  compared  to  other  parameters  such  as  obstacle  spacing  along  the  crack  front. 

The  trapping  solutions  for  a  periodic  array  of  rectangular  blocking  obstacles  arc 
obtained  using  an  analogy,  following  Rice  (1988),  to  the  two  dimensional  (2D)  plane 
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stress  Dugdale/BCS  (for  Bilby-Coltrell-Swinden)  type  of  elastic-plastic  crack  model. 
The  effects  of  the  shape  and  size  of  the  blocking  obstacles  on  the  limit  load  at  which  the 
crack  breaks  through  the  obstacles  are  discussed  within  the  range  of  validity  of  the  linear 
perturbation  theory,  although  those  concepts  can  be  extended  to  a  broader  context. 

The  limitations  of  the  linear  perturbation  theory  are  emphasized  here,  in  that  it  is 
accurate  only  to  the  first  order  in  crack  front  perturbations.  This  restricts  the  validity 
of  the  present  first  order  analysis  to  obstacles  only  slightly  tougher  than  their  elastic 
surroundings,  i.e.  the  fracture  toughness  ratio  (of  the  obstacles  to  surroundings)  must 
be  near  unity.  It  will  be  discussed  in  the  text  that  when  applied  to  very  tough  obstacles, 
the  first  order  theory  is  not  only  quantitatively  inaccurate,  but  can  also  be  qualitatively 
wrong.  Fares  (1988)  recently  performed  a  BEM  (Boundary  Element  Method)  analysis 
on  crack  trapping  configurations,  based  on  a  fundamental  solution  developed  by  Rice 
(1985b),  for  a  prismatic  opening  dislocation  source  ahead  of  a  half-plane  crack  with  a 
straight  front.  By  comparing  the  BEM  results  with  those  obtained  by  the  first  order 
theory,  Fares  showed  that,  for  simple  c*ine  wave  form  perturbations  of  the  crack  front, 
the  first  order  theory  gives  quantitatively  acceptable  results  for  the  stress  intensity 
factor  distribution  (within  1%  error)  when  the  wave  amplitude  is  within  roughly  0.1 
times  the  wavelength.  For  the  case  of  periodically  emplaced  circular  obstacles  spaced 
by  2  diameters  (figure  7a),  which  is  analyzed  both  by  Fares  (1988)  and  the  present 
authors,  the  first  order  theory  can  be  applied  to  obstacles  that  are  up  to  approximately 
twice  as  tough  as  the  surrounding  material. 

Based  on  the  linear  perturbation  theory,  we  formulate  a  numerical  procedure  for 
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crick  penetration  of  a  periodic  array  of  blocking  obstacles  by  using  the  Fast  Fourier 
Transform  (FFT)  technique  and  adopting  a  “visco- plastic"  crack  growth  model.  In  that 
model,  once  the  stress  intensity  factor  exceeds  the  local  fracture  toughness,  the  rate 
of  the  crack  growth  is  linearly  increased  with  the  difference  between  them  at  the  same 
location  along  the  crack  front.  The  crack  then  continues  to  grow  until  the  new  equilib¬ 
rium  state  is  reached.  By  controlling  the  rate  term  in  such  a  visco-plastic  formulation, 
the  procedure  may  be  made  to  simulate  crack  growth  with  the  intensity  factor  equal, 
effectively,  to  the  local  fracture  toughness.  We  give  several  examples  of  applications  of 
the  numerical  model  to  show  how  a  crack  begins  to  surround  and  penetrate  into  arrays 
of  round  obstacles  as  the  applied  load  is  gradually  increased. 

Formulation  of  Crack  Trapping  and  Penetration 


Following  Rice  (1988)  in  formulating  the  crack  trapping  problem,  we  consider  a 
half-plane  crack  in  a  linear,  isotropic  elastic  solid.  Assume  that  the  crack  lie*  on  the 
plane  y  =  0  with  a  straight  tip  along  z  =  a0  parallel  to  the  z  axis  (fig.  la),  and  is 
subjected  to  fixed  applied  tensile  loadings  which  induce  mode  1  tensile  stress  intensity 
factor 

K  =  A'°(z;ao)  (1) 


,iong  the  crack  front.  The  following  linear  perturbation  result  was  developed  by  Rice 
(1985a)  to  calculate  the  distribution  of  stress  intensity  factor  A'  along  a  slightly  per¬ 
turbed  crack  front,  along  the  arc  z  =  a(x)  in  the  plane  y  =  0  (figure  lb) 


A'(x)  =  /i’°(z;a(z))  +  (\/2x)PV  f 


+°°  *V;o(z)lo(r')-a(z))  , 

(z'-x)’ 


(2) 
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lo  (he  first  order  accuracy  in  the  deviation  of  o(z')  from  constancy;  P V  denotes  principal 
value.  In  writing  the  above  equation  for  any  chosen  x ,  we  have  chosen  a  reference  straight 
crack  with  tip  along  z  =  a(i). 

We  will  use  the  above  half-plane  crack  results  to  model  the  trapping  problems  of  a 
finite  sized  crack,  qq  now  being  the  crack  length  in  the  z  dimension  (e.g.,  half  of  the 
length  of  a  tunnel  crack).  We  assume  that  the  real  intensity  factor  distribution  along  the 
reference  straight  crack  front  varies  negligibly  with  x  and  also  that  the  representative 
perturbation  wavelength  of  the  actual  crack  front  is  much  smaller  than  the  overall  crack 
length.  Thus  the  above  half-plane  crack  result  can  be  used  with  A'°  regarded  as  uniform 
along  the  crack  front  and  independent  of  the  crack  length  over  the  small  perturbations 
to  be  considered.  Note  that  the  representative  wavelength  of  the  perturbation  of  the 
crack  front  must  be  consistent  with  that  of  the  variation  of  the  non-uniform  fracture 
toughness  along  the  crack  front.  Using  an  integration  by  part  in  eq.  (2),  one  can  show 


that 


(3) 


Let  A*e  and  Ac  denote  the  fracture  toughness,  or  the  critical  A’’s,  for  the  obstacle- 
free  material  and  the  obstacles  respectively.  Now  imagine  a  crack  front  that  is  trapped 
by  obstacles  of  some  given  distribution.  The  crack  penetrates  between  and  partially  into 
the  obstacles  so  that  we  may  assume  that  K  =  Ke  on  the  portions  of  the  front  between 
the  obstacles  and  K  =  A'e  on  the  portions  where  the  obstacles  are  being  partially 
penetrated.  However,  the  pc  etration  depth  o(z)  is  unknown  in  those  penetrated  zones. 
Yet  a[x)  is  known  but  K(x)  is  unknown  where  the  crack  front  just  contacts  the  obstacles. 
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One  then  needs  to  solve  the  singular  integral  equation  (3)  for  0(2)  and  K(z)  with  the 
values  of  either  0(2)  or  A'(r)  given  along  complementary  portions  of  the  2  axis.  The 
special  solution  to  eq.  (3)  with  A'(r)  =  A'0  =  A'e  and  0(2)  =  00  =  conjf,  corresponds 
to  the  initial  slate  when  crack  penetration  is  imminent. 

Clearly,  cq.  (3)  is  strictly  valid  only  if  |da(2)/d2|  <  1  over  the  whole  crack  front 
(-00  <  a  <  00).  This  is  equivalent  to  (A'(2)  -  K°)/K°  <  1.  Crack  penetration 
into  the  obstacles  starts  when  the  applied  A'0  is  increased  from  h‘e.  Hence  during 
a  penetration  process  one  always  have  [A'(r)  -  A'0)/ A'0  <  (A'c  -  A'e}/A'e  so  that  the 
condition  |da(2)/d2|  <  1  can  be  guaranteed  by  having  [A’c  -  A'e)/A'c  <  1.  In  practical 
terms,  it  appears  that  our  results  are  still  approximately  valid  when  (A*e  -  A*c]/A*e  is 
near  unity. 

Analogy  to  Elastic-Plastic  Plane  Stress  Crack  Model 

Let  us  consider  the  two  dimensional  plane  stress  problem  in  the  y,2  plane,  with 
an  array  of  cracks  along  the  2  axis  on  y  =  0  which  can  be  represented  by  a  continuous 
distribution  of  prismatic  opening  (edge)  dislocations.  A  remotely  applied  uniform  stress 
avv  =  cr°  generates  an  opening  gap  6  =  6(2)  (i.e.,  net  y  direction  displacement)  between 
y  =  0+  and  y  =  0".  The  stress  <ryy  along  the  2  axis,  denoted  by  <7(2),  is  the  sum  of  a0 
and  the  effect  of  a  continuous  distribution  of  edge  dislocations  representing  the  opening 
gap  between  the  crack  faces.  Hence  we  write  the  following, 

=  _L  PV  r  d6{Z,)ldZ'  dz'  (4) 

E  2x  oo  z‘  -  r 
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Equation  (4)  may  be  rearranged  to  coincide  exactly  with  (3)  provided  that  one  makes 

the  identifications  (Rice,  1988) 

2  [*(.-) -*«]/£  -  (A*(x)  -  K°)/K°\ 


(5) 


S(z)  -  a(z) 

Thus  the  3D  linearized  perturbation  problem  of  a  crack  trapped  by,  penetrating  between 
and  partially  into,  an  array  of  blocking  obstacles  has  the  following  2D  plane  stress 
analog:  The  z  axis  is  divided  into  the  following  two  parts,  L,„p  and  L^n,  analogous 
to  the  contact  and  penetration  regions  along  the  crack  front  (see  fig.  2b).  Along  Llrap 
the  plane-stress  opening  gap  is  prescribed,  i.e.,  as  a  given  distribution  of  prismatic 
opening  dislocation  corresponding  to  i(r)  =  a(z).  Along  the  portions  of  L ^  between 
the  obstacles,  conditions  correspond  to  an  array  of  plane  stress  cracks  with  the  stress 
sustained  along  the  crack  faces  prescribed  as  cr(r)  =  o°  +  £(A'e-  A'°)/2A'°.  The  regions 
denoted  as  A  in  fig.  2b,  as  a  part  of  A^,  is  analogous  to  a  Dugdale/BCS  line  plastic 
zone  in  plane  stress,  along  which  a(z)  =  a0  +  £(A'C  -  A'°)/2A'°.  The  region  Lltap 
reduces,  and  A  increases,  with  increase  of  the  “applied"  stress  intensity  A'0,  as  the 
crack  front  gradually  penetrates  into  the  obstacles.  The  size  of  the  zones  R  must  be 
determined  as  part  of  the  solution  by  imposing  the  condition  that  A'(r)  be  finite  (equal 
to  Ke)  as  the  border  between  Ltr,p  and  R  is  approached  from  within  Ltrtp.  A  special 
case  when  A'e  —  oo,  corresponding  to  impenetrable  obstacles,  has  the  analogy  of  purely 
elastic  plane  stress  cracks  without  plastic  regions. 

The  plastic  flow  in  the  above  analogous  2D  plane  stress  problem,  of  an  array  of  cracks 
in  an  elastic-plastic  sheet,  is  confined  to  line  plastic  zones  along  the  z  axis.  Thus  a(z)  = 
&e  (>  <J°)  along  the  plastic  zones  A,  where  the  Dugdale/BCS  tensile  yield  strength  ac  is 
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identified  as  a°+£(A'e-A'0)/2A'0.  The  portions  of  complementary  to  A  correspond 
to  loaded  crack  faces  on  which  a(z)  =  ae  (<  a0)  (<re  =  <r°  +  E(KC  -  A'°)/2A'°). 

Hence  the  solutions  for  the  3D  problem  of  crack  trapping  by  obstacles  can  be  simply 
extracted  from  the  known  2D  Dugdalc/BCS  plane  stress  crack  model  solutions,  or  from 
new  solutions  that  can  be  generated  by  solving  the  integral  equation  or,  perhaps,  by 
solving  an  alternative  numerical  model  of  the  2D  plane  stress  problem. 

Gradual  Penetration  of  a  Periodic  Array  of  Obstacles 


Figure  2  shows  a  periodic  array  of  obstacles  with  center-to-center  spacing  of  2L 
and  a  gap  2H  between  them.  The  obstacles  have  flat  edges,  parallel  to  the  z  axis,  and 
are  aligned  so  that  the  crack  front  encounters  them  simultaneously.  Thus  they  could 
represent  aligned  rectangular  shaped  obstacles  of  sufficiently  large  (see  below)  extent  d 
in  the  x  direction.  As  remarked,  the  trapping  solution  may  be  developed  directly  from 
the  analogy  to  the  2D  solution  of  plane  stress  Dugdale/BCS  model.  The  Dugdale/BCS 
model  for  a  periodic  crack  array  has  been  solved  by  Bilby  and  Swinden  (1965)  and 
Smith  (1966).  In  particular,  the  parameters  R  and  a,*;,,,  characterizing  spread  of  the 
crack  into  the  obstacles  as  defined  in  fig.  2b,  are  given  by: 

R  =  H  { (1/e)  arcsin[  sine/ sin n  ]-  1  } 


2 II wsino  fr /J _ cosd _ . 

jr  t  Jit  (1  -  sin2  a  sin2  ^)‘/3 


s\n(<l>  +  n) 
sin(^-p) 


d<j> 


(6) 
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where 


/i  =  »(A'C  -  A'°)/2(A'C  -  Kc),  u  =  (Ke-  Kt)/K°, 

(  =  xilf2L,  q  =  *(//  +  A)/2L  (7) 

The  above  results  arc  meaningful  for  the  range 

A”e<  K°<Kc  +  f{fCe-Ke)  (8) 

where  /  =  (L  -  //)/ A  is  the  line  fraction  of  contact  zones.  The  crack  front  is  predicted, 
within  the  linear  perturbation  formulation,  to  completely  penetrate  the  obstacles  (i.e.. 
Li,,,  shrinks  to  zero  in  fig.  2b)  at  the  upper  limit.  Of  course,  the  linear  perturbation 
procedures  themselves  are  rigorously  valid  only  for  A'°  slightly  greater  than  the  lower 
limit  Kc.  Note  that  n  -  x/2  corresponds  to  the  lower  limit  and  fi  -  c  to  the  upper 
limit. 

The  upper  limit  in  (8)  gives  the  limit'  load  at  which  the  crack  front  just  breaks 
through  the  array  of  obstacles, 

A‘°  =  A'c  +  /(A'c  -  A'c)  (9) 

This  predicts  the  maximum  load  that  the  crack-obstacle  system  can  sustain  within  the 
range  of  validity  of  the  linear  perturbation  theory. 

However,  the  limit  load  K°  can  be  calculated  exactly  (Rice,  1988)  if  K(z)  is  known 
everywhere  along  the  crack  front  when  the  final  failure  of  the  crack-obstacle  system 
occurs.  This  would  be  true  if  there  is  no  instability  prior  to  final  breakthrough,  so  that 
the  local  K(z)  is  everywhere  equal  to  the  local  toughness.  Since  it  is  assumed  here  that 


8 


the  straight-crack-front  value  K°  of  eq.  (1)  can  be  regarded  as  constant,  it  it  necessary 
that 

(A'0)’  =  <  (A'(.*)]J  >  (10) 

be  satisfied  for  any  crack  front  configuration  o(r)  in  fig.  lb.  Here  the  brackets  denote  an 
average  along  the  entire  :  axis.  Equation  (10)  can  be  proved  by  considering  the  energy 
release  in  a  unit  translation  of  the  crack  front  in  the  x  direction  without  any  change 
of  the  crack  front  shape.  If  no  instabilities  occurs,  A'(x)  is  known  everywhere  at  final 
breakthrough,  i.e.,  A*(x)  =  A't  on  regions  between  the  obstacles  and  A‘(r)  =  A‘e  within 
the  obstacles.  Hence  eq.  (10)  gives  the  exact  value  of  the  limit  load  K°  as 

/‘*°  =  (A'e3  +  f(K‘l  -  A'e3)]1/J  (11) 

This  agrees  with  eq.  (9)  to  first  order  in  (A‘c  -  A'e)  and  a  table  comparing  the  results 
over  a  range  of  parameters  is  given  by  Rice  (1988). 

However,  a  given  crack-obstacle  system  can  also  fail  by  mechanisms  that  involve 
instabilities,  in  which  cases  eq.  (11)  does  not  apply.  The  BEM  analysis  of  Fares  (1988) 
showed  that  for  a  crack  trapped  by  sufficiently  tough  obstacles,  there  is  a  maximum 
local  A'(x)  =  ll'A'e  which  can  be  generated  at  the  crack  front  prior  to  final  instability. 
When  the  obstacle  toughness  A'e  is  more  than  M'A'C,  the  penetrating  crack  front  seg¬ 
ments  coalesce  with  one  another  and  the  crack  front  bypasses  the  still-intact  obstacles. 
This  mechanism  of  the  final  instability  is  completely  different  from  anything  explain¬ 
able  within  the  first  order  theory.  In  fact,  the  first  order  theory  predicts  that  failure 
always  occurs  by  having  the  crack  front  break  through  the  obstacles,  and  the  A’0  at 
breakthrough  increases  linearly  with  the  obstacle  toughness.  The  first  order  theory  also 


implies  that  in  lrbilnrHy  large  locil  K(x)  cin  be  developed  where  i  crick  it  blocked 
by  i  sufficiently  tough  irny  of  obitides.  Therefore,  the  first  order  theory  cin  be  even 
qualitatively,  it  well  is  quintititively,  wrong  when  ipplied  to  tough  obstacles. 

Hence  IV  is  defined  it  i  critical  parameter  which  sets  the  upper  limit  of  the  obstacle 
toughness  vilue  A‘e  =  IVA't  for  hiving  i  breakthrough  mechinism  as  predicted  by 
the  first  order  theory.  In  other  words  W  sets  the  boundary  between  the  breakthrough 
mechinism  in  which  case  the  first  order  theory  it  it  least  qualitatively  correct  and  the 
bypass  mechinism  (coalescence  of  penetrating  crack  front  segments  beyond  an  unbroken 
particle)  which  is  completely  beyond  the  scope  of  the  first  order  theory.  This  IV  can  only 
be  determined  through  more  accurate  formulations  such  as  the  BEM  analysis  of  Fares 
(1988).  It  can  be  justified  that  IV  depends  only  on  the  shape  and  size  of  the  blocking 
obstacles  and  it  increases  with  the  obstacle  size,  d ,  in  the  x-direction.  As  a  limiting  case. 
IV  approaches  infinity  when  d  —  oo,  corresponding  to  straight-edge  obstacles  with  semi¬ 
infinite  extant  in  the  x  direction.  The  toughness  ratio  Kc/Kc  should  be  significantly 
smaller  than  IV  to  get  a  quantitatively  acceptable  results  from  linear  analysis. 

Even  if  the  breakthrough  mechanism  is  guaranteed  by  having  Kt/I\e  <  IV,  there 
exists  another  type  of  instability  which  can  lead  to  final  breakthrough  before  the  state  of 
full  penetration  of  the  obstacle  is  attained.  In  these  cases  A'(x)  is  not  known  everywhere 
at  breakthrough  (unknown  along  the  unpenetrated  portion  of  the  obstacle).  In  the  next 
section  we  explore  the  critical  parameters  associated  with  this  mechanism  of  instability 
within  the  first  order  theory.  It  will  be  shown  that  for  rectangular  obstacles  as  shown 
in  figure  2,  a  critical  length  dL  can  be  defined  so  that  the  penetration  process  is  stable 


if  d  >  dL  and  unstable  if  d  <  d 

Therefore,  the  failure  processes  of  a  crack  trapped  by  blocking  obstacles  fall  into 
three  categories.  Taking  rectangular  obstacles  as  a  demonstration,  there  are  two  critical 
parameters  IV,  d**,  If  the  toughness  ratio  fic/Ke  >  IV,  the  crack  will  bypass  the  obstacles 
without  breaking  them  (category  1).  When  A'e/A'e  <  IV,  the  crack  will  break  the 
obstacles  by  penetration.  The  penetration  process  will  be  unstable  (category  2)  if  d  <  d 
and  stable  (category  3)  if  d  >  dL.  The  first  category  involves  the  instability  mechanism 
of  crack  bypassing  the  unbroken  obstacles,  which  is  completely  beyond  the  scope  of  the 
first  order  theory.  We  will  restrict  our  attention  to  the  latter  two  categories  (2  and  3) 
of  breakthrough  mechanism.  For  convenience,  we  will  refer  to  processes  in  the  second 
category  that  involve  instability  prior  to  full  penetration  of  obstacles  as  “irregular” 
processes  while  others  in  the  third  category  for  which  A'(z)  is  known  everywhere  at 
breakthrough  as  “regular"  processes. 

For  regular  processes  all  instabilities  can  be  excluded  so  that  the  obstacles  are  gradu¬ 
ally  penetrated  by  the  crack  until  final  breakthrough.  The  argument  leading  to  equation 
(11)  for  rectangular  obstacles  can  be  readily  extended  to  arbitrarily  shaped,  but  sym¬ 
metric  (about  the  x-direction),  blocking  obstacles  in  a  periodic  array.  Let  us  define 
/(* o)  as  the  line  fraction  of  the  obstacles  on  a  straight  line  located  at  x  =  xo  parallel  to 
the  original  crack  front.  (For  rectangular  obstacles  of  fig.  2,  the  line  fraction  /(x o)  is  a 
constant  which  takes  the  value  of  (L-  H)/L).  Equation  (11)  then  gives  the  exact  value 
of  the  limit  load  A'0,  provided  that  /  now  represents  the  maximum  line  fraction, i.e., 
/  =  max/(xo).  This  also  gives  an  upper  bound  for  the  limit  failure  load  in  case  of 
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instabilities.  For  general,  possibly  asymmetric,  Korkin g  obstacles,  the  limit  load  for 
regular  processes  can  still  be  calculated  from  (11),  but  the  line  fraction  /  now  depends 
on  the  crack  front  profile  at  final  breakthrough.  Again  considering  the  energy  release  in 
a  unit  rigid  translation  of  the  crack  front  in  the  x-direction  at  the  final  breakthrough, 
one  easily  concludes  that  /  =  S/2L  where  S  represents  the  projection  in  the  i-direction 
of  all  the  crack  front  segments  within  the  obstacles  in  one  period.  This  is  even  true  for 
multi-row  systems  of  periodic  arrays  of  obstacles  (see  later  examples),  in  which  case  the 
bowing-out  crack  front  will  encounter  obstacles  in  different  rows. 

Assuming  [A'e  -  A'c)/A’e  is  sufficiently  small,  both  regular  and  irregular  crack  pen¬ 
etration  processes  can  be  studied  by  first  order  perturbation  theory.  In  particular,  the 
instability  in  irregular  processes  deserves  special  attention.  We  next  report  a  quantita¬ 
tive  study  on  the  role  of  the  shape  and  size  of  the  obstacles  in  crack  penetration  pro¬ 
cesses  and  discuss  the  limit  load  for  irregular  processes.  The  case  discussed  previously, 
for  crack  trapping  by  a  periodic  array  of  rectangular  obstacles  with  large  x-dimension 
shown  in  fig.  2,  is  important  in  the  following  discussions.  For  convenience  we  will  refer 
to  it  as  the  “model"  case. 

Instability  in  Crack  Penetration  of  an  Array  of  Obstacles: 
Irregular  Processes 

The  problem  is  addressed  on  the  assumption  that  \kc  -  Kc)/Kc  is  within  a  range 
suitable  for  linear  perturbation  theory.  Referring  to  the  model  case  shown  in  fig.  2,  we 
denote  the  value  of  a^n  at  the  complete  penetration  of  the  obstacles  (i.e.,  R  =  L-H)  by 
a^,  and  define  the  area  between  the  line  x  =  aL  and  the  crack  front  within  an  obstacle 


by  Al  (fig.  3a).  Taking  ihc  upper  limit  p  =  <  =  (1  -  f)xj 2  in  eqs.  (6),  one  obtains 

±_±  h\-Kt  [W  fsinC/r/2  +f)l  .... 

A  “  *3  A't  +  /(A'c  -  A'e)  Jo  1  l*in(/jr/2  -  *)]  * 

Hence  a^/A  is  expressed  as  a  function  of  the  line  fraction  /  of  the  obstacles  and  the 

toughness  ratio  Now  imagine  an  array  of  arbitrarily  shaped,  but  symmetric 

(about  the  redirection),  obstacles  spaced  by  2 A  with  a  minimum  gap  of  2 H  in  the  i 

direction.  We  choose  a  model  case  with  parameters  J!,L  for  reference.  If  an  obstacle 

can  fully  contain  the  area  A1,  associated  with  the  chosen  reference  (lig.  3b),  then  al 

breakthrough  the  crack  is  undergoing  exactly  the  same  state  as  the  reference  model 

case.  Therefore  the  penetration  process  is  a  regular  one  so  that  eq.  (9)  applies  to  give 

the  limit  load  based  on  the  maximum  line  fraction  /  of  the  obstacles  in  the  :  direction. 

For  example,  it  can  be  proved  that  aL  <  L-  H  (the  proof  can  be  achieved  by  choosing 

a  variable  u  =  (A  -  //)/A,  then  forming  a  function  g(u)  ~  a,!/L  -  u  and  proving  that 

$(u)  is  monotonously  decreasing  from  zero  over  the  interval  (0,  1)).  Therefore  the  crack- 

penetration  of  an  array  of  round  obstacles  with  radius  equal  to  A  -  //  is  a  regular 

process  (figure  3d),  in  which  case  the  limit  load  is  predicted  by  eq.  (9)  for  maximum 

line  fraction  /  =  (A  -  //)/A. 

However,  if  the  shape  of  the  obstacle  can  not  fully  envelop  the  area  AL  of  the 
reference  state,  but  rather  is  contained  (below  its  maximum  width  line)  fully  within 
Al  (figure  3c),  the  full  penetration  of  the  obstacle  will  not  be  possible  at  the  moment 
of  final  breakthrough.  That  is,  an  instability  will  lead  to  breakthrough  prior  to  the 
full  penetration  and  the  penetration  is  irregular.  Therefore  the  area  A **  is  the  critical 
parameter  that  distinguishes  between  the  regular  and  irregular  processes.  The  actual 


breakthrough  loads  for  irrcguUr  processes  are  smaller  thin  those  predicted  by  eq.  (9) 
using  the  maximum  line  friction  /• 

Usuilly  thecilculition  of  limit  loads  for  irregulir  processes  requires  numerici!  scircli 
for  the  occurence  of  instibility.  However,  there  ire  some  cises  for  which  direct  analysis 
suffices.  For  example,  consider  i  periodic  irny  of  obstides  with  shipc  shown  in  fig.  4a. 
Apparently  the  penetration  would  be  a  regular  one  if  the  height  d  of  the  base  portion  of 
the  obstacles  is  greater  than  ttL,  i.e.,  d  >  a L.  When  d  <  aL,  the  process  is  an  irregular 
one  if  the  angle  <  x/2.  Let  us  look  at  a  moment  at  which  the  crack  has  penetrated 
into  the  obstacle  an  amount  characterized  by  the  parameter  p  shown  in  fig.  4a.  It  car. 
be  argued  that  the  shown  state,  if  in  equilibrium  with  the  imposed  load,  is  the  same  as 
another  model  case  with  parameter  //'  defined  by  //'  =  H  +  p.  It  follows  from  eqs.  (G) 
that 


j.  ,  4 L  .  [* cosd  .  fsin(d  +  p)l  ,, 

d  +  plan  v  =  — usin  (  /  - .  T  r-rjr;yz  tn  T-77-  -  dd  {13} 

x3  Ju  (sin3 /i  -  sinvsin3^)1/3  lsin(^-/i)J 

where  <  =  x//'/2L  and  /1,  u  are  as  defined  in  eqs.  (7).  If  we  take  the  derivative  of  both 
sides  of  cq.  (13)  with  respect  to  p  keeping  other  parameters  constant,  we  can  solve  for 
the  quantity  dA'°/dp  for  any  p.  If  dK°/dp  >  0  the  current  state  is  a  stable  one.  in  the 
sense  that  the  load  A"0  needs  to  be  increased  to  increase  the  penetration  p.  Instability 
occurs  when  dK°/dp  <  0  with  the  critical  point  reached  when  the  equal  sign  is  taken. 
An  important  case  is  dK°/dp\rso  =  0*  which  determine  a  critical  angle  \&e  below  which 
the  instability  occurs  instantly  when  p  =  0.  After  some  algebraic  manipulations,  it  can 
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be  shown  (hat 


.  2  f  ^  cos < cos <f> sin3 p  ,  fsm(«>  +  M)l 

tan  v<  =  -l»/  - .  ..  U-)- — 4  d<*.  (1-0 

r  yM  (sm3p  -  sin^sin^)3^  lsin(£  -  p)J 


^)3/J  L*in(<S  -  p)J 


where  <  =  xll/2L  at  p  =  0  and  a,  ;i  are  determined  further  by  solving  (13)  for  A‘o  using 


p-  0.  That  is 


_ -ll  .  F*f3  cos  d 

xllJi'ntJt,  (sin1  p  -  sin3  < sin3  4>)lf7 


When  the  geometrical  angle  t>  is  less  than  tf-£,  the  limit  load  A*°  at  which  the  crack 

breaks  the  obstacles  is  then  determined  directly  by  cq.  (15).  We  observe  that  vt  =  x/2 

for  p  =  (,  corresponding  to  the  upper  limit  in  (8),  so  that  at  that  limit  the  crack  breaks 

through  the  obstacles  with  any  tf,  up  to  =  90*  (corresponding  to  the  model  case). 

• 

As  d  —  0,  as  for  a  very  thin  obstacle,  p  —  x/2  and  \&c  —  0.  Usually  0  <  v>t  <  */2. 
The  value  of  Cc  is  plotted  in  Figure  5  against  d/aL,  the  height  of  the  obstacle  non- 
dimensionalized  by  a for  Jl/L  =  0.5  and  A‘c/ A’e  =  2.  It  is  shown  that  Ve  is  nearly 
linear  with  d/aL  until  d/a*-  s  0.9,  after  which  a  sharp  increase  toward  90°  is  then 
observed.  A  rectangular  obstacle  with  y  =  0  and  d  <  aL  can  then  be  always  categorized 
as  <  K’e  (Fig.  -tb),  and  the  limit  load  at  which  a  crack  breaks  through  an  array  of 
rectangular  shaped  obstacles  is  determined  by  the  eq.  (15)  when  d  <  aL.  Hence  one  can 
define  a  critical  length  dL  (=  aL)  for  rectangular  obstacles  so  that  the  crack  penetration 
process  is  stable  if  d  >  dL  and  unstable  if  d  <  dL. 

Finally  if  £  >  d’e,  instability  will  occur  at  some  p  >  0  and  a  similar  critical  location 
can  be  determined  by  the  condition  dA'°/dp  =  0.  We  dc  not  present  the  details  of  the 


analysis. 
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Numerical  Formulation  of  Crack  Penetration  of  Periodic 
Arrays  of  Obstacles 

Wilhin  the  range  of  validity  of  the  linear  perturbation  theory,  we  have  discussed  the 
problem  of  crack  trapping  by  arrays  of  obstacles  based  on  an  analogy  to  the  2D  Dug- 
dale/DCS  plane  stress  crack  model.  The  solutions  are  given  for  characteristic  quantities 
such  as  the  penetration  depths  and  the  limiting  K  value  at  which  the  final  breakthrough 
Oc'-urs.  In  the  following  we  formulate  the  trapping  problem  by  an  alternative,  yet  more 
powerful  numerical  procedure.  The  results  are  compared  to  those  previously  derived  as 
well  as  applied  to  other  cases  for  which  analytical  solutions  are  not  known. 

General  Numerical  Formulation 

For  the  general  formulation  consider  the  fracture  toughness  varies  in  space  so  that  on 
the  crack  plane,  A’<  =  A't(x,r).  The  crack  will  grow  at  the  positions  along  the  crack 
front  where  the  stress  intensity  factor  exceeds  the  fracture  toughness  A'c.  We  adopt  the 
following  ‘‘visco-plastic"  model  for  the  crack  growth 

_  f  P(A’(i,f)-  A*c(«(s,f),x)]  A'  >  A'c  .... 

8t  ~  |  0  otherwise  '  ' 

where  t  is  a  time  parameter  in  this  model,  p  is  a  coefficient  that  represents  the  “viscosity" 
of  the  system.  By  making  p  sufficiently  large,  or  else  (as  we  do)  by  waiting  a  sufficiently 
long  time  for  a  new  equilibrium  configuration  of  the  crack  front  to  be  approached  after 
each  small  increase  of  load  A'0  in  a  “staircase"  load  vs.  time  history,  we  can  make 
(stable)  growth  occur  arbitrarily  close  to  the  condition  that  K  =  Ke  during  growth. 
Note  that  in  eq.  (16)  K  =  K(:,t)  is  related  to  a(z,f)  by  eq.  (3)  at  a  time  t.  In 


principle  one  cur  solve  the  coupled  equations  (3)  and  (16)  for  K(:,t)  and  a(z,().  Ap¬ 
parently  a(z)  =  o(i,oo),  after  step  increase  to  the  A'0  ofinterest,  is  the  final  equilibrium 
crack  profile,  corresponding  to  the  sort  of  solution  for  crack  penetration  discussed  in 
the  previous  sections.  While  it  is  often  impossible  to  solve  the  coupled  equations  an¬ 
alytically,  numerical  procedures  can  be  designed  by  discretizing  the  equation  (1C)  into 
small  time  steps,  and  for  each  step  updating  o(z,t)  and  K(s,t)  according  to  (3).  The 
time  step  £st  for  any  given  value  of  p  can  be  adjusted  to  speed  up  the  convergence  of 
the  solution.  We  will  apply  this  procedure  to  the  periodic  array  of  blocking  obstacles 
In  the  following. 

Tunnel  Crach  Wilh.  Periodic  Arrays  of  Obstacles 

Consider  a  tunnel  crack  lying  la  a  homogeneous,  isotropic  elastic  solid,  having  length 
2a  along  the  z  axis,  and  subjected  to  a  remote  tensile  stress  a  that  induces 

A*0  -  A’°(a|  =  oi/xa  0") 

along  the  crack  front.  The  crack  advance  is  blocked  by  an  array  of  obstacles.  Assuming 
the  half-size  of  the  tunnel  crack  is  initially  equal  to  a,,  crack  growth  will  be  imminent 
once  the  load  a  reaches  a  point  that  condition  A'0  =  ojxal  -  Kc  is  satisfied,  where 
here  is  the  minimum  fracture  toughness  of  the  elastic  medium  along  z  =  a,.  With 
further  increase  of  the  load  the  crack  will  grow  into  a  new  equilibrium  slate  having  a 
slightly  curved  front.  Now  expand  o[:,t)  and  A'(z,t)  in  Fourier  series, 

«(.-,!)=  E  Anc"**/L,  A'(z,0=  £  AV"^.  (18) 

nsc-oo  nx-oo 
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where  recall  lhai  2 L  is  the  obstacle  spacing.  Here  /(„  =  A_ni  Kn  =  A*-n  are  necessary 
for  a(r,t)(  A'(->0  to  be  real  valued.  Substituting  eqs.  (18)  into  eq.  (3)  and  carrying 
out  the  principal  value  integrations,  one  finds  (Rice,  1985a), 


A'o  =  A'°(/to]  =  <r\/jivio  and,  for  n  jt  0, 


The  above  equations  (19)  replace  eq.  (3)  in  the  case  of  periodic  array  of  obstacles. 
Since  eq.  (3)  is  for  a  half.planc  crack  and  valid  only  to  the  first  order  in  da/d:  (or 
0a(:,i)/d:)),  the  above  equations  are  only  valid  when  L/Ao,\An\/Ao  <  1. 

For  a  single  cosine  wave  perturbation,  assuming  that  /tn  =  0  for  |n|  >  1  so  that 
a[:)  *  /t0  +  2/tj  cos (rz/L).  In  this  case,  it  follows  from  (19)  that 

A’(-)  =  Ao  [l  +  (l  -  ^  cos(x.-/L)]  (20) 

Fares  (19S3)  has  shown  that  the  error  of  (20),  when  A\/Aq  <  1,  is  within  seven  percent 
for  /1|  =  0.1L  and  can  be  as  large  as  20  percent  for  A\  =  0.2L.  It  is  seen  from  (20)  that 
A'(z)  is  predicted  to  be  linear  with  A|,  and  when  A\/L  exceeds  1/r,  A'(z)  is  predicted 
to  be  negative  at  the  most  protruding  parts  of  the  crack  front,  e.g.,  :  =  0.  This  is  why 
the  first  order  theory  can  be  qualitatively  wrong  when  applied  to  tough  obstacles  in 
which  case  large  crack  front  perturbations  might  occur.  By  contrast,  the  BEM  results 
of  Fares  (1988)  show  that  I\(z)  attains  the  smallest,  but  always  positiv  ,  valii'j  at  the 
most  protruding  parts  along  the  crack  front. 

The  fast  Fourier  transform  (FFT)  method  is  used  to  carry  out  the  expansion  and 
inversion  of  the  Fourier  series  in  eqs.  (18).  The  numerical  procedure  of  solving  for 
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the  equilibrium  profile  a(r)  at  a  given  load  a  it  then  formulated  at  follows:  The  initial 
shape  function  c(r,0)  (e.g.,  a  constant  at  the  start  of  the  procedure)  is  expanded  into 
a  Fourier  scries  by  the  FFT  method,  and  the  coefficients  A",  in  the  second  of  cqs.  (18) 
arc  calculated  by  cqs.  (19).  A  FFT  inversion  (or  summation)  by  eq.  (18)  gives  the 
distribution  of  A'(r,0).  Equation  (16)  is  then  used,  for  a  chosen  small  time  interval  At 
and  constant  (arbitrary)  p,  to  calculate  the  amount  of  growth  Aa(x,0)  for  one  period 
0  <  z  <  2A,  therefore  updating  a(z,At)  as  a(r,0)  +  Aa(r,0).  The  above  procedure  is 
repeated  to  calculate  the  subsequent  growth  until  the  final  equilibrium  state  is  achieved 
in  which  a(r,  t)  no  longer  increases  by  any  substantial  amount,  indicating  that  conditions 
A'(r)  =  A’c,  K(z)  =  A‘e  are  satisfied  to  the  accuracy  required  along  the  corresponding 
portions  of  penetration.  Then  the  applied  stress  may  be  increased  by  another  step  and 
the  same  sequence  of  steps  followed.  We  have  found  that  the  above  procedure  is  a 
rapidly  convergent  process  for  properly  chosen  time  steps  (scaling  inversely  with  the 
constant  p). 

In  order  to  compare  the  numerical  solution  to  the  previously  derived  results,  we 
consider  again  the  model  case  of  crack  penetration  into  a  periodic  array  of  semi-infinite 
obstacles  spaced  at  gaps  of  2 L  as  shown  in  fig.  2.  Figure  6a  depicts  the  obstacles  in 
one  period  -1  <  z/L  <  1.  The  initial  crack  length  a,-  is  assumed  tc  be  10  times  L  (the 
results  for  the  case  when  a,-  is  100  times  L  show  no  significant  difference  from  this  case) 
and  the  obstacle  size  is  also  L  (i.e.,  H  =  0.5 L).  The  load  <r;  for  penetration  to  start  and 
the  initial  crack  length  a,-  are  related  by 

<r,V5FH7=A'e  (21) 
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We  define  a  non-dimensional  load  parameter  as  a  =  a/a,.  The  fracture  toughness  A'c  of 
the  obstacles  is  taken  as  twice  the  value  of  Kt.  The  crack  front  trapping  configurations 
are  shown  in  fig.  6b.  The  full  penetration,  which  is  also  the  final  breakthrough  in  this 
special  case,  occurs  when  a  reaches  1.5,  as  predicted  in  eq.  (9).  Also  shown  in  fig.  6b  in 
dashed  lines  are  the  corresponding  curves  when  a,-  =  1001,  in  which  case  the  half-plane 
crack  is  better  approximated.  We  see  that  the  curves  at  a,-  =  10L  is  very  close  to  those 
at  a,-  =  100L.  The  penetration  curves  also  match  closely  the  previously  derived  0^. 
and  R  of  eqs.  (6). 

Before  concluding  this  section,  we  further  consider  a  crack  penetrating  an  array  of 
round,  circular  shaped  obstacles  spaced  by  2  diameters  (figure  7a).  To  examine  the 
validity  range  of  the  first  order  theory,  let  us  first  assume  a  toughness  ratio  {Kc/I\e)  of 
4.  The  trapping  configurations  are  shown  in  figure  7b  and  the  final  breakthrough  occurs 
at  a  =  2.5.  Fares  (1988)  calculated  the  stress  intensity  factor  distribution  corresponding 
to  these  first-order-accurate  trapping  configuration.  His  results  show  that  only  the  fust 
profile,  corresponding  to  a  =  1.3,  gives  the  correct  A'(z)  distribution,  i.e.,  A*(r)  =  A'c 
along  the  penetrating  portion  of  the  crack  front.  As  shown  in  figure  7b,  the  maximum 
perturbation  for  the  first  trapping  profile  is  slightly  greater  than  0.4L,  which  is  somewhat 
consistent  with  the  BEM  results  on  the  single  cosine  wave  perturbation  shown  before. 
Fares  (1988)  also  pointed  out  that  in  this  case  the  maximum  local  A’(z)  which  can 
be  generated  along  the  crack  front  is  only  3.52A'e,  i.e.,  W  =  3.52.  The  final  failure 
occurs  at  a  =  2.35,  by  having  the  crack  front  bypass  the  still-intact  obstacles.  The 
first-order-accurate  trapping  configurations  at  the  higher  a  values  in  figure  7b  are  hence 
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even  qualitatively  wrong. 

The  above  indicates  that  it  is  necessary  to  reduce  the  toughness  ratio  substantially 
in  order  to  apply  the  first  order  theory.  The  maximum  perturbation  of  the  crack  front 
should  be  kept  within  a  reasonable  range.  Figure  8a  depicts  the  trapping  profiles  when 
the  toughness  ratio  is  reduced  to  2.  In  this  case  the  maximum  perturbation  is  below  0.C1, 
and  the  linear  perturbation  theory  can  be  regarded  as  an  acceptable  approximation.  In 
fig.  8b  a  more  detailed  picture  of  the  crack  penetrating  the  round  obstacles  is  shown 
as  the  applied  load  is  gradually  increased  from  1.4  to  1.5  with  a  step  increment  of 
0.01.  The  complete  breakthrough  of  the  whole  array  of  obstacles  occurs  when  a  - 
1.5.  This  confirms  the  previous  conclusion  that  the  penetration  of  round  obstacles  is 
a  regular  process  when  the  toughness  ratio  is  low  enough  for  analysis  within  the  first 
order  theory.  The  penetration  of  the  obstacle  starts  at  a  load  level  lower  than  but  close 
to  the  final  breakthrough  load  (in  our  case  oy«n  =  1.44).  One  may  see  in  fig.  Sa.b  that 
the  crack  initially  grows  by  following  closely  the  outer  curvature  of  the  obstacles  and 
starts  penetrating  the  obstacle  when  a  =  1.44.  Shortly  after  the  start  of  penetration 
the  final  breakthrough  occurs.  The  reason  for  this  is  that  the  circular  boundary  of  th«* 
obstacles  is  close  to  the  bounding  curve  of  A lj.  A  limiting  case  is  when  the  shape  of 
the  blocking  obstacles  exactly  coincides  with  the  contour  of  AL.  In  that  case  no  partial 
penetration  of  the  obstacles  will  occur  before  the  final  breakthrough. 
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Some  Further  Case  Studies 


Here  we  give  several  examples  of  using  the  developed  “visco-plastic"/FFT  numerical 
model  to  show  how  a  crack  starts  to  penetrate  and  surround  round  obstacles,  emplaced 
in  the  form  of  multi-row  periodic  arrays,  as  the  applied  load  is  gradually  increased.  A 
toughness  ratio  of  two  is  assumed  for  each  crack-obstacle  system. 

Case  1.  Figure  9a  shows  a  two-row  periodic  array  of  round  obstacles  in  one  period 
-1  <  z/L  <  1.  The  radius  of  thu  obstacles  is  taken  as  0.3L.  As  can  be  observed  from  the 
resulting  crack  front  trapping  configurations  depicted  in  figure  9b,  the  crack  penetration 
starts  by  following  the  circular  boundary  of  the  round  obstacles  in  the  first  row.  When 
load  a  is  increased  to  1.2,  the  central  part  of  the  penetrating  crack  front  touches  the 
second  row  of  obstacles  and  at  d  =  1.4  the  first  row  of  the  obstacles  is  fully  penetrated. 
The  final  breakthrough  occurs  at  a  =  1.55. 

Case  S.  We  consider  in  the  second  case  two  rows  of  round  obstacles,  still  with  radius 
0.3L,  but  with  one  more  obstacle  in  the  second  row  as  shown  in  figure  10a.  The  trapping 
profiles  display  more  complicated  feature  when  the  applied  load  a  is  increased  by  step 
increments  of  0.1.  Figure  10b  shows  that  the  first  row  gels  penetrated  at  a  =  1.3  and 
the  final  breakthrough  occurs  at  a  =  1.71. 

Case  S.  In  figure  11  three  rows  of  blocking  round  obstacles  are  shown,  each  with 
radius  equal  to  L/2\/3.  The  final  breakthrough  occurs  at  cr  =  1.87.  This  obstacle 
arrangement  is  interesting,  in  that  a  toughening  ratio  (A'°/A'e)  of  1.87  is  achieved  with 
the  area  fraction  of  the  obstacles  less  than  0.5.  This  is  due  to  the  fact  that  at  final 
breakthrough  a  large  portion  of  the  crack  front  lies  within  the  obstacle  region.  Hence 
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this  type  of  obstacle  arrangement  is  quite  efficient  in  toughening  the  elastic  matrix 
material.  This  suggests  an  interesting  problem  to  find  the  optimum  arrangement  for 
the  obstacles  at  a  given  volume  fraction  such  that  the  maximum  toughening  can  be 
achieved.  We  leave  it  as  future  work  to  address  such  issue. 

Case  Finally,  we  give  a  simulation  of  a  crack  penetrating  smaller  particles  (with 
radius  taken  as  0.1L)  as  shown  in  figure  12.  Again  three  rows  of  blocking  round  obstacles 
are  shown,  each  row  contains  one  more  obstacles  such  that  it  is  harder  to  break  than  the 
previous  row.  As  the  obstacles  in  the  first  row  have  a  large  spacing,  part  of  the  crack 
front  contacts  the  second  row  and  the  interaction  effect  results  in  stronger  resistance  to 
crack  penetration.  Such  interaction  becomes  smaller  between  the  second  and  third  row 
and  the  final  breakthrough  occurs  at  or  =  1.30. 

The  above  case  studies  dearly  show  that  significant  toughening  of  a  brittle  matrix 
can  be  achieved  through  crack  trapping  by  obstacles  (e.g.,  second  phase  particles,  in¬ 
clusions,  etc.)  by  having  the  obstacles  emplaced  in  a  “good  arrangement”  such  that  the 
bowing  out  crack  front  encounters  the  maximum  number  of  obstacles  at  final  break¬ 
through.  In  these  discussions  we  have  excluded  the  possibility  of  crack  bypassing  of 
tough  obstacles  (see  previous  discussions  in  the  text).  That  Mechanism  gives  rise  to 
unbroken  b'gaments  behind  the  crack  front,  which  cause  an  additional  toughening  ef¬ 
fect,  referred  to  as  the  “bridging  effect"  in  the  literature,  by  reducing  the  effective 
crack  front  stress  intensity  factor.  One  expects  that  in  reality  these  mechanisms  will 
have  a  combined  toughening  efTect  on  a  brittle  matrix  containing  tough  second  phase 
inhomogeneities. 
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While  our  considerations  here  are  for  tensile  (mode  I)  cracks,  the  corresponding 
equations  of  the  first  order  perturbation  theory  are  of  closely  similar  form  for  those 
loaded  in  mode  II  or  mode  III  shear  (Gao  and  Rice,  1986).  Thus,  to  the  extent  that 
a  shear  crack  adequately  models  a  tectonic  fault,  the  ptesent  considerations  may  be  of 
interest  for  faulting  in  regions  of  heterogeneous  shear  toughness. 
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List  of  Figure  Captions 

Fig.  1:  A  half-plane  crack  in  homogeneous,  isotropic  elastic  medium  with  a  (a) 
straight  crack  front;  (b)  slightly  curved  crack  front. 

Fig.  2:  (a)  A  Crack  front  trapped  by  a  periodic  array  of  rectangular  obstacles, 
(b)  Regions  I(rM,  and  R  along  the  trapped  crack  front. 

Fig.  3:  (a)  Area  distinguishing  between  regular  and  irregular  penetration 
processes.  Shapes  of  obstacles  that  cause  (b)  regular  and  (c)  irregular  processes, 
(d)  Round  obstacles. 

Fig.  4:  (a)  A  special  shape  of  the  blocking  obstacles;  parameter  p  describing  the 
crack  penetration  into  the  obstacles,  (b)  An  example  of  an  irregular  penetration 
process  caused  by  rectangular  obstacles. 

Fig.  5:  Critical  angle  \>c  for  the  obstacle  shape  shown  in  figure  4. 

Fig.  6:  (a)  Configuration  of  a  periodic  array  of  straight-edged  obstacles  aligned  in 
front  of  a  crack,  (b)  Crack  penetration  profiles  with  toughness  ratio  A'e/A'c  =  2. 
For  solid  line  curves  a;  =  10A  and  for  dashed  line  curves  =  100A. 
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Fig.  7:  (a)  An  array  of  round  obstacles  spaced  by  2  diameters  and  (b)  the  crack 
trapping  profiles  when  toughness  ratio  Ke/Ke  =  4  (note  that  the  first  order  theory 
gives  qualitatively  wrong  predictions  at  the  higher  d  values  in  this  case;  see  text). 

Fig.  8:  Crack  trapping  profiles  for  round  obstacles  in  figure  7a  with  toughness 
ratio  X'c/A'e  =  2,  when  the  load  a  is  increased  (a)  from  1.1  to  1.5  with  a  step 
increment  of  0.1  and  'b)  from  1.4  to  1.5  with  a  step  increment  of  0.01. 

Fig.  9:  (a)  Two  rows  of  periodic  arrays  of  round  obstacles  with  diameter  equal  to 
0.3  times  the  obstacle  spacing,  (b)  The  corresponding  crack  trapping  profiles. 

Fig.  10:  (a)  Two  rows  of  periodic  arrays  of  round  obstacles  with  diameter  equal  to 
0.3  times  the  obstacle  spacing  and  (b)  the  correrponding  crack  trapping  profiles. 

Fig-  11:  (a)  Three  rows  of  periodic  arrays  of  round  obstacles  with  diameter  equal 
to  l/2>/3  times  the  obstacle  spacing  and  (b)  the  corresponding  crack  trapping 
profiles. 

Fig.  12:  (a)  Three  rows  of  periodic  arrays  of  round  obstacles  with  diameter  equal 
to  0.1  times  the  obstacle  spacing  and  (b)  the  corresponding  crack  trapping  profiles. 
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Abstract 


This  paper  addresses  the  trapping  of  the  front  of  a  planar  crack  as  it  impinges  upon  a 
row  of  periodically  emplaced  tough  obstacles.  The  initial  penetration  of  the  crack  between 
obstacles,  under  increasing  load,  as  well  as  the  ultimate  unstable  joining  of  penetrating 
segments  so  as  to  surround  and  by-pass  the  obstacles,  arc  analyzed.  The  formulation  used 
for  the  associated  3-D  elasticity  problems  of  half-plane  cracks  with  non-uniform,  curved 
fronts  is  a  Boundary  Element  Method  (BEM).  This  incorporates  a  specialized  fundamental 
solution  for  an  opening  (prismatic)  dislocation  source  ahead  of  a  half-plane  crack  with  a 
straight  front  (Rice,  1985?).  The  implementation  of  this  BEM  and  associated  mesh  moving 
with  the  front  is  first  discussed  after  which  a  series  of  case  studies  are  carried  out.  The'first 
two  case  studies  evaluate  the  accuracy  of  previously  obtained  linear  perturbation  results 
(Rtce  (1985  b),  Gao  and  Rice  (1988)).  The  last  study  is  a  crack  growth  simulation  around  a 
periodic  array  of  circular  obstacles  with  a  particle  size  to  spacing  ratio  of  0.5.  The 
simulation  shows  in  that  case  that  crack  trapping  achieves  a  toughening  ratio  of  2.35  when 
the  particle  to  matrix  toughness  ratio  (KcpfiCc)  is  greater  than  3.52.  The  simulation  also 
gives  lower  bounds  on  the  net  toughening  when  Kcp/Kc<3.52. 


Introduction 


The  object  of  this  paper  is  to  study  crack  trapping.  Crack  trapping  is  a  specific  micro* 
mechanism  of  toughening  in  a  brittle  matrix  containing  second-phase  inclusions  (Lange 
(1970)).  Two  related  toughening  micro-mechanisms  of  crackfront  interaction  with  second- 
phase  inclusions  have  been  recognized  in  the  literature.  These  are  the  bridging  and  the 
trapping  effect.  Unbroken  ligaments  surrounding  second-phase  inclus;ons  or  fibers  can 
sometimes  lag  behind  a  main  crackfront.  These  ligaments  would  then  serve  as  bridges 
forming  a  process  zone  and  reducing  the  effective  crackfront  stress  intensity  factor.  This 
mechanism  of  toughening  is  refereed  to  as  the  bridging  effect  and  has  been  extensively 
studied  (e.g.  Krstic  (1983),  Rose  (1987a),  Budiansky  et  al.  (1988)).  On  the  other  hand, 
crack  trapping  addresses  the  process  by  which  tough  second-phase  inclusions  get 
surrounded  or  cracked  by  an  advancing  crackfront.  The  crack  trapping  effect  was  first 
studied  by  Lange  (1970, 1971)  who  (based  on  experimental  observations)  suggested  an 
analogous  mechanism  in  crackfront  movement  to  that  of  dislocations  bowing  between 
obstacles.  Lange  attempted  to  quantify  this  possible  source  of  toughening  on  the  basis  of  a 
line  tension  associated  with  the  crackfront.  Evans  (1972)  further  considered  this  idea  and 
noted  that  toughening  cannot  be  simply  related  to  the  increase  in  length  of  a  crackfront  due 
to  bowing.  Evans  also  noted  that  toughening  should  depend  on  the  ratio  of  inclusion  size  to 
spacing  and  not  solely  on  the  spacing  as  was  predicted  by  Lange's  line  tension  model. 
Finally,  Rose  (1987b)  developed  a  model  which  assumed  the  two  effects  identified  here  as 
crack  trapping  and  crack  bridging  to  be  multiplicatively  reinforcing.  However,  Rose 
circumvented  the  trapping  studies  by  assuming  a  simple  rule  of  mixtures  as  the  crack 
trapping  toughening  effect. 
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In  contrast  to  the  bridging  effect,  the  trapping  effect  requires  explicit  3-D  modelling  in 
order  to  be  effectively  discussed.  That  is  because  the  Stress  Intensity  Factor  (SEF) 
variations  along  the  crackfront  have  to  be  accounted  for  explicitly  in  crack  trapping  studies 
whereas  smearing  of  the  "bridges"  along  the  direction  parallel  to  the  macrocrack  in  order  to 
obtain  a  2-D  mechanical  model  plausibly  retains  the  essence  of  the  bridging  effect  A  means 
of  effectively  studying  SIF  variations  along  a  crackfront  occured  with  the  development  of 
3-D  weight  function  theory  (Rice  (1985a, b}).  In  particular,  the  theory  of  first  order 
variation  of  SIF  due  to  variation  in  location  of  a  planar  crackfront  (Rice  1985b)  made  the 
preliminary  analysis  of  the  crack  trapping  problem  possible.  In  a  first  study  (Rice  (19*  " 
a  methodology  of  obtaining  the  configuration  of  the  front  of  a  planar  crack  which  is  -  „ppe<_ 
against  forward  advance  by  contact  with  an  array  of  obstacles  was  presented.  The  method 
was  then  used  to  obtain  an  analytic  solution  to  a  periodic  array  of  long  rectangular 
obstacles.  Gao  and  Rice  (1988)  further  developed  the  fust  order  perturbation  crack  trapping 
analysis  and  included  discussions  concerning  the  effect  of  obstacle  shape.  Gao  and  Rice 
also  implemented  a  numerical  procedure  (based  on  the  linear  perturbation  theory)  having  a 
"visco-plastic'1  crack  growth  model  Which,  in  the  limit  they  considered,  simulates  growth 
with  the  intensity  factor  equal  to  the  local  fracture  toughness.  They  simulated  the  evolution 
of  a  crackfront  encountering  an  array  of  round  obstacles  as  the  applied  load  was  quasi- 
statically  increased.  The  present  study  evaluates  the  accuracy  of  the  fust  order  perturbation 
studies  and  performs  an  analogous  crack  growth  simulation  without  the  linearization 
assumptions.  It  analyzes  the  finite  penetration  of  Crack  segments  between  obstacles  and  the 
ultimate  joining  of  segments  so  as  to  by-pass  particles.  These  problems  are  well  beyond  the 
scope  of  the  linear  perturbation  theory. 
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Mode!  description  and  limitations 


In  order  to  study  the  trapping  effect,  a  specific  mechanical  model  has  to  be  considered. 
Following  Gao  and  Rice  (1988),  the  present  model  is  a  half-plane  tensile  crack  with  an 
arbitrarily  shaped  but  symmetric  and  periodic  crackfront  in  an  elastic  medium.  The  non- 
straightness  of  a  crackfront  could  be  ascribed  to  the  trapping  effect  of  periodic  second- 
phase  inclusions.  Thus,  by  having  the  capability  to  evaluate  the  SEF  values  along  a  non¬ 
straight  crackfront,  investigation  of  the  accuracy  of  the  first  order  perturbation  results  as 
well  as  crack  growth  simulations  could  be  performed.  However,  there  arc  several 
limitations  to  the  present  model.  For  example,  the  half-plane  crack  idealization  applies  to 
finite-sized  cracks  only  when  the  cracks  are  long  compared  to  the  micro-mechanical  length 
parameters  (such  as  second-phase  size  and  spacing).  The  model  also  assumes  that  the 
elastic  moduli  of  the  inclusions  are  identical  to  those  of  the  matrix.  Some  of  the  limitations 
in  this  study  (such  as  periodicity  of  the  crackfront)  are  due  to  a  specific  implementation  of 
the  weight  function  theory  while  others  (such  as  homogeneity  of  elastic  properties)  require 
much  more  extensive  numerical  and/or  theoretical  developments  to  be  overcome. 

Mathematical  formulation 

In  order  to  effectively  model  non-uniform  3-D  crack  growth  of  an  initially  straight- 
edged  semi-infinite  planar  crack,  its  elastic  interaction  with  opening  dislocation 
distributions  ahead  of  the  initial  crackfront  is  required.  That  is  because  by  analytically 
accounting  for  the  interaction  of  the  initial  crack  surface  with  such  dislocations,  the  half- 
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infinite  initial  crack  surface  can  be  excluded  from  the  discretization  requirements  in  a 
surface  integral  formulation  of  the  problem.  Fortunately,  the  interaction  of  a  semi-infinite 
planar  crack  with  arbitrary  opening  dislocations  has  been  obtained  by  Rice  (1985a). 
Consequently,  the  mathematical  formulation  of  the  present  model  of  a  semi-infinite  crack 
with  a  wavy  crackfront  and  the  associated  numerical  method  rely  on  equation  (54)  of  Rice 
(1985a)  with  an  additional  term  (the  applied  load)  added.  Specifically,  referring  to  the 
coordinate  system  shown  in  figure  1 ,  where  y-0  is  the  plane  of  the  crack,  and  Oyy  and 
Aliy  are  the  tensile  stress  and  crack  opening  in  the  y -directi on  respectively,  we  have: 

o  K° 

Ovv(x,0,z)  -  0°  (X,0,z)  +  -ymmt 
”  ”  J2kx 


* 

D-.^/(x-x')2  +  <z-x')2  (2) 

where  p,  v  are  the  shear  modulus  and  Poisson's  ratio  respectively.  The  expression 
o°yy  is  for  the  stress  which  a  dislocation  on  x>0  with  the  same  opening  Auy  induces  in  an 
infinite  uncracked  body,  while  K°  is  the  amplitude  of  a  macro-level  applied  cracktip  stress 
field.  By  assuming  that  the  crackfront  is  symmetric  (with  respect  to  the  x-axis)  and  periodic 
(with  a  period  2L  in  the  z-direction)  and  noting  that  AUy  is  non-zero  only  on  the  crack 
surface,  the  integration  region  in  equation  (1)  can  be  further  reduced  to  a  representative 
sector.  An  example  of  a  representative  sector  is  shown  shaded  in  figure  1.  Denoting  by 
G(x,z;x',z')  die  kernel  of  the  integrand  in  equation  (1)  the  integral  appearing  in  the  equation 
can  be  rewritten  as: 
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(3) 


J  G  (x,z;x',z>Auy(x',z’)-dx'dz' 
s 

mm 

G\x,r,x\z')  -  ^[GCx.zix'.z’+nL)  +  Gtx.zjx'.-z’+nL)]  (4) 

In  the  above  equations  "2L"  (see  figure  1)  is  the  period  of  the  crackfront  and  ”S"  is  a 
represenutive  sector.  The  kernel  in  the  integral  representation  of  the  expression  for  o°yy 
(e.g.  equation  (37)  of  Rice  (1985a))  is  similarly  treated  to  account  for  periodicity  and 
symmetry.  Now,  the  crack  surface  is  assumed  to  be  traction  free  and  hence  Oyy*0  on  the 
represenutive  sector.  The  previous  condition  leads  to  the  following  singular  integral 
equation  in  Auy(x,z): 

f  .  K° 

o  (x,0,z)  +  U - I  G*(x,z;x\z')-Au  (x’.z’Hx'dz'  +  —==; 

2rt  (1-v)  {  V2xx 

-0  {onS}  (5) 

Once  AUy  is  determined  on  "S',  the  SIF  at  any  point  along  the  crackfront  can  be 
determined  using  plane  strain  asymptotic  relations  involving  the  opening  Auy.  In  general, 
equation  (5)  has  to  be  numerically  solved  for  rich  specific  crackfront  configuration.  The 
numerical  method  used  to  solve  equation  (3)  will  next  be  described. 

Numerical  Formulation 

In  order  to  solve  (5)  numerically,  a  represenution  of  Auy  on  "S"  has  to  be  chosen. 
Since  the  geometry  of  a  represenutive  sector  can  widely  vary,  a  piecewise  description  of 
Auy  would  be  most  suittble.  The  surface  "5"  (defined  in  (5))  is  first  divided  into  straight- 
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edged  triangular  subregions  forming  a  mesh.  For  example,  figure  2  is  a  mesh  of  a 
representative  sector.  A  local  coordinate  system  is  then  associated  with  each  triangle  and 
functional  variations  in  terms  of  the  local  coordinates  are  chosen  and  are  multiplied  by 
parameters  to  be  determined  by  approximately  satisfying  the  governing  equation  (5). 
Following  Boundary  Element  terminology,  specific  functional  variations  with  the 
corresponding  parameters  when  associated  with  a  particular  triangular  region  will  be  called 
an  element.  Two  types  of  elements  have  been  used  in  the  case  studies  to  follow,  and  will  be 
referred  to  as  normal  and  crackfront  elements.  The  normal  elements  have  a  linear  variation 
of  opening.  Consequently,  each  normal  element  used  contributes  three  unknown 
parameters  to  the  representation  of  Auy  over  "S".  The  crackfront  elements  have  a  linear 
multiplied  by  a  square-root  opening  variation  and  are  used  whenever  an  element  has  an 
edge  or  vertex  lying  along  a  crackfront.  The  use  of  crackfront  elements  incorporate  the 
asymptotic  functional  variation  of  crack-opening  near  a  crackfront  Again,  each  crackfront 
element  used  contributes  three  unknown  parameters  to  the  representation  of  Auy  over  "S". 
It  is  to  be  noted  that  the  representation  chosen  allows  Auy  to  be  discontinuous  along  the 
edges  of  triangles.  The  elements  in  such  a  representation  are  described  in  Finite  and 
Boundary  element  analysis  as  being  incompatible.  However,  incompatible  elements  have 
been  extensively  and  successfully  used  in  Boundary  Element  analysis  (e.g.  Brebbia 
(1984)). 

Once  a  discrete  representation  of  Auy  has  been  specified,  the  parameters  corresponding 
to  the  amplitudes  of  the  functional  variation  within  each  element  have  to  be  determined.  In 
order  to  approximately  satisfy  the  governing  equation  (S),  the  equality  is  enforced  (apart 
from  numerical  errors)  at  Gaussian  integration  points  of  order  3  within  each  triangle 


(Specifically  those  points  in  a  triangle  having  area  coordinates  a  permutation  of 
(1/6,1/6,273)).  This  method  of  approximation  is  called  a  collocation  procedure.  Moreover, 
the  method  of  representation  and  approximation  described  above  could  be  classified  as  a 
Boundary  Element  method  with  a  highly  specialized  fundamental  solution.  Thus  the  current 
method  will  be  referred  to  as  a  Boundary  Element  Method  (BEM).  Some  of  the  difficulties 
involved  lie  in  the  implementation  of  this  BEM  are  in  evaluating  the  infinite  sum  in  (4)  and 
in  evaluating  the  singular  integrals  required  in  equation  (5)  and  will  next  be  discussed. 

A  closed  form  of  the  summation  of  (4)  is  difficult  to  obtain.  The  direct  alternative  of 
summing  a  large  number  of  terms  would  be  highly  inefficient  since  the  evaluation  of 
G*(x,z;x',z')  is  repeatedly  needed  to  obtain  the  integrals  in  (5)  numerically.  The  first  few 
terms  in  an  asymptotic  expansion  of  the  error  in  evaluating  (4)  from  -N  to  N  can  be  shown 
to  be  expressible  as  a  power  series  in  "1/N".  This  makes  the  use  of  Richardson’s 
extrapolation  appropriate  (e.g.  see  Bender  and  Orszag  (1978)).  The  accuracy  of 
implementing  Richardson's  extrapolation  to  obtain  G*  in  (4)  is  numerically  verified  by 
comparing  with  the  direct  alternative  method  of  obtaining  C*  (i.e.  summing  a  large  number 
of  terms  in  (4)).  The  next  difficulty  to  be  addressed  is  the  evaluation  of  singular  integrals. 

Two  types  of  singular  integrals  are  involved  in  (5).  The  first  becomes  evident  once  an 
integral  representation  for  o° yy  is  chosen.  The  other  is  present  in  G*(x,z;x',z')  and  occurs 
in  the  kernel  of  equation  (1),  namely: 


The  expression  (6)  can  be  shown  to  be  bounded  as  (x,y)-»(x',y'),  and  that  the  only 
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singularity  is  along  x«0  with  Vx'  type  behavior.  The  numerical  evaluation  of  an  integral 
representation  of  o°yy  follows  that  given  by  Fares  and  Li  (1988).  The  numerical  evaluation 
of  integrals  with  singular  kernels  of  the  type  given  in  (6)  can  be  alleviated  by  using  the 
transformations: 

t  -  (z’-x)  /  (x'+x)  (7a) 

r-^  (7b) 

The  transformation  of  coordinates  (7)  (with  the  implied  Jacobean)  removes  the 
singularity  and  smoothes  the  integrand  for  a  wide  range  of  functional  variations  of  Aty 
After  using  (7),  integrals  with  kernels  of  type  (6)  can  be  numerically  evaluated  using 
quadrature  formulas  (assuming  x*0). 

Once  this  BEM  is  implemented,  it  is  numerically  verified  that  a  uniform  translation  of 
the  crackfront  gives  SIF  along  the  shifted  crackfront  equal  (within  a  small  tolerance)  to  the 
applied  SEF.  This  is  the  only  verification  case  problem  in  which  the  exact  SIF  variation  is 
known.  However,  approximate  crackfront  SIF  of  a  wavy  crackfront  are  available  which  are 
obtained  from  a  first  order  theory  (Rice  (1985b)).  Comparisons  with  the  first  order  results 
as  well  as  other  SIF  solutions  of  non-straight  crackfronts  will  next  be  presented. 

Case  Studies 

Three  case  studies  will  be  discussed.  The  first  is  a  comparison  of  first  order  theory 
(Rice  (1985b))  with  BEM  results  of  SIF  along  a  sinusoidal  crackfront.  The  second  is  an 
evaluation  of  SIF  along  crackfrimu  obtained  from  crack  growth  simulations  based  on  the 
linear  perturbation  theory.  The  last  is  a  crack  growth  simulation  using  the  BEM. 
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i)  sinusoidal  crackfront 


Referring  to  figure  1,  consider  a  crackfront  where: 

a(z)  ■  A*[l  +  cos(nz/L)]  +  (8) 

The  SEF  variation  along  such  a  crackfront  due  to  an  applied  macro-level  cracktip  stress 
field  of  amplitude  K°  which  is  correct  to  first  order  in  (A/2L)  is  given  as  (Rice  (1985b)): 

Kj/K0  -  1  -  (*A/2L)-cos(jtz/L)  (9) 

The  discretization  of  a  representative  sector  of  a  crackfront  of  form  (8)  where 
(A/2L)«1.0  is  shown  in  figure  2.  The  number  of  straight-line  segments  (edges  of  triangular 
elements)  discretizing  the  crackfront  are  chosen  as  a  fixed  fraction  of  the  local  radius  of 
curvature.  The  parameters  controlling  the  accuracy  of  the  numerical  integrations  and  infinite 
sums  extrapolation  are  chosen  so  that  the  errors  in  SIF  along  a  straight  crackfront  are  less 
than  0.01%.  In  the  other  case  studies,  this  tolerance  value  is  increased  to  0.1%.  In 
addition,  extra  care  in  the  meshing  procedure  was  taken  with  the  sinusoidal  crackfronts  in 
order  to  gain  experience  in  the  use  of  the  method.  Specifically  the  SIF  results  of  a  given 
mesh  are  considered  acceptable  only  when  the  maximum  discontinuity  in  SEF  values  at 
coincident  edges  of  adjacent  triangles  lying  along  the  crackfront  is  less  than  1%.  Otherwise 
a  finer  mesh  is  chosen.  A  comparison  of  BEM  with  the  fust  order  results  for  sinusoidal 
crackfronts  will  next  be  discussed. 

A  comparison  of  AKi/K°«(Ki-K°)/K0  versus  A/2L  at  the  leading  (z-0)  and  lagging 
(z*L)  edges  of  the  crackfront  are  shown  in  figures  3a  and  3b  respectively.  At  small  values 
of  A/2L  (A/2L<0.1),  the  fust  order  and  BEM  results  agree  closely  (errors  at  the  leading  and 
lagging  edges  when  A/2L-0.1  are  around  7%  and  -5%  respectively).  This  agreement  could 
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be  considered  as  further  verification  of  the  BEM.  The  comparisons  in  figure  3a  and  3b  also 
show  that  the  errors  in  the  first  order  results  are  tolerable  up  to  A/2L-0.2  where  the  errors 
at  the  leading  and  lagging  edges  are  around  21%  and  19%  respectively.  Note  that  (unlike 
the  first  order  results)  the  BEM  predicts  that  the  SIF  at  the  leading  edge  never  goes  negative 
(AKi/K°>-1)  as  is  intuitively  expected  of  a  crack  loaded  in  tension.  A  further  comparison 
of  Kj/K0  versus  z/L  (position  along  the  crackfront)  is  shown  in  figure  4  at  A/2L*0.2, 0.5 
and  1.0.  It  is  interesting  to  note  the  qualitative  change  in  the  variation  of  SIF  along  the 
crackfront  at  successively  larger  values  of  A/2L.  It  appears  that  the  part  of  the  crackfront  at 
which  the  SIF  goes  beyond  K°  localizes  at  a  successively  narrower  region  near  the  lagging 
edge  of  the  crackfront. 


ii)  First  order  crack  growth  profiles 


In  the  next  two  cases,  crack  growth  simulaions  through  or  around  a  periodic  array  of 
circular  obstacles  (figure  5)  are  studied.  The  ratio  H/L  in  figure  5  equals  0.5  in  both  of  the 
next  two  case  studies.  Defining  the  matrix  and  particle  toughness  by  Kg  and  Kcp 
respectively,  a  particular  linear  perturbation  simulation  (Gao  and  Rice  (1988))  assumed 
Kq/Kc-4.  They  use  the  "visco-plastic"  crack  growth  model: 


da(z,t)  P(KfKc) 

o 


Kj>Kc  (or  when  the  crack  is  in  the  particle) 
otherwise 

(10) 


where  "t"  is  a  time  parameter,  p  is  a  "viscosity"  coefficient  of  the  system  and  Kj  is  the 
SIF  value  at  points  along  the  crackfront.  The  details  of  the  numerical  implementation  of  the 
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crack  growth  studies  using  the  linear  perturbation  theory  are  discussed  in  Gao  and  Rice 
(1988).  Essentially,  by  making  p  large  enough,  they  simulate  growth  at  Ki»Kc.  Crack 
growth  profiles  at  various  KP/Kq  values  from  Gao  and  Rice's  simulations  are  shown  in 
figure  6.  These  crackfront  configurations  are  then  discretized  and  the  SEF  along  the 
crackfronts  are  determined  using  the  BEM.  A  typical  mesh  used  in  these  discretizations  is 
shown  in  figure  7  and  corresponds  to  the  curve  with  ^PiK^A  in  figure  6. 

The  SEF  along  the  crackfronts  shown  in  figure  6  as  determined  by  the  BEM  are  shown 
in  figure  8.  In  order  to  more  easily  discuss  the  results  of  figure  8,  the  crackfront  will  be 
divided  into  two  pans.  The  part  which  touches  the  particle  will  be  called  CF^p  and  that 
which  doesn't  will  be  called  CFpgn.  The  linear  perturbation  results  would  predict  that 
Kj/Kc-l  along  CFpen  tiut  w*'en  KG/K^IS  then  Ki/Kc-4  along  CFtrap-  The  BEM 
results  show  that  the  linear  perturbation  predictions  are  correct  only  for  the  first  profile 
(KO/Kc-l.S).  At  subsequent  profiles,  the  linear  perturbation  theory  underestimates  Kj/Kc 
along  CFpen.  In  addition,  when  the  linear  perturbation  results  overestimate 

Kj/Ke  along  CF^p.  Both  the  previous  observations  would  imply  that  crack  growth  would 
have  to  proceed  deeper  into  the  matrix  before  particle  rupture  occurs.  This  observation  is 
borne  out  in  the  next  simulation. 

ii)  Crack  Growth  Simulation  using  BEM 

The  last  case  study  performs  a  crack  growth  simulation  using  the  BEM.  In  these 
simulations,  the  "visco-plastic"  crack  growth  model  (equation  (10))  will  again  be  used  but 
with  the  following  modifications.  First,  da(z,t)  will  be  replaced  by  da*(s,t)  where  "s"  is  the 
arc  length  along  the  crackfront  and  da*  is  an  increment  of  crack  advance  measured  in  the 


11 


direction  normal  to  the  crackfront.  This  modification  is  necessary  since  a(z,t)  would  be 
multi-valued  when  the  crackfront  wraps  around  the  obstacles.  Finally,  in  order  to  force  the 
crackfront  to  wrap  around  instead  of  breaking  the  obstacles,  K^-p/K^-  will  be  allowed  to  be 
as  large  as  necessary.  Fortunately,  the  simulations  show  that  the  obstacle  toughness  K^p 
needs  only  to  satisfy  KCp^3.52Kc  for  the  obstacles  to  remain  impenetrated  as  the 
protruding  crack  fronts  begin  to  unstably  grow  towards  one  another  and  surround  the 
obstacles.  Some  of  the  implementation  details  of  the  crack  growth  simulation  will  next  be 
described. 

The  crack  growth  simulations  require  forming  a  new  mesh  (re-meshing)  whenever  the 
crack  advances.  The  procedure  for  crack  growth  is  therefore  as  follows.  The  SIF  along  the 
current  crackfront  is  obtained  using  the  BEM.  Based  on  the  SIF  values  a  new  crackfront  is 
calculated.  Re-meshing  is  performed  with  the  new  crackfront  which  is  consequently 
considered  as  being  the  current  one.  Thereupon,  the  cycle  of  BEM  analysis  and  crack 
growth  is  repeated.  The  time  step  taken  in  equation  (10)  while  growing  the  crack  is 
periodically  readjusted  to  satisfy  the  following  constraint  The  maximum  deviation  of 
Kj/Kc  from  1  along  CFpen  should  not  exceed  ±6%.  When  the  constraint  is  violated,  the 
time  step  increment  is  decreased.  When  the  constraint  is  again  satisfied,  larger  time  steps 
are  again  taken.  Sample  crackfront  profiles  from  the  crack  growth  simulations  which 
satisfy  the  above-mentioned  constraint  are  shown  in  figure  10.  Further  remarks  on  crack 
trapping  and  the  deductions  that  can  be  made  from  figure  10  will  next  be  discussed. 

The  toughening  effect  of  crack  trapping  will  be  defined  as  the  maximum  of  K °/Kc  that 
is  to  be  applied  in  order  to  move  the  crackfront  ahead  of  the  first  array  of  obstacles 
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(panicles)  lying  parallel  (o  the  crackfront.  The  crackfront  can  move  in  such  a  way  as  to 
either  break  the  obstacles  or  circumvent  them  by  surrounding  them. 

When  the  panicles  break,  then  the  value  of  IWKc  at  breakthrough  is  the  net  toughening 
achieved  by  introducing  the  particles  or  second  phase  inclusions.  The  simulation  shown  in 
figure  10  gives  lower  bounds  (since  the  particles'  toughness  is  not  fully  mobilized)  on  the 
net  toughening  when  Kq>/Kc<3.52  with  H/L-0.5.  An  upper  bound  is  obtained  from  the 
rule  of  mixtures  (Rose  (1987b)),  and  the  exact  level  depends  on  the  shape  of  the  particles 
as  discussed  in  Gao  and  Rice  (1988).  For  example,  based  on  the  first  curve  values  of 
KtyKc  and  Kmax^Kc  (the  maximum  SIF  acting  on  the  particle),  an  upper  and  lower  bound 
for  the  net  toughness  when  K^p/Kc-1.77  is  1.44  and  1.30  respectively. 

When  the  obstacles  are  circumvented,  the  particles  form  bridges  and  lead  to  the 
bridging  effect  discussed  in  the  introduction.  The  net  toughening  achieved  in  this  case  is 
due  to  both  the  bridging  and  the  crack  trapping  effect.  Accordingly,  figure  10  suggests  that 
at  least  the  first  array  of  obstacles  might  be  circumvented  when  KC^KC'S3.S2  (with 
H/L*0.5)  and  that  the  crack  trapping  toughening  contribution  is  then  K°/Kc«2.35.  The 
actual  Kcp/Kg  value  required  to  circumvent  the  first  array  of  obstacles  with  a  realistic 
loading  situation  depends  on  the  location  of  the  next  array  of  obstacles.  That  is  because 
with  a  realistic  loading  situation,  there  would  be  no  way  to  suddenly  reduce  Kq/K^  from 
2.33  after  the  penetrating  crack  segments  began  to  join  unstably  with  one  another.  For 
example,  if  the  crack  front  is  considered  re  trapped  at  the  most  advanced  configuration 
shown  in  figure  10,  and  Kq/Kc  remains  at  2.35,  then  a  lower  bound  on  the  Kcp/Kc 
required  to  circumvent  the  first  array  of  obstacles  is  3.64  (i.e.  2.35x3.02/1.95).  In  any 
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case,  the  crack  trapping  toughening  contribution  is  independent  of  Kq/Kc  when 
KCpfK^3.S2  (i.e.  irrespective  of  whether  the  fust  stray  of  obstacles  are  circumvented). 
However,  the  toughening  contribution  of  crack  trapping  would  depend  on  H/L  and  in  a 
more  general  situation  on  obstacle  elastic  moduli,  shape  and  configuration  within  the  brittle 
matrix.  Further  case  studies  have  to  be  performed  in  order  to  determine  the  dependence  of 
the  crack  trapping  toughening  contribution  on  H/L  ((1-H/L)  is  the  ratio  of  particle  size  to 
panicle  spacing). 

Conclusion 

A  BEM  was  formulated  and  implemented  for  the  case  of  a  semi-infinite  crack  having  a 
wavy  crackfront  Using  the  BEM,  the  linear  perturbation  theory  of  wavy  crickrronts  was 
evaluated  in  two  case  studies.  In  general,  the  linear  perturbation  theory  underestimates  the 
SIF  along  the  lagging  part  of  a  crackfront  and  overestimates  them  along  the  leading  part.  In 
the  case  of  a  sinusoidal  crackfront,  ti\e  linear  perturbation  theory  gives  acceptable 
agreement  with  the  BEM  when  the  amplitude  to  wavelength  ratio  is  less  than  around  0.2.  A 
crack  growth  simulation  around  obstacles  using  the  BEM  yields  lower  bounds  on  the 
toughness  of  the  matrix-particles  system  when  a  crackfront  breaks  through  the 
particles.The  simulation  also  gives  the  toughening  contribution  of  crack  trapping  when  the 
particle  to  matrix  toughness  is  above  a  critical  ratio  allowing  the  crackfront  to  circumvent 
the  obstacles  by  surrounding  them.  Further  studies  have  to  be  carried  out  in  order  to 
quantify  the  effect  of  particle  size  to  spacing  on  crack  trapping. 
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Figure  Captions 


Figure  1  shows  a  wavy  crackfront  of  the  type  analyzed  using  the  BEM.  Only  a 
representative  sector  (shown  shaded)  needs  to  be  discretized. 

Figure  2  shows  a  mesh  of  a  representative  sector  whose  crackfront  shape  is  sinusoidal  with 
the  amplitude  to  wavelength  redo  being  1.0. 

Figure  3a, b:  AKj/K0  (the  normalized  difference  between  the  actual  and  the  macro  Stress 
Intensity  Factor)  versus  A/2L  (half  the  crackfront  amplitude  divided  by  crackfront 
wavelength)  as  determined  by  both  the  linear  perturbation  theory  and  the  present 
Boundary  Element  Method,  a)  and  b)  show  these  comparisons  at  the  leading  and 
lagging  tips  of  the  crackfront  respectively. 

Figure  4:  The  normalized  Stress  Intensity  Factor  versus  the  location  along  the  crackfront  as 
determined  by  both  the  linear  perturbation  theory  and  the  present  Boundary  Element 
Method  at  various  amplitude  to  wavelength  ratios. 

Figure  5:  An  advancing  crackfront  encountering  an  array  of  obstacles  is  trapped  thus 
causing  the  crackfront  to  have  a  wavy  shape. 

Figure  6:  The  crack  growth  profiles  based  on  the  linear  perturbation  theory  are  shown  with 
the  corresponding  macro  normalized  stress  intensity  factor  (K0/!^)  required  to  reach 
that  profile. 

Figure  7:  A  typical  mesh  used  to  discretize  the  crack  growth  profiles  based  on  the  linear 
perturbation  theory  shown  in  figure  6. 

Figure  8:  The  Stress  Intensity  Factor  along  the  crack  growth  profiles  shown  in  figure  6  as 
determined  by  the  Boundary  Element  Method  discussed  in  the  text 

Figure  9:  A  typical  mesh  used  to  discretize  the  creek  growth  profiles  based  on  a  full 
numerical  simulation  using  the  Boundary  Element  Method  discussed  in  the  text 
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Figure  10:  Crack  growth  profiles  based  on  a  full  numerical  simulation  are  shown  with  the 
corresponding  macro  normalized  stress  intensity  factor  (K'VKc)  required  to  reach  that 
profile  as  well  as  the  associated  normalized  maximum  stress  intensity  factor  (Kmax/Kc) 
along  the  panicle. 
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fondimcniatct  dc<  maicriaux  teehnologiques  Cetre  revue  mcl  cn  {vidence  It  domame  det  valeura  pottiblcs 
dc  -.tuque  preprkte.  cl  k  wui-damame  assort*  a  cheque  classe  dc  mstimux  Sour  rcptctentoni  ctl 
dnmainct  cl  let  relations  cnirc  proprsih  lur  det  cartel  dc  propuitet  det  maicnaux  rdu  d'enire  diet  t uni 
prhentm  dant  cet  article)  Cet  diagtarr.mct  ent  de  nomhreutct  applications  qui  torn  dc  lidcniilkalion 
d'une  relation  fondamentale  enirc  lee  pup-iiei  du  malenau  au  choit  det  maUnauv  a  vocation 
tcvhno'ogique 

Zi— sm— f—wH- Die  grundlegeiidcn  mcehacischen  und  Ihcrmitchcn  F.igcnschificn  von  KonsltuMion. 
twsrhttoITcn  vverden  luiammcngeticlli  und  miictnandcr  vcrVnupft  Dick  Zusammcmicllurg  besehtctbi 
die  Spannc  emer  Jcdcn  Etgcnschifl  und  die  lur  jede  Malenalklaste  ijpiiehe  (klcincre)  Spannc  Dietc 
Spanncn  und  die  Zuiammcnhifntc  iwitchtn  den  Eigenschaftcn  vverden  tn.  "Karlen  dcr  Maicnalcijen- 
vchaflen"  dargcilclli:  10  davon  vverden  hier  vorgekgt  Die  Dtagrammc  linden  'ielfaluge  Anwtndung  von 
dcr  Idcntifinetung  fundamental  (kriehungcn  r*ivehen  Malcnalctgcnsch’afttn  bit  ru  dcr  Auswahl  ton 
lA'crtuolTen  fur  Kontiruktioncn. 


SYMBOL.  DEFINITIONS  AND  UNITS 

a  thermal  difluumy  |m!.'i) 

a,  crack  half-length  (ml 

A.  B.  C  dimennonleti  contiantt  f— ) 
f  velocity  Imit) 

C,  eSccuomc  specific  heal  fj/kg  K) 

C,  '  at  comuni  r, rettuic  tJ'kg  K) 

C,  tt  constant  volume  |J, kg  K) 

£  'ut  (GPaJ 

£v  -•  it  (GPA) 

£>  t  r  ..  .*  -Jut  (GPa) 

F  I 

G  ll  ■  :  t  (GPa) 

Gw  lot;  -  apparcni  fracture  turfite  energy 

(Jin-. 

h  heal  uanv'Sr  coefficient  (Jim1  K) 

Jt  Boluminn’t  cor.tiant  (OK) 

K  bulk  modulut  (GPe) 

K„  fracture  toughness  (MPa  m1 !) 

/  mean  free  path  (m) 

v«  atom  me  (m) 

R  radlut  of  presture  vessel  (m) 

£  bond  ttiffncst  (Nim) 

i  Ihicknctt  of  tecnon  tm) 

T  lemperalurc  (K) 

T«  melting  point  (K) 

r  elastic  wave  velocity  (mrs) 

a  linear  expansion  coefficient  (K’1) 

1  damping  coefficient  (— ) 

surface  energy  (J/m1) 
r0  GruneiKn't  constant  (— ) 

k  thermal  conductivity  (WmK) 

P  density  (Mgrm’J 


a  tlrctt  tMPa) 

a,  yield.'cruthingj’tcar  ttrength  (MPa) 

a,  tcntslc  )icld|fracturt  strength  (h(Pa) 

r  Pottton’t  ratio  (— ) 


I.  INTRODUCTION:  MATERIAL  PROPERTY 
CHARTS 

Each  property  of  an  engineering  maicnal  hat  a 
characteristic  range  of  values.  The  range  is  enormous: 
of  the  ten  properties  considered  here—  properties 
such  is  modulus,  toughness,  thermal  conductivity- 
all  but  one  ranges  through  roughly  J  decades, 
reflecting  the  diversity  in  the  atomic  mechanisms 
which  determine  the  value  of  the  property. 

It  Is  conventional  to  classify  the  solids  themselves 
into  the  six  broad  classes  shown  in  Fig.  I— metals, 
polymers,  elastomers,  ceramics,  glasses  and  com¬ 
posites,  Within  a  class  the  range  of  properties  is 
narrower,  and  the  underlying  mechanisms  fewer.  But 
classifications  of  this  sort  have  their  dangers,  notably 
those  of  narrowing  vision  and  of  obscuring  relation¬ 
ships.  Here  we  aim  at  a  broad  review  of  engineering 
materials,  examining  the  relationships  between  the 
properties  of  all  six  classes. 

One  way  of  doing  this  is  by  constructing  Material 
Property  Charts.  The  idea  is  illustrated  by  Fig.  2.  One 
property  (the  modulus.  E.  in  this  case)  is  plotted 
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n*.  I  The  menu  of  engineering  materials  Each  clast  hat 
ptopet  ties  which  occupy  a  particular  part  lor  ''field")  of  the 
Materials  Property  Chant,  which  are  the  central  feature  of 
this  paper 

against  another  litre  density,  pi  on  logarithmic  scales. 
The  range  of  the  axes  is  chosen  to  include  all  ma¬ 
terials,  from  (he  lightest.  Ihmsiest  foams  to  ihe  stillest, 
heaviest  metals.  H  is  found  ihal  data  for  a  given  class 
of  materials  (polymers,  for  example)  cluster  together 
on  (lie  chare  the  subron^t  associated  with  one  mate¬ 
rial  class  is.  in  all  cases,  much  smaller  than  the  full 
range  of  that  property.  Data  for  one  class  can  be 
enclosed  in  a  property-envelope,  as  shown  in  Fig.  2. 
The  envelope  is  constructed  to  enclose  all  members  of 
(he  class. 

All  this  is  simple  enough— no  more  than  a  way  of 
displaying  properties  in  a  helpful  way.  But  by  choos¬ 
ing  (he  axes  and  scales  appropriately,  more  can  be 


DENSITY,  p  (Mg/m>) 


Fig.  2.  The  idea  of  a  Matenils  Property  Chart:  Young's 
modulus.  £,  is  plotted  against  the  density,  p.  on  log  scales. 
Each  class  of  material  occupies  a  characteristic  part  of  Ihe 
chart  The  log  scales  allow  the  longitudinal  elastic  wave 
velocity  r»(£,p),!  to  he  plotted  as  a  set  of  parallel 
contours 


added.  The  speed  of  sound  in  a  solid  depends  on  the 
modulus.  £.  and  the  density,  p;  the  longitudinal  wave 
speed  c.  for  instance,  is 


or  (taking  logs) 

.  log  £  *•  log p  +  2 logr.  lib) 

For  a  fixed  value  of  r.  this  equation  plots  as  a  straight 
line  of  slope  I  on  Fig.  2.  This  allows  us  to  add 
contours  of  oimr.uir  souml  vtl<niir  to  the  chart  they 
are  the  family  of  parallel  diagonal  lines,  linking 
materials  in  which  sound  travels  with  the  same 
velocity.  All  the  charts  allow  additional  fundamental 
relationships  of  this  sort  to  be  displayed 
At  the  more  applied  end  of  the  spectrum,  the  charts 
help  in  materials  selection  in  engineering  design.  The 
performance,  tn  an  engtnccnng  sense,  of  load-bearing 
components  is  seldom  limited  by  a  single  ptoperty  but 
by  one  or  more  combinations  of  them.  The  lightest  tic 
rod  which  will  carry  a  given  tensile  load  without 
exceeding  a  given  deilcciton  is  that  with  the  greatest 
value  of  E.p.  The  I  ghtest  column  which  will  support 
a  given  compressive  load  without  buckling  is  that 
with  the  greatest  value  of  £' :  p.  The  lightest  panel 
which  will  support  a  given  pressure  with  minimum 
defection  is  that  with  the  greatest  value  of  £’ '  p 
Figure  3  shows  how  the  chart  can  be  used  to  select 
materials  which  maximise  any  one  of  these  com¬ 
binations  (I).  The  condition 

-  -  C  (2a) 

P 

or,  taking  logs 

log£«  logp  +logC  (2b) 


DENSITY,  p  (Mg/W) 


Fig,  3  The  same  diagram  as  Fig  2  but  showing  guide  lines 
for  selecting  materials  for  minimum  weight  design  Because 
of  the  log  scales  the  lines  are  straight  even  though  they 
describe  non-linear  relationships  between  the  properties 
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is  a  family  or  straight  lines  of  slope  I.  one  line  Tor  each 
value  of  the  constant  C.  The  condition 

E':pmC  (?) 

gives  a  family  with  slope  2;  and 


gives  another  set  with  slope  3.  One  member  of  each 
family  is  shown  on  Fig.  3.  labelled  "Guide  Lines  for 
Material  Selection"  The  others  are  found  by  trans- 
luting  the  appropriate  guide  line  sideways 

It  is  now-  easy  to  read  o<T  the  fubset  of  materials 
which  arc  optimal  for  each  loading  geometry.  If  a 
straight-edge  is  laid  parallel  to  the  £' :  p  ■  Cline,  all 
the  materials  which  lie  on  the  line  wilt  perform 
equally  well  ns  a  light  column  loaded  in  compression; 
those  above  the  line  are  better  (they  can  withstand 
greater  loads),  those  below,  worse.  If  the  straight¬ 
edge  is  translated  towards  the  top  left  corner  of  the 
diagram  while  retaining  the  same  slope,  the  choice 
narrows.  At  any  given  position  of  the  edge,  two 
materials  which  he  on  it  are  equally  good,  and  only 
those  which  remain  abuse  are  better.  The  same 
procedure,  applied  to  the  tie  (E,p)  or  plate  in  bending 
{F."  />).  lead  to  diiVcrcnt  equivalences  and  optimal 
subsets  of  materials.  There  are  numerous  such  i nterui 
for  optimal  materials  selection,  some  of  which  are 
summarised  in  Fig.  4.  All  of  these  appear  on  one  or 
another  of  the  charts  described  below. 

Among  the  mechanical  and  thermal  properties, 
there  are  10  which  are  of  primary  importance,  both 
in  characterising  the  material,  and  m  engineering 
design.  They  arc  listed  in  Table  I:  they  include 
density,  modulus,  strength,  toughness.  thermal  con¬ 
ductivity.  ditTusivity  and  expansion.  The  charts  dis¬ 
play  data  for  these  properties  for  the  9  classes  of 
materials  listed  in  Table  2.  The  class-list  is  expanded 
from  the  original  6  by  distinguishing  engineering 
composites  from  foams  and  from  wootls  though  all.  in 
the  most  general  sense,  are  composites:  and  by  dis¬ 
tinguishing  the  high-strength  engineering  ceramics 
(like  silicon  carbide)  from  the  low  strength,  porous 
ceramics  (like  brick).  Within  each  class,  data  are 
plotted  for  a  representative  set  of  materials,  chosen 
both  to  span  the  full  range  of  behaviour  for  the  class, 
and  to  include  the  most  common  and  most  widely 
used  members  of  it.  In  this  way  the  envelope  for  a 
class  encloses  data  not  only  for  the  materials  listed  in 
Table  2.  but  for  virtually  all  other  members  of  the 
class  as  well. 

2.  DATA  AND  DATA  SOURCES 

The  data  plotted  on  the  charts  shown  below  have 
been  assembled  over  several  years  from  a  wide  variety 
of  sources.  As  far  as  possible,  the  data  have  been 
latulaied:  cross-checkcu  »y  comparing  values  from 
more  than  one  source,  anu  'hey  have  been  examined 
for  consistency  with  physica.  Tiles.  The  charts  show 


a  range  of  values  for  each  property  of  each  material. 
Sometimes  the  range  is  narrow;  the  modulus  of  a 
metal,  for  instance,  varies  by  only  a  few  percent  about 
us  mean  value.  Sometimes  it  is  wide:  the  strength  of 
a  ceramic  can  vary  by  a  factor  of  100  or  more  The 
reasons  for  the  range  of  values  vary:  heat  treatment 
and  mechanical  working  have  a  profound  elfcct  on 
yield  strength,  damping  and  toughness  of  metats. 
Crystallinity  and  degree  of  cross-linking  greatly 
intluencc  the  modulus  of  polymers.  Gram  size  and 
porosity  change  considerably  the  fracture  strength  of 
ceramics.  And  so  on  These  structure-teiwine  prop¬ 
erties  appear  as  elongated  balloons  within  the  en¬ 
velopes  on  the  charts.  A  balloon  encloses  a  typical 
range  for  the  value  of  the  property  for  a  single 
material  Envelopes  (heavier  lines)  enclose  the  bal¬ 
loons  for  a  class. 

The  framework  of  this  study  is  one  ot  maximum 
breadth  at  relatively  low  precision.  In  this  context,  a 
number  of  approximations  are  possible:  that  the 
shear  modulus  is  roughly  3  S  E,  that  the  hardness  is 
roughly  3 at  (where  a,  is  the  yield  strengthl.  that  the 
two  specific  heats  Cf  and  C,  arc  tfor  solids)  equal,  and 
so  forth.  Tins  allows  us  to  deal  with  one  modulus 
(Young's),  one  wave  velocity  (the  longitudinal),  and 
so  on;  the  others  arc  proportional  to  the  one  dis¬ 
cussed  here,  and  relationships,  ranges  and  physical 
origins  are  the  same. 

Now  to  the  data  sources  themselves.  First,  there 
are  the  standard  handbooks:  The  American  Institute 
of  Physics  Handbook  (2):  the  Handbook  of  Physics  and 
Chemistry  (3):  the  Landoh-Bornsiein  Tables  (4);  the 
Materials  Engineering  “Materials  Selector "  [5)  and 
the  Fulmer  Materials  Opumiser  (6).  More  specialised 
data  can  be  found  in  the  compilations  by  Simmons 
and  Wang  [7}  for  moduli.  Lazan  (8)  for  damping. 
Frost  and  Ashby  (9)  and  the  Atlas  ol  Creep  and 
Stress  Rupture  Curies  (10)  for  strength  at  tempera¬ 
ture.  and  in  the  major  reference  texts  on  specific 
materials  such  as  the  ASM  Metals  Handbooks  (II) 
and  Smithclls  (12)  for  metals,  the  Handbook  of  Class 
Properties  by  Bansal  and  Dorcmus  (13)  for  glasses, 
the  Handbook  of  Phisties  and  Elastomers  (14).  the 
International  Plastics  Selector  (15).  the  Plastics  Tech • 
nology  Handbook  of  Chanda  and  Roy  (16).  and  the 
Handbook  of  Elastomers  of  Bhowmtck  and  Stephens. 
(17)  for  polymers,  the  Handbook  of  Physical  Con¬ 
stants  (18)  for  rocks  and  minerals,  Crcyke  et  at.  (19) 
and  Morrell  (20)  for  ceramics.  Composites  (21)  and 
the  Engineering  Guide  to  Composite  Materials  (22)  for 
composites.  Dinwoodie  (23)  for  wood  and  wood 
products  and  Gibson  and  Ashby  |24]  for  foams. 
Much  of  the  data  (particularly  those  for  moduli, 
strength,  toughness  and  thermal  conductivity)  are 
derived  from  scientific  journals  and  conference  pro¬ 
ceedings.  and  from  manufacturers  data  sheets  for 
their  products. 

We  now  introduce  charts  which  display  the  10 
properties  and  allow  useful  relationships  between 
them  to  be  explored. 


MINIMISE  WEIGHT  FOR  GIVEN 
MODE  OF  LOADING  <i*ti«sI  Over**  I 
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Tablt  I  Basie  subset  of  material  properties 


Property 

Units 

Density,  p 

'■Mg.m'1 

Youngs  modulus,  E 

(OPa) 

Strength,  a. 

t.MPa) 

Fracture  toughness.  Ku 

l.MPam") 

Toughness.  (L 

Damping  coefficient.  g 

(J  m!) 

t-1 

Thermal  conductivity.  * 

lW  m  K) 

Thermal  dilfusivuv.  a 

tm!  s) 

Volume  specific  heal,  Cfp 

tJm’Kl 

Thermal  espansion  coefficient,  a 

(IK) 

3.  THEMATERIAL-PROPERTY  DIACRAMS 

XI.  The  moduluj-ilenjity  (hart  ( Chart  I,  Fif.  S) 

Modulus  and  density  ate  among  the  most  self- 
evident  of  material  properties.  Steel  is  used  for  stilT 
beams;  rubber  for  compliant  cushions.  The  density  of 
lead  makes  it  good  for  sinkers;  that  of  cork  makes  it 
good  for  floats.  Figure  5  shows  the  full  range  of 
Young's  modulus.  £,  and  density,  p,  for  engineering 
materials. 


Table  3.  Material  classes  and  members  of  each  class 


En(in(ttw.(  alloy t 

iThc  metals  and  alloys  of  engineering) 


€n(tneertn(  polymers 

(The  thermoplastics  and  thcrmotcit  of 

engineering) 


Enfineennt  ceramics 

(Fine  ceramics  capable  of  load-beanng 

application) 


Enfincertnf  companies 

(The  composites  of  engineering  practice. 

A  distinction  is  drawn  between  the  properties 
of  a  ply—' "Uniply"— and  of  a  laminate— 
"Laminates") 

Porous  ceramics 

(Traditional  ceramics,  cements,  rocks  and 
minerals) 


Classes 

(Ordinary  silicate  glass) 
Woods 


Elastomers 

(Natural  and  artificial  rubbers) 


Polymer  foams 

(Foamed  polymers  of  engineenng) 


Aluminium  alloys 

Al  alloys 

Lead  allovs 

Lead  alloys 

Magnesium  alloys 

Mg  alloys 

Nickel  alloys 

Ni  alloys 

Steels 

Sleets 

Tin  alloys 

Tin  alloys 

Titanium  alloys 

Ti  alloys 

Zinc  alloys 

Zn  alloys 

Eposics 

EP 

Melamines 

MEL 

Polycarbonate 

PC 

Polyesters 

PEST 

Polyethylene,  high  density 

IIDPE 

Polyethylene,  low  density 

LDPE 

Poly  formaldehyde 

PF 

Polymethylmethacrylate 

P.MMA 

Polypropylene 

PP 

Polytetrafiuorethyienc 

PTFE 

Polyvinylchloride 

PVC 

Alumina 

AljOj 

Diamond 

C 

Sialons 

Sialons 

Silicon  carbide 

SiC 

Silicon  nitride 

Si>N, 

Zirconii 

ZrOj 

Carbon  fibre  rvmfotccd  polymer 

CFRP 

Glass  fibre  reinforced  polymer 

GFRP 

Kevlar  fibre  reinforced  polymer 

KFRP 

Brick 

Brick 

Cement 

Cement 

Common  rocks 

Rocks 

Concrete 

Concrete 

Porcelain 

Pcln 

Pottery 

Pot 

Borosilicatc  glass 

□•glass 

Soda  glass 

Na-glass 

Silica 

SiO, 

Ash 

Ash 

Balsa 

Balsa 

Fir 

Fir 

Oak 

Oak 

Pine 

Pine 

Wood  products  (ply.  etc) 

Wood  products 

Natural  rubber 

Rubber 

Hard  butyl  rubber 

Hard  butyl 

Polyurethanes 

PU 

Silicone  rubber 

Silicon: 

Soft  butyl  rubber 

Soft  butyl 

These  include; 

Cork 

Cork 

Polyester 

PEST 

Polystyrene 

PS 

Polyurethane 

PU 

1271 


ASHBY:  OVERVIEW  SO.  10 


1000 r 


/^**o^£»*''NEER'na  /vwc  *"°  • 

eni  v  .  .  ,-A  ~-jv**U.CvS  L 


1  MOOUIUS-OENSITV 
[  YOUNGS  MODULUS  E 

(C3E/8,  K.E.)  ^ 


10  3 

OEN51TY,  P  (Mg/m1) 

Fi|.  S.  Chirt  I:  Youngs  modulus,  E.  plowed  against  density,  p.  The  heavy  envelopes  enclose  diu  for 
a  given  class  of  material.  The  diagonal  contours  show  the  longitudinal  wave  velocity.  The  guide  lines 
of  constant  E/p,  E1  !/p  and  E1  */p  allow  selection  of  materials  for  minimum  weight,  deflection-limited, 

design. 


Dtu  for  members  of  a  particular  class  of  material 
cluster  together  and  can  be  enclosed  by  an  envelope 
(heavy  line).  The  same  class-envelopes  appear  on  all 
the  diagrams:  they  correspond  to  the  main  headings 
in  Tabic  2.  The  members  of  a  class  were  chosen  to 
span  the  full  property-range  of  that  class,  so  (he 
class-envelopes  enclose  data  not  only  for  the  mem¬ 
bers  listed  in  Table  2,  but  for  other  unlisted  members 
also. 

What  determines  the  density  of  a  solid?  At  its 
simplest,  it  depends  on  three  factors:  the  (mean) 
atomic  weight  of  its  atoms  or  ions,  their  (mean) 
size,  and  the  way  they  are  packed.  The  size  of 
atoms  does  not  vary  much:  most  have  a  volume 
within  a  factor  of  two  of  2  x  lO’-^m*.  Packing 
fractions  do  not  vary  much  either— a  factor  or 
two,  more  or  less:  close-packing  gives  a  packing 


fraction  of  0.74;  open  networks,  typified  by  the 
diamond-cubic  structure,  give  about  0.34.  The  spread 
of  density  comes  from  that  of  atomic  weight,  from  1 
for  hydrogen  to  207  for  lead.  Metals  are  dense 
because  they  are  made  of  heavy  atoms,  packed  more 
or  less  closely:  polymers  have  low  densities  because 
they  are  made  of  light  atoms  in  a  linear.  2  or 
3-dimcnsional  network.  Ceramics,  for  the  most  part, 
h3ve  lower  densities  than  metals  because  they  contain 
light  0,  N  or  C  atoms.  Even  the  lightest  atoms, 
packed  in  the  most  open  way,  give  solids  with  a 
density  of  around  1  Mg/m’.  Materials  with  lower 
densities  than  this  are  foams,  containing  substantial 
pore  space. 

The  moduli  of  most  materials  depend  on  two 
factors:  bond  stiffness,  and  the  density  of  bonds 
per  unit  area.  A  bond  is  like  a  spring:  it  can  be 
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characterised  by  a  spring  constant.  5  (units:  Nmi). 
Youngs  modulus.  £.  is  roughly 

a 

£».-  III 

r . 

whore  u  is  the  atom  >uc  (r«  is  the  tmc.mi  atomic  or 
tome  volumc|,  Ttie  wide  range  of  moduli  is  largely 
caused  by  the  range  of  value  of  £  The  covalent  bond 
is  suit  (S  »  20-200  N*m):  the  metallic  and  the  tome 
a  little  less  so  ( S  ■  15-100  N  ml  Diamond  has  a  very 
high  modulus  because  the  carbon  atom  is  small 
(giving  a  high  bond  density)  and  us  atoms  arc  linked 
by  very  strong  bonds  (5  ■  200  N  ml  Metals  have 
high  moduli  because  close-packing  gives  a  high  bond 
density  and  the  bonds  are  strong.  Polymers  contain 
both  strong  covalent  bonds  and  weak  hydrogen  or 
Van-dcr-Waals  bonds  IS  ■  0.5 -2  N  ns):  it  is  the  weak 
bonds  which  stretch  when  the  polymer  is  deformed, 
giving  low  moduli. 

But  even  large  atoms  (r,  »  3  x  10  “m)  bonded 
with  weak  bonds  (5  -05  N  ml  have  a  modulus  of 
roughly 


This  is  the  tower  limit  for  true  solids.  The  chart  shows 
that  many  materials  have  moduli  (hat  are  lower  than 
this:  they  are  either  elastomers,  or  foams— materials 
made  up  of  cells  with  a  large  fraction  of  pore  space. 
Elastomers  have  a  low  £  because  the  weak  secondary 
bonds  have  melted  (their  glass  temperature  is  below 
room  temperature)  leaving  only  the  very  weak 
"cnlropic"  restoring  force  associated  with  tangled, 
long-chain  molecules;  and  foams  have  low  moduli 
because  the  cell  walls  bend  (allowing  large  displace¬ 
ments)  when  the  material  is  loaded. 

The  chart  shows  that  the  modulus  of  engineering 
materials  spans  5  decades, t  from  0.01  GPa  (low 
density  foams)  to  1000  GPa  (diamond);  the  density 
spans  a  factor  of  2000.  from  less  than  0.1  to 
20Mg/m*.  At  the  level  of  approximation  of  interest 
here  (that  required  to  reveal  the  relationship  between 
the  properties  of  materials  classes)  we  may  approxi¬ 
mate  the  shear  modulus,  G,  by  3E/8  and  the  bulk 
modulus.  K.  by  £.  for  all  materials  except  elastomers 
(for  which  G  ■  Ell  and  K  ►  £). 

The  log-scales  allow  more  information  to  be  dis¬ 
played.  The  velocity  of  elastic  waves  in  a  material, 
and  the  natural  vibration  frequencies  of  a  component 
mude  of  it.  are  proportional  to  (£,p)' 5;  the  quantity 
(£,p)l!  itself  is  the  velocity  of  longitudinal  waves  in 
a  thin  rod  of  the  material.  Contours  of  constant 
(£,p)'5  are  plotted  on  the  Chart,  labelled  with  the 
longitudinal  wave  speed:  it  varies  from  less  than 

tVery  low  density  foams  and  gtls  (which  can  be  ihoughi  of 
as  molecular-scale  fluid  filled  foams)  can  have  moduli  far 
lower  than  this  As  an  example,  gelatin  (as  in  Jcllo)  has 
a  modulus  of  about  5  x  10‘'GPa.  Their  strengths  and 
fracture  toughness  tno-  can  be  below  the  lower  limit  of 
the  chans. 


JO  mis  (soft  elastomers)  to  a  little  more  than  10’  mis 
(fine  ceramics)  We  note  that  aluminium  and  glass, 
because  of  their  low  densities,  transmit  waves  quickly 
despite  their  low  moduli.  One  might  have  expected 
the  sound  velocity  in  foams  to  be  low  because  of  the 
low-  modulus,  but  the  low  density  almost  compen¬ 
sates  That  in  wood,  aetoss  the  gram,  tv  low.  but 
along  the  gram,  it  is  high— roughly  the  same  at 
steel— a  fact  made  use  of  in  the  design  of  musical 
instruments. 

The  diagram  helps  in  the  common  problem  of 
material  selection  for  applications  in  which  weight 
must  be  minimised  Guide  lines  corresponding  to 
three  common  geometries  of  loading  arc  drawn  on 
the  diagram.  They  arc  used  in  the  way  described  in 
Section  I  to  select  materials  for  clastic  design  at 
minimum  weight. 

3.2.  The  strength-density  chart  t Chart  2.  Fig ■  6 1 

The  modulus  of  a  solid  is  a  well-defined  quantity 
with  a  sharp  value.  The  strength  is  not. 

The  word  "strength"  needs  definition  For  metals 
and  polymers  it  is  the  ttehl  strength,  hut  since  the 
range  of  materials  includes  those  which  have  been 
worked,  the  range  spans  initial  yield  to  ultimate 
strength:  for  most  practical  purposes  it  is  the  same  in 
tension  and  compression.  For  brittle  ceramics,  it  is 
the  crushing  strength  in  compression,  not  that  in 
tension  which  is  about  15  limes  smaller;  the  envelopes 
for  brittle  materials  are  shown  as  broken  lines  as 
a  reminder  of  this.  For  elastomers,  strength  means 
the  tear -strength.  For  composites,  it  is  the  tensile 
failure  strength  (the  compressive  strength  can  be  less, 
because  of  fibre  buckling). 

Figure  6  shows  these  strengths,  for  which  vve  will 
use  the  symbol  a,  (despite  the  different  failure 
mechanisms  involved),  plotted  against  density,  p. 
The  considerable  vertical  extension  of  the  strength- 
balloon  for  an  individual  material  reflects  its  wide 
range,  caused  by  degree  of  alloying,  work  hardening, 
grain  size,  porosity  and  so  forth.  As  before,  members 
of  a  class  group  together  and  can  be  enclosed  in  an 
envelope  (heavy  line).  Each  occupies  a  characteristic 
area  of  the  chart,  and.  broadly  speaking,  encom¬ 
passes  not  only  the  materials  listed  in  Table  2.  but 
most  other  members  of  the  class  also. 

The  range  of  strength  for  engineering  materials, 
like  that  of  the  modulus,  spans  about  5  decades,  from 
less  than  0.1  MPa  (foams,  used  in  packaging  and 
energy-absorbing  systems)  to  10*  MPa  (the  strength 
of  diamond,  exploited  in  the  diamond-anvil  press). 
The  single  most  important  concept  in  understanding 
this  wide  range  is  that  of  the  lattice  resistance  or 
Peierls  stress',  the  intrinsic  resistance  of  the  structure 
to  plastic  shear.  Metals  are  soft  and  ceramics  hard 
because  the  non-Iocalised  metallic  bond  docs  little  to 
prevent  dislocation  motion,  whereas  the  more  lo¬ 
calised  covalent  and  ionic  bonds  of  the  ceramic 
(which  must  be  broken  and  reformed  when  the 
structure  is  sheared)  lock  the  dislocations  in  place.  In 
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non-crysiallinc  solids  we  think  instead  or  the  energy 
associated  with  the  unit  step  of  the  flow  process:  the 
relative  slippage  of  two  segments  of  a  polymer  chain, 
or  the  shear  of  a  small  molecular  cluster  in  a  glass 
network.  Their  strength  has  the  same  origin  as  that 
underlying  the  lattice  resistance:  if  (he  unit  step 
involves  breaking  strong  bonds  (as  in  an  inorganic 
glass),  the  material  will  be  strong;  if  it  only  involves 
the  rupture  of  weak  bonds  (the  Van-dcr-Waals  bonds 
in  polymers  for  example),  it  will  be  weak. 

When  the  lattice  resistance  is  low,  the  material  can 
be  strengthened  by  introducing  obstaces  to  slip:  in 
metals,  by  adding  alloying  elements,  particles,  grain 
boundaries  and  even  other  dislocations  ("work 
hardening")  and  in  polymers  by  cross-linking  or 
orientation  of  chains  so  that  strong  covalent  as  well 
as  weak  Van-der-Waals  bonds  arc  broken.  When 
the  lattice  resistance  is  high,  further  hardening  is 


superfluous— the  problem  becomes  that  of  suppress¬ 
ing  fracture  (next  section). 

An  important  use  of  the  chart  is  in  materials 
selection  in  plastic  design.  Figure  4  lists  the  combi¬ 
nations  (such  as  o,lp,  cj-’/p  and  <xj  */p)  which  enter 
she  equations  for  minimum-weight  design  of  tics, 
columns,  beams  and  plates,  and  for  yield-limited 
design  of  moving  components  in  which  inertial  forces 
are  important  (for  details  and  examples  see  Refs  (I). 
[6]  and  [24]).  Guide  lines  with  slopes  of  I.  j  and  {, 
corresponding  to  these  combinations  are  shown  in 
Fig.  6.  They  are  used  to  identify  an  optimal  subset  of 
materials  as  described  in  Section  I. 

J.J.  The  fracture  touglmess-densiiv  chart  {Chan  jt. 
Fig.  7) 

Increasing  the  plastic  strength  of  a  material  is 
useful  only  as  long  as  it  remains  plastic  and  does  not 
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Fig.  7.  Chin  3:  Fnclurc  louihncss,  A't<.  plcntd  afainst  (Jcnuiy.p.Thc  guide  lines  of  eonilam  K\,p,  K'l'  p 
and  A'!/  p  help  m  oimum  wet|hl.  fraciurt-limiltd.  design 


fail  by  fast  fracture.  The  resistance  to  the  p rogation 
of  a  crack  is  measured  by  the  fracture  toughness,  Ku. 
It  is  plotted  against  density  in  Fig.  7.  The  range  is 
large;  from  0.01  to  over  ICO  MPa  m1 }.  At  the  lower 
end  of  this  range  are  brittle  materials  which,  when 
loaded,  remain  elastic  until  they  fracture.  For  these, 
lincar-eUstic  fracture  mechanics  works  well,  and  the 
fracture  toughness  itself  is  a  well-defined  property. 
At  the  upper  end  lie  the  super-tough  materials,  most 
of  which  show  substantial  plasticity  before  they 
break.  For  these  the  values  of  Ku  are  approximate, 
derived  from  critical  ./-integral  (/, }  and  critical  crack¬ 
opening  displacement  (<5,.)  measurements  {by  writing 
A'u*»  for  instance].  They  are  helpful  in 

providing  a  ranking  of  materials.  The  figure  shows 
one  reason  for  the  dominance  of  metals  in  engineer¬ 
ing:  they  almost  all  have  values  of  Kk  above 
20  MPa  m1 a  value  often  quoted  as  a  minimum  for 
conventional  design. 


There  are  a  number  of  fundamental  points  to  be 
made  about  the  fracture  toughness,  but  they  arc  best 
demonstrated  with  Charts  5  and  6.  coming  later.  Here 
we  simply  note  that  minimum-weight  design,  when 
(he  design  criterion  is  that  of  preventing  brittle 
fracture  from  a  (law  of  given  size,  requires  that  Ku,p, 
A'jt’/p  or  Ktfip  (depending  on  loading  geometry)  be 
maximised  (see  Fig.  4).  Guide-lines  corresponoing  to 
constant  values  of  these  parameters  are  plotted  on  the 
diagram.  They  are  used  as  described  in  Section  I. 

3.4.  The  modulus-strength  chart  (Chart  4,  Fig.  8) 

High-tensile  steel  makes  good  springs.  But  so  does 
rubber.  How  is  it  that  two  such  different  materials 
are  both  suited  for  the  same  task?  This  and  other 
questions  are  answered  by  Fig.  8.  the  most  useful  of 
all  the  charts. 

It  shows  Young's  modulus.  E,  plotted  against 
strength.  <j,.  The  qualifications  on  "strength"  arc 
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the  same  as  before:  it  means  yield  strength  for 
metals  and  polymers,  compressive  crushing  strength 
for  ceramics,  tetr  strength  for  elastomers  and 
tensile  strength  for  composites  and  woods;  the 
symbol  a,  is  used  for  them  all.  The  ranges  of  the 
variables,  too,  are  the  same.  Contours  of  normalised 
strength,  o,lE,  appear  as  a  family  of  straight  parallel 
lines. 

Examine  these  first.  Engineering  polymers  have 
normalised  stiengths  between  0.01  and  0.1.  In  this 
sense  they  are  remarkably  strong:  the  value  for  metals 
are  at  least  a  factor  of  10  smaller.  Even  ceramics,  in 
compression,  are  not  as  strong,  and  in  tension  they 
are  weaker  (by  a  further  factor  of  15  or  so).  Com¬ 
posites  and  woods  he  on  the  0.01  contour,  as  good  as 
the  best  metals.  Elastomers,  because  of  their  excep¬ 
tionally  low  moduli,  have  values  of  <x,  E  larger  than 
any  other  class  of  material:  0.1  to  10. 


The  ideal  strength  of  a  solid  is  set  by  the  range  of 
mteratomte  forces.  It  is  small— a  bond  is  broken  if  it 
is  stretehea  by  more  than  I0V«  or  so.  So  the  force 
needed  to  break  a  bond  is  roughly 

_  Sr, 

t  m 

!0 

where  S  is  the  bond  stiflness  (Section  3,1).  If  shear 
breaks  bonds,  the  strength  of  a  solid  should  be 
roughly 

F  S  £ 

CT.  ft  -7  «  - —  ti) 

•  r-  I  Or*  10 

The  chart  shows  that,  for  some  polymers,  it  is.  Most 
solids  arc  weaker,  for  two  reasons. 

First,  non-locahscd  bonds  (those  in  which  the 
cohesive  energy  derives  from  the  interaction  of  one 
atom  with  large  number  of  others,  not  just  with  us 
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ncarai  neighbours)  are  not  broken  when  the  struc- 
lure  it  sheared.  The  metallic  bond,  and  the  tome  bond 
for  certain  directions  of  shear,  are  like  this,  very  pure 
metals,  tin  etsmple.  yield  at  »tres»cs  a«  low  as 
£  lO.OtXJ,  and  strengthening  mechanisms  t Section 
3.2)  are  needed  to  raise  the  strength.  The  covalent 
bond  u  localised;  and  covalent  solids  do.  for 
this  rcaion.  have  yield  strength  which,  at  low 
temperatures,  arc  as  high  as  £  10  It  is  hard  to 
measure  them  (though  it  can  sometimes  be  done  hv 
indentation]  because  of  the  second  reason  for  weak* 
ness,  they  generally  eomain  detects— concentrators  cl 
stress— from  whteh  shear  or  fracture  can  propagate, 
often  at  stresses  well  below-  the  ideal"  £  Id  Elas¬ 
tomers  are  anomalous  (they  have  strengths  of  about 
£)  because  the  modulus  does  not  derive  from  bond- 
stretching,  but  from  the  cltange  m  entropy  of  the 
tangled  molecular  chains  when  the  material  is 
deformed. 

In  the  design  of  columns  and  beams,  the  ratio  a,  £ 
often  appears  Structures  which  have  a  high  value  of 
e,  £  will  deflect  or  buckle  before  they  yield,  those 
with  low-  o,  £  do  the  opposite.  The  best  materials  for 
an  clastic  hinge  ta  ihm  web  or  ligament  that  bends 
elastically.  forming  the  hinge  of  a  bov  or  container, 
for  example)  are  those  wuh  the  maximum  value  of 
0,  £:  the  diagram  immediately  identifies  them  as 
elastomers  and  certain  polymers  iihe  polycthylcncs. 
for  example). 

Finally,  to  return  to  springs.  The  best  material  for 
a  spring  Is  that  with  the  greatest  value  of  0;  £ 
(because  it  stores  the  most  clastic  energy  per  unit 
volume.  {e\£,  before  it  yields).  A  guide-line  cor¬ 
responding  to  the  condition 


is  plotted  on  the  diagram;  it.  or  any  line  parallel  to  it. 
links  materials  that  are  equally  good  by  this  criterion. 
If  such  a  line  is  drawn  through  the  middle  of  iVe 
elastomers,  it  just  touches  spring  steeel  Ceramic;' 
must  be  rejected  because  they  arc  weaker,  by  the 
factor  of  IS.  in  tension,  but  glass,  which  can  be .  .trie 
defect-free,  makes  good  springs.  Slightly  further  to 
the  right  lie  CFRP  and  GFRP  All  are  good  for 
springs. 

XS.  The  fracture  toughness -modulus  chart  ( Chan  S, 
Fir.  9) 

The  fracture  toughnesses  of  most  polymers  are  less 
than  those  of  most  ceramics.  Yet  polymers  are  widely 
used  in  engineering  structures,  ceramics,  because  they 
am  "brittle",  are  treated  with  much  more  caution. 
Figure  9  helps  resolve  (his  apparent  anomaly  It 
shows  the  fracture  toughness.  A*.  plotted  against 
Young's  modulus.  £.  The  restrictions  described  in 
Section  1.3  apply  io  ihe  values  of  Ku.  when  small, 
they  are  well  defined,  when  large,  they  are  useful  only 
as  a  ranking  for  material  selection 


Consider  first  the  question  of  the  neeessarx 
1I111M  fur  fracture  It  is  that  sufficient  external  work 
be  done,  or  clastic  energy  released,  to  supply  the  true 
surface  energy  i2r  per  unit  areal  of  the  two  new 
vurtaces  which  are  created  We  wme  this  as 


where  it  is  the  energy  evlease-ratc  Using  the  standard 
relation  A'  *  l£C)‘ !  between  it  and  stress  intensitv  A. 
see  find 

A  3|2£  t‘:  «M 

Now  the  surface  energies. ;.  of  solid  material*  scale 
44  their  moduli.  to  an  adequate  approximation 
.  -  F.r.  20.  where  r,  is  ihe  atom  sue.  giving 


■M* 


W’e  identify  the  nght-hand  side  of  this  equation  with 
a  .owcr-ltmiling  value  of  A‘v.  when,  taking  t  as 
2w  10  -m. 


■fed'” 


This  criterion  is  plotted  on  the  chan  as  a  shaded, 
diagonal  band  near  the  lower  right  corner  (the  width 
of  the  band  reflects  a  realistic  range  of  r,  and  of  the 
constant  C  in  v  •»  E>,  C)  It  defines  a  lo*er  limit  on 
values  of  A'„  it  cannot  be  less  then  this  unless  some 
other  source  of  energy  (such  as  a  chemical  reaction, 
or  the  release  of  elastic  energy  stored  in  ihe  special 
dislocation  structures  caused  by  fatigue  loading)  is 
available,  when  it  is  given  a  new  symbol  such  as 
(Xiiht.  Wc  note  that  the  most  bnnlc  ceramics  lie 
close  to  the  threshold:  when  they  fracture,  the  energy 
absorbed  is  only  slightly  more  than  the  surface 
energy  With  metals  ar.d  polymers  the  energy  ab¬ 
sorbed  by  fracture  is  vastly  greater,  almost  always 
because  of  plasticity  associated  with  crack  propa- 
gjuon.  W'c  come  to  this  in  a  moment,  with  the  next 
chart 

Plotted  on  Fig,  9  arc  contours  of  toughness,  a 
measure  of  ihe  apparent  fracture  surface-energy 
t(?u  a:  A'jy  £),  The  true  surface  energies,  y.  of  solids 
lie  in  the  range  10  *  to  10  ‘kJim-’.  The  diagram 
shows  that  the  values  of  the  toughness  start  at 
IQ"’kJim!  and  range  through  almost  six  decades 
to  IO1  kjim1  On  this  scale,  ceramics  arc  low 
(10  ’-10  1  kJmr).  much  lower  than  polymers 
(IO',-IOkJ.im;>— and  this  is  part  of  the  reason  that 
design  with  polymers  is  easier  than  wuh  ceramics 
This  is  not  to  say  that  engineenng  design  relies  purely 
on  Ou.  it  is  more  complicated  than  that  When  the 
modulus  is  high,  deflections  are  small.  Then  designers 
arc  concerned  about  the  loads  the  structure  ejn 
support.  In  load-limned  design.  Ihe  fracture  tough¬ 
ness,  Ku,  is  what  matters,  it  determines,  for  a  given 
crack  length,  ihe  stress  the  structure  can  support. 
Experience  shows  that  a  value  of  Ku  above  about 
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Fif.  1.  Chill  J:  Fracture  toujhir.cii.  A’w.  plotted  ajimil  Youn|i  modulus.  F.  The  family  of  tine*  arc  of 
constant  Aj,;£  (roughly.  of  Gk.  lh<  fracture  cntify).  Thc>«.  and  the  guide-line  of  centum  A'„  £.  help 
in  drtign  a|imtt  fracture-  The  shaded  band  shows  the  “neecttary  condition”  for  fracture  Fracture  can. 
in  fact,  occur  below  thit  limit  under  conditions  of  correnon.  or  cyclic  loading. 


20  MPa' 5  li  necessary  for  conventional  load-limited 
design  methods  to  be  viable.  Only  metals  and  com¬ 
posite!  meet  this  requirement. 

Polymers,  woods  and  foams  have  low  moduli. 
Design  with  low-modulus  materials  focusses  on  limit¬ 
ing  the  displacement.  requiring  a  high  value  of  Ku  £. 
(or.  equivalently.  (G*  £)'*).  Polymers,  woods  and 
foams  meet  these  requirements  better  than  metals,  as 
the  guide-line  of  A'k/£»C  on  the  chart  shows. 
The  problem  with  ceramics  is  (hat  they  are  poor 
by  either  criterion.  The  solution— since  ceramics 
have  other  properties  too  good  to  ignore— lies  in 
further  progress  in  toughening  them,  and  in  new 
design  methods  which  allow  for  their  brittleness  in 
tension. 

That,  of  course,  is  still  too  simple.  The  next  section 
adds  further  refinements. 


J.6.  The  fracture  tauxhncss-sttcnxth  chart  tChuri  6. 
Fix.  10) 

The  stress  concentration  at  the  lip  of  a  crack 
generates  a  process-sonc.  a  plastic  zone  in  ductile 
solids,  a  zone  of  microcrackmg  in  ceramics,  a  zone 
of  delamtnation.  debonding  and  libre  pull-out  in 
composites  Within  the  process  /one.  work  is  done 
against  plastic  and  frictional  forces,  it  is  this  which 
accounts  for  the  diflerrnce  between  the  measured 
fracture  energy  Cu  and  the  true  surface  energy  2y. 
The  amount  of  energy  dissipated  must  scale  roughly 
with  the  size  of  the  zone  r /,.  given  (by  equating  the 
stress  field  of  the  crack  at  r  ■  if,  to  the  strength  a ,  of 
the  materia!)  by 
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Fi|.  10.  Chin  6:  Fracture-toughness,  Ku.  plotted  against  strength.  o,  The  contours  show  the  value  of 
KI'k  o  J— roughly.  the  diameter  of  the  process-zone  at  a  crack  up  tunlis:  mml.  The  guide  Imei  of  contiant 
and  A'i  s,  ate  uied  m  yielJ-beforc-brcaV  and  leak-bcfort-brrak  design 


and  with  (he  strength  a,  of  the  material  within  it. 
Figure  10— fracture  toughness  against  strength- 
shows  (hat  the  size  of  the  zone,  d j  (broken  lines), 
varies  enormously,  from  atomic  dimensions  for  very 
brittle  ceramics  and  glasses  to  almost  I  metre  for  the 
most  ductile  of  metals.  At  a  constant  zone  size, 
fracture  toughness  tends  to  increase  with  strength  (as 
expected):  it  is  this  that  causes  (he  data  plotted  m 
Fig.  10  to  be  clustered  around  the  diagonal  of  the 
chart. 

The  diagram  has  application  in  selecting  materials 
for  the  safe  design  of  load  bearing  structures.  First 
some  obvious  points.  Fast  fracture  occurs  when 


a>C 


A',f 


where  2a,  is  the  length  of  the  longest  crack  in  the 
structure,  and  C  is  a  constant  near  unity  (wc  assume, 
below,  that  C  *  I).  The  crack  which  will  just  propa¬ 
gate  when  the  stress  equals  the  yield  strength  has  a 
length 


III) 


that  ts,  the  critical  crack  length  is  the  same  as  the 
process  zone  size:  the  contours  on  the  diagram.  A 
valid  fracture  toughness  test  (one  that  gives  a  reliable 
value  of  the  plane-strain  fracture  toughness  A'„) 
requires  a  specimen  with  all  dimensions  larger  than  10 
times  </,;  the  contours,  when  multiplied  by  10.  give  a 
quick  idea  of  this. 

There  are  two  entena  for  materials  selection  in¬ 
volving  A'k  and  a,.  First,  safe  design  at  a  given  load 


(10) 
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require*  that  the  structure  will  yield  before  It  breaks. 
If  the  minimum  detectable  crack  sue  is  2u,,  then  this 
condition  ean  be  expressed  at 


The  safest  matcnal  is  the  one  with  the  greatest  value 
of  b’n>a,:  it  will  tolerate  the  longest  crack  Out. 
though  safe,  it  may  not  he  efficient  The  section 
requited  to  carry  the  load  decreases  as  a ,  increases 
We  ssant  high  A\,  rr.  unit  high  et,  The  reader  may 
wish  to  plot  two  lines  onto  the  ligure.  isolating  the 
material  which  best  unities  both  criteria  at  once:  it 
is  Steel.  It  is  this  which  goes  steel  its  pre-eminence  as 
the  material  for  highly  stressed  structures  when 
weight  is  not  important 

One  such  structure  is  the  pressure  sessel  Here 
safe  design  requires  that  the  sessel  leaks  he  I  are 
it  breaks,  leakage  is  not  catastrophic,  fast  fracture 
is.  To  ensure  this,  the  sessel  must  tolerate  a  crack  of 
length.  2a,,  equal  to  the  wall  thickness  (.  and  this 
leads  to  a  diifcrcnt  criterion  for  materials  selection. 
From  the  last  equation,  the  leak-beforc-break 
criterion  is 


But  (he  pressure,  p.  that  the  vessel  can  support  is 
limited  by  yield,  so  that,  for  a  thin  walled  cylindrical 
vessel  of  radius  R, 


Substituting  for  r  gives 


The  greatest  pressure  is  carried  by  the  vessel  with  the 
largest  value  of  E:u;a,.  A  guide  line  of  K:u.a,  is 
shown  on  the  chart.  It.  and  the  yield-before-break 
line,  are  used  in  the  way  described  in  Section  i. 
Again,  steel  and  copper  are  optimal. 

3.7.  The  toss  coefficient —modulus  chart  [Chart  7, 
Fig.  ID 

Bells,  traditionally,  are  made  of  bronze.  They  can 
be  (and  sometimes  are)  made  of  glass;  and  they  could 
(if  you  could  afford  it)  be  made  of  silicon  carbide. 
Metals,  glasses  and  ceramics  all.  under  the  right 
circumstances,  have  low  intrinsic  damping,  or  "in¬ 
ternal  fnction".  an  important  matcnal  property  when 
structures  vibrate.  We  measure  intrinsic  damping  by 
the  loss  coefficient,  ij.  which  is  plotted  in  Fig.  II. 
Other  measures  include  the  specific  damping  capacity 
DiU  (the  energy  D  dissipated  per  cycle  of  vibrational 
energy  V),  the  lag  decrement,  A  (the  log  of  the  ratio 
of  successive  amplitudes),  the  phase  lag .  <5.  between 
stress  and  strain  and  the  resonance  Im  tnr.  Q.  When 
the  damping  is  small  (>i  <  0.01)  these  measures  are 
related  by 


D  A  ,1 
n  *  n  ■  -  tan  o  »  -  (IJ) 

-rc  r  y 

but  when  the  damping  is  large,  the  definitions  arc  no 
longer  equivalent.  Large  //* s  arc  best  measured  by 
recording  a  symmetric  load  cycle  and  dividing  the 
area  of  the  stress-strain  loop  by  2r  limes  the  peak 
energy  stored. 

There  are  many  mechanisms  of  intrinsic  damping 
and  hysteresis  Some  Hhc  "damping"  mcch.umtmi 
are  associated  with  a  process  that  has  a  spcciltc  lime 
constant,  then  the  cnergv  loss  is  centred  about  a 
characteristic  frequency  Others  tthe  “hysteresis" 
mechanisms)  are  associated  with  time-mdependcm 
mechanisms,  and  absorb  energy  at  all  frequencies 
One  damping  mechanism,  common  to  all  ma¬ 
terials.  is  a  thcrmoclastic  effect  A  suddenly -applied 
tensile  stress  causes  a  true  solid  to  cool  slight!,  as  it 
expands  (elastomers  are  not  true  solids,  and  show  the 
opposite  effect).  As  it  warms  back  to  its  initial 
temperature  it  expands  further,  going  additional 
strain  that  lags  behind  the  stress.  The  anisotropy  of 
moduli  means  that  a  pofycrystal.  even  when  uni¬ 
formly  loaded,  shows  a  thcrmoclastic  damping  be¬ 
cause  neighbouring  grains  distort— and  thus 
cool— by  differing  amounts.  The  damping  is  propor¬ 
tional  to  the  difference  between  the  adiabatic  mod¬ 
ulus,  Ek  and  that  measured  at  constant  temperature. 
£>.  A  thermodynamic  analysis  (c.g.  (24))  shows  that 


CTj-Ej 

PC, 


(14) 


where  a  is  the  coefficient  of  linear  thermal  expansion. 
C,  the  specific  heat.  T  the  temperature  and  C  a 
constant.  This  leads  to  the  shaded  line  on  the  Chart 
marked  "thermal  damping"  Single  crystals  and 
glasses  lie  below  the  line,  because,  when  loaded 
uniformly,  no  temperature  gradients  exist. 

The  loss  coefficient  of  most  materials  is  far  higher 
than  this.  In  metals  a  large  part  of  ihc  loss  is 
hysteretic.  caused  by  dislocation  movement:  it  is 
high  in  soft  metals  like  lead  and  aluminium,  but 
heavily  alloyed  metals  like  bronze,  and  high-carbon 
steels  have  low  loss  because  the  solute  pins  the 
dislocations.  Exceptionally  high  loss  is  found  in  the 
Mu-Cu  alloys,  because  of  a  strain-induced  martensite 
transformation,  and  in  magnesium,  perhaps  because 
of  reversible  twinning.  The  elongated  balloons  for 
metals  span  the  large  range  accessible  by  alloying  and 
working.  Engineering  ceramics  have  low  damping 
because  the  enormous  lattice  resistance  (Section  3  2) 
pins  dislocations  in  place  at  room  temperature. 
Porous  ceramics,  on  the  other  hand,  are  filled  with 
cracks,  the  surfaces  of  which  rub.  dissipating  energy, 
when  the  material  is  loaded,  the  high  damping  of 
some  cast  irons  has  a  similar  origin.  In  polymers, 
chain  segments  slide  against  each  other  when  loaded, 
the  relative  motion  lowers  the  compliance  and  dissi¬ 
pates  energy.  The  case  with  which  they  slide  depends 
on  the  ratio  of  the  temperature  (in  this  case,  room 
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Fiji.  II.  Chari  7.  The  Ion  coefficient,  ij,  plotted  igtmsi  Young!  modului,  E.  the  guide-line  corrcipondi 

to  the  condition  n  -  C’E. 


temperature)  to  the  glass  temperature,  Tr  of  the 
polymer.  When  TIT,  <  I,  the  jecondary  bonds  are 
"frozen",  the  modulus  is  high  and  (he  damping  is 
relatively  low.  When  TfT,>  I,  the  secondary  bonds 
have  melted,  allowing  easy  chain  slippage:  (he  modu¬ 
lus  is  low  and  (he  damping  is  high.  This  accounts  for 
the  obvious  inverse  dependence  of  ij  on  E  for  poly¬ 
mers  in  Fig.  II;  indeed,  to  a  first  approximation 


with  E  in  GPa. 

3.8.  The  thermal  conductivity-thermal  diffusivity  chart 
(Chan  8.  Fig.  12) 

The  material  property  governing  the  flow  of  heal 
through  a  material  at  steady  state  is  (he  thermal 
conductivity.  X  (units:  J/mK);  that  governing  transient 
heat  flow  is  the  thermal  diffusivity.  a  (units:  m:/s). 
They  are  related  by 


(16) 

Pcr 

where  p  is  the  density  and  C,  the  specific  heat, 
measured  in  J/kg-K;  the  quantity  pCr  is  the  volu¬ 
metric  specific  heat.  Figure  12  relates  conductivity, 
diffusivity  and  volumetric  specific  heat,  at  room 
temperature. 

The  data  span  almost  S  decades  in  X  and  a.  Solid 
materials  are  strung  out  along  the  line 

pC,«3x  10‘J/m'K  (17) 

This  can  be  understood  by  noting  that  a  solid  con¬ 
taining  N  atoms  has  3 /V  vibrational  modes.  Each 
(in  the  classical  approximation)  absorbs  thermal 
energy  kT  at  the  absolute  temperature  T.  and  the 
vibrational  specific  heal  is  C,  «  C,  -  3 Nk  (J IK)  where 
k  is  Bolzmann's  constant.  The  volume  per  atom.  0. 
for  almost  all  solids  lies  within  a  factor  of  two  of 
2xlO-!,m\  so  the  volume  of  N  atoms  is 
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Fig.  U.  Outt  S'  Thermal  conductivity.  «,  plotted  agamii  thermal  ditfusmiy.  a.  the  contours  thow  the 
volume  specific  heat.  fiC,  All  three  properties  wry  with  temperature;  the  data  here  arc  far  room 

temperature. 


2  x  I0'51  N.  The  volume  specific  heat  is  then  las  the 
Chart  shows) 

pC.  -  3iV*  Wfl  -  3fc/nm  3  x  10‘Jfm’K.  (IS) 

For  solids.  C,  and  C,  differ  very  little:  at  the  level  of 
approximation  of  this  paper  we  assume  them  to  be 
equal.  As  a  general  rule,  then 

/.  ■  3  x  I0‘« 

(a  tn  J/mK  and  a  in  m:/$).  Some  materials  deviate 
from  this  rule:  they  have  lower-than-average  volu¬ 
metric  specific  heat.  A  few,  like  diamond,  are  low 
because  their  Debye  temperatures  lie  well  above  room 
temperature:  then  heat  absorption  is  not  classical, 
some  modes  do  not  absorb  kT  and  the  specific  heal 
is  less  than  3 Nk.  The  largest  deviations  are  shown  by 
porous  solids:  foams,  low  density  firebrick,  woods 
and  so  on.  Their  low  density  means  that  they  contain 


fewer  atoms  per  unit  volume  and.  averaged  over  the 
volume  of  the  structure,  pC,  is  low.  The  result  is  that, 
although  foams  have  low  comlucitntits  (and  are 
widely  used  for  insulation  because  of  this)  their 
thermal  tlljfusiiltles  are  not  low:  they  may  not  trans¬ 
mit  much  heat,  but  they  reach  a  steady  state  quickly 
The  range  of  /.  and  of  a  rellect  the  mechanisms  of 
heal  transfer  in  each  class  of  solid.  Electrons  conduct 
the  heat  in  pure  metals  such  as  copper,  silver  and 
aluminium  (top  nghi  of  chart)  The  conductivity  is 
described  by 

/.  «{C,«7  (19) 

where  C,  is  (he  electron  specific  heat  per  unit  volume, 
f  is  the  electron  velocity  (2  x  10s  mis)  and  /  the 
electron  mean  free  path,  typically  10' ’m  in  pure 
metals.  In  solid  solution  (steels,  nickel-based  and 
titanium  alloys)  the  foreign  atoms  scatter  electrons. 
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Fi|.  IJ.  Chin  9:  Th«  linear  capansion  coefficient.  a,  plotted  i|imti  Young's  modulus.  S.  The  comours 
ihow  the  thermal  stress  created  by  a  temperature  change  of  l‘C  if  the  sample  it  anally  conitrained.  A 
correction  factor  C  it  applied  for  biaxial  or  initial  contlrainl  (tec  text) 


reducing  the  mean  free  path  to  atomic  dimensions 
( =  10  '“m).  much  reducing  /.  and  a. 

Electrons  do  not  contribute  to  conduction  m  cer¬ 
amics  and  polymers.  Heat  is  earned  by  phonons— 
lattice  vibrations  of  short  wavelength.  They  arc 
scattered  by  each  other  (through  an  anharmonic 
interaction)  and  by  impurities,  lattice  defects  and 
surfaces:  it  is  these  which  determine  the  phonon  mean 
free  path.  I  The  conductivity  is  still  given  by  equation 
(19)  which  we  wnte  as 

(20) 

but  now  { is  the  clastic  wave  speed  (around  10'  m/s— 
see  Chart  I)  and  pC,  is  the  volumetnc  specific  heat. 
If  the  crystal  is  particularly  perfect,  and  the  tempera¬ 
ture  is  well  below  the  Debye  temperature,  as  in 
diamond  at  room  temperature,  the  phonon  conduc¬ 
tivity  is  high:  it  is  for  this  reason  that  single  crystal 


diamond,  silicon  carbide,  and  even  alumina  have 
conductivities  almost  as  high  as  copper.  The  low 
conductivity  of  glass  is  caused  by  its  irregular  amor¬ 
phous  structure:  the  charactcnstic  length  of  the  mol¬ 
ecular  linkages  (about  I0’’m)  determines  the  mean 
free  path.  Polymers  have  low  conductivities  because 
the  elastic  wave  speed  i  is  low  (Chart  I).  and  the 
mean  free  path  in  the  disordered  structure  is  small. 

The  best  insulators  are  highly  porous  materials 
like  firebrick,  cork  and  foams.  Their  conductivity  is 
limited  by  that  of  the  gas  in  their  cells,  and  (in  very 
low  density  polymer  foams)  by  heal  transfer  by 
radiation  though  the  transparent  cell  walls. 

3.9.  The  ihermal  expansion-modulus  chart  ( Chart  9. 
Fig.  13) 

Almost  all  solids  expand  on  heating.  The  bond 
between  a  pair  of  atoms  behaves  like  a  linear-elastic 
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spring  when  the  relative  displacement  of  the  atoms  is 
small;  but  when  it  is  large,  the  spring  is  nonlinear. 
Most  bonds  become  stiiTcr  when  the  atoms  ate 
pushed  together,  and  lest  stiff  when  they  are  pulled 
apart.  The  thermal  vibration  of  atoms,  even  at  room 
temperature,  involves  large  displacements;  as  the 
temperature  is  ratted,  the  nonlinear  spring  constant 
of  the  bond  pushes  the  atoms  apart,  increasing  their 
mean  spacing.  The  clTcct  it  measured  by  the  hr.isr 
<.xfhi>u(on  eatjficKnt 


where  /  is  a  linear  dimension  of  the  body  A  quanti¬ 
tative  development  of  this  theory  leads  to  the  relation 

j«H£:  i  22) 

where  yu  is  Cruncisen't  constant,  its  value  ranges 
between  about  O.a  and  a,  but  for  most  solids  it  is 
near  I.  Since  j>C,  is  almost  constant  (equation  t IS)), 
the  equation  tells  us  that  a  is  proportional  to  I  £ 
Figure  13  shows  that  this  it  so.  Diamond,  with  the 
highest  modulus,  has  one  of  the  lowest  eoeilicienis  of 
expansion:  elastomers  with  the  lowest  moduli  expand 
th'r  most.  Some  materials  with  a  low  coordination 
number  (silica,  and  some  diamond-cubic  or  zinc- 
blende  structured  materials)  can  absorb  energy  pref¬ 
erentially  in  transverse  modes,  leading  to  a  very  small 
(even  a  negative)  value  of  y0  and  a  low  expansion 
coefficient— that  is  why  SiO.  is  exceptional.  Others, 
like  Invar,  contract  as  they  lose  their  ferromagnetism 
when  heated  through  the  Curie  temperature  and,  over 
a  narrow  rang*  of  temperature,  show  near-zero 
expansion,  useful  in  precision  equipment  and  m 
glass-metal  seals. 

One  more  useful  fact:  the  moduli  of  materials  scale 
approximately  with  their  melting  point.  Tm  (see.  for 
example.  Ref.  (9)) 


temperature  gradients  in  the  body.  All  scale  as  the 
quantity  s£.  shown  as  a  ret  of  diagonal  contours  on 
Fig.  I J.  More  precisely,  the  stress  produced  by  a 
temperature  change  of  1C  in  a  constrained  system, 
or  the  stress  per  C  caused  hy  a  sudden  change  of 
surface  temperature  in  one  which  is  not  constrained, 
is  given  by 

CAs  ••  a£  |2S) 

where  C  ■  I  for  axial  constraint  (I  -  »>.  for  biaxial 
constraint  or  normal  quenching,  and  tl  -2*|  for 
tnaxial  constraint,  where  r  is  Poisson’s  ratio  These 
stresses  are  Urge:  typically  |  MPaiK.  they  can  cause 
a  material  to  yield,  or  crack,  or  spall,  or  buckle,  when 
it  is  suddenly  heated  or  cooled.  The  resistance  of 
materials  to  such  damage  is  the  subject  of  the  next 
section. 

S  10-  Tht  not  main  til  iirtngih—ihitml  txfhmm 
thatl  {Chart  10.  Fig  Id) 

When  a  cold  tee-cube  is  dropped  into  a  glass  of  gin. 
st  cracki  audibly.  The  ice  t*.  failing  hy  thermal  shock 
The  ability  of  a  material  t>  withstand  such  virtues  is 
measured  hy  its  thttnml  </i«  remnni.r  It  depends 
on  its  thermal  expansion  coefficient,  a.  and  us  nor¬ 
malised  strength.  <r.  £  They  are  the  axes  of  Fig,  W, 
on  which  contours  of  constant  a,  i  F.  are  plotted.  The 
tensile  strength,  a,,  requires  definition,  just  as  a,  did 
For  brittle  solids,  it  is  the  tensile  fracture  strength 
(roughly  equal  to  the  modulus  of  rupture,  or  MOR). 
For  ductile  metals  and  polymen.  it  is  the  tensile 
yield  strength:  and  for  composites  it  is  the  stress 
which  first  causes  permanent  damage  in  the  form  of 
delamination.  matrix  cracking  of  fibre  debonding. 

To  use  the  chart,  we  note  that  a  temperature 
ehange  of  AT,  applied  to  a  constrained  body— or  a 
sudden  change  AT  of  the  surface  temperature  of  a 
body  which  is  unconstrained— induces  a  stress 


where  k  is  Boltzmann’s  constant  and  D  the  volume- 
per-atom  in  (he  structure.  Substituting  this  and 
equation  (18)  for  pC,  into  equation  (22)  for  a  gives 


—the  expansion  coefficient  varies  inversely  with  the 
melting  point,  or  (equivalently  stated),  for  all  solids 
the  thermal  strain,  just  before  they  melt,  is  the  same. 
The  result  is  useful  for  estimating  and  checking 
expansion  coefficients. 

Whenever  the  thermal  expansion  or  contraction  of 
a  body  is  prevented,  thermal  stresses  appear:  if  large 
enough,  they  cause  yielding,  fracture,  or  elastic  col¬ 
lapse  (buckling).  It  is  common  to  distinguish  between 
thermal  stress  caused  by  external  constraint  (a  rod. 
rigidly  clamped  at  both  ends,  for  example)  and  that 
which  appears  without  external  constraint  because  of 


where  C  was  defined  in  the  last  section.  If  this  stress 
exceeds  the  local  strength  a,  of  the  material,  yielding 
or  cracking  results.  Even  if  it  docs  not  cause  the 
component  to  fail,  it  weakens  it.  Then  a  measure  of 
the  thermal  shock  resistance  is  given  by 

£-£•  12,1 

This  is  not  quite  the  whole  story.  When  the  con¬ 
straint  is  internal,  the  thermal  conductivity  of  the 
material  becomes  important.  Instant  cooling  requires 
an  infinite  heat  transfer  coefficient,  />.  when  the  body 
is  quenched.  Water  quenching  gives  a  high  h.  and 
then  the  values  of  A T  calculated  from  equation  (27) 
give  an  approximate  ranking  of  thermal  shock  resist¬ 
ance.  Bui  when  heal  transfer  at  the  surface  is  poor 
and  the  thermal  conductivity  of  the  solid  is  high 
(thereby  reducing  thermal  gradients)  the  thermal 
stress  is  less  than  that  given  by  equation  (26)  by  a 


NORMALISED  STRENGTH  <Ve 
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LINEAR  EXPANSION  COEFFICIENT  ftO‘*K'*l 

Ftp  M,  Chin  10:  The  r.ormaliKd  lenltle  ilrenf  ih.  c,  E.  plotted  Imeir  coefficient  of  cipanuon.  >, 
The  contoun  thow  i  mciture  of  the  thermil  thoelt  rcttitincc.  AT  Correction!  mutt  be  applied  for 
coMiraint.  and  to  allow  for  thermal  conduction  dunng  quenchtnj. 


factor  A  which,  lo  an  adequate  approximation,  is 
given  by 


,  M/a 

A  m  - - — 

I  +  M/a 


(28) 


called  the  Biot  modulus.  Table  3  gives  typical  values 
of  A,  for  each  class,  using  a  section  sue  of  10  mm. 

The  equation  defining  the  thermal  shock  resistance, 
i IT,  now  becomes 


where  i  is  a  typical  dimension  of  the  sample  in  the 
direction  of  heat  Dow,  the  quantity  M/a  is  usually 


at 


(29) 


Table  }  Values  of  the  factor  A  (Section  I »  10  mm) 


Condition! 

Foam! 

Pol)  mm 

Ceramic! 

Mclali 

Air  (low.  ilow  (A  •  10  W.ffl'KI 

073 

0.3 

3*  10  1 

J«I0  1 

Black  body  radiation  500  to  0  C 
(A  -4 OW.m'Kl 

0.9J 

06 

0.1J 

IJxlO  1 

Air  (low.  fatt  (A  -  lO’Wim’K) 

1 

0.75 

0.25 

)«  10  1 

Water  querfci-  slow 
(A -I01  Win.1  XI 

1 

1 

0.75 

0.23 

Water  quench,  fan 
(A  »  10*  Wim’K) 

1 

I 

1 

01-0.9 

ASHBY:  OVERVIEW  NO.  SO 


where  B  »  Cl  A.  The  contour*  on  the  diagram  arc  of  B 
47*.  The  table  shows  that,  for  rapid  quenching.  .-I  is 
unity  for  all  material*  except  the  high  conductivity 
metal*:  then  the  thermal  shock  resistance  is  simply 
read  from  the  contour*,  with  appropriate  correction 
for  the  constraint  (the  factor  C).  For  slower  quenches. 
47"  is  larger  by  the  factor  I  X.  read  from  the  table, 

4.  CONCLUSIONS  AM)  APPLICATIONS 

Molt  research  on  materials  concerns  tisclf.  quite 
properly,  with  precision  and  detail.  Hut  it  is  occasion* 
ally  helpful  to  stand  back  and  view,  as  it  were,  the 
general  lie  of  the  land:  to  seek  a  framework  into 
which  the  parts  can  be  fitted,  and  when  they  do  not 
lit.  to  examine  the  interesting  exceptions.  These 
charts  arc  an  attempt  to  do  this  for  the  mechanical 
and  thermal  properties  of  materials.  There  is  nothing 
new  m  them  except  the  mode  of  presentation,  which 
summarises  information  in  a  compact,  accessible 
way.  The  logarithmic  scale*  arc  wide— wide  enough 
to  include  materials  as  diverse  as  polymer  foams  and 
high  performance  ceramics— allowing  a  comparison 
between  the  properties  of  all  classes  of  solid.  And 
by  choosing  the  axes  in  a  sensible  way,  more  infor¬ 
mation  can  be  displayed:  a  chart  of  modulus  £ 
against  density  p  reveals  the  longitudinal  wave 
velocity  (£,p)'J:  a  plot  of  fracture  toughness  Kk 
against  modulus  £  shows  the  fracture  surface  energy 
Cu ;  a  diagram  of  thermal  conductivity  },  against 
dilTusivity,  u.  also  give*  the  volume  specific  heat  pC.; 
expansion,  a.  against  normalised  strength.  <r,  £.  gives 
thermal  shock  resistance  AT. 

The  most  striking  feature  of  the  charts  is  the  way 
in  which  members  of  a  material  class  duster  together. 
Despite  the  wide  range  of  modulus  and  density 
associated  with  metals  (as  an  example),  (hey  occupy 
a  field  which  is  distinct  from  that  of  polymers,  or  that 
of  ceramics,  or  that  of  composites.  The  same  is  true 
of  strength,  toughness,  thermal  conductivity  and  the 
rest:  the  fields  sometimes  overlap,  but  they  always 
have  a  characteristic  place  within  the  whole  picture. 
The  position  of  the  fields  and  their  relationship  can 
be  understood  in  simple  physical  terms:  the  nature  of 
the  bonding,  the  packing  density,  the  lattice  resist¬ 
ance  and  the  vibrational  modes  of  the  structure 
(themselves  a  function  of  bonding  and  packing),  and 
so  forth.  It  may  seem  odd  that  so  little  mention  has 
been  made  of  microstructure  in  determining  proper¬ 
ties.  But  the  charts  clearly  show  that  the  first-order 
difference  between  (he  properties  of  materials  has  its 
origins  in  the  mass  of  the  atoms,  the  nature  of  the 
interatomic  forces  and  the  geometry  of  packing. 
Alloying,  heal  treatment  and  mechanical  working  all 
influence  microsirueture.  and  through  this,  proper¬ 
ties.  giving  the  elongated  balloons  shown  on  many  of 
the  charts:  but  the  magnitude  of  their  effect  is  less,  by 
factors  of  10.  than  that  of  bonding  and  structure. 

The  charts  have  other  applications.  One  is  the 
checking  of  data.  Computers  consume  data;  their 


output  is  no  better  than  their  input;  garbage  in  (it 
is  often  said),  garbage  out.  That  creates  a  need  for 
(Aim  million .  ways  of  checking  that  the  value  assigned 
to  a  mater  i  property  is  reasonable,  that  it  lies 
wr.lun  „  rpected  field  of  values  The  charts  define 
t’-c  umif  of  the  fields.  A  value,  if  It  lies  within  the 
held,  is  reasonable:  if  it  lies  outside  it  may  not  be 
wrong,  but  it  is  exceptional  and  should,  perhaps,  be 
questioned. 

Another  concerns  the  nature  of  data.  The  charts 
(this  ts  not  meant  to  sound  profound)  are  a  section 
through  a  multi -dimensional  property -space  Each 
material  occupies  a  small  volume  in  this  space;  classes 
of  material  occupy  u  somewhat  larger  volume  II  data 
for  a  material  (a  new  polymer,  for  instance!  he 
outside  its  characteristic  volume,  then  the  material  is. 
in  some  sense,  novel.  The  physical  basis  of  the 
property  deserves  investigation  and  explanation. 

There  is  another  facet  to  this,  that  of  “she  new 
material  looking  for  an  application”.  Established 
materials  have  applications;  they  arc  known  The 
first-order  approach  to  identifying  applications  for  a 
new  material  is  to  plot  us  position  on  charis  and 
examine  its  environment,  is  it  hghicr.  or  vtilfer.  or 
Stronger  than  its  neighbours?  Does  it  have  a  better 
value  or  a  design-limning  combination  like  e;  £  than 
they?  Then  it  may  compete  m  the  applications  they 
currently  enjoy. 

Finally,  the  charis  help  in  problems  of  materials 
Selection,  In  the  early  stages  of  the  design  of  a 
component  or  structure,  ull  materials  should  be  con- 
•idcred:  failure  to  do  so  may  mean  a  missed  oppor¬ 
tunity  for  Innovation  or  improvement.  The  number 
of  materials  available  to  the  engineer  is  enormous 
(estimates  range  from  J 0.000  to  80.000)  But  any 
design  is  limned  by  certain  material  properties— by 
stiffness  £  or  sirengih  <r,  for  instance,  or  by  combi¬ 
nations  such  as  £':  p  or  a,.  These  design -linub 
mg  properties  are  precisely  those  used  as  the  axes  of 
the  charts,  or  the  "guide  lines'*  plotted  on  them.  By- 
following  the  procedures  of  Section  I.  a  subset  of 
materials  is  isolated  which  best  satisfies  the  primary- 
demands  made  by  the  design:  secondary  convtramis 
then  narrow  the  choice  to  one  or  a  few  possibilities 
(examples  in  Refs  [I]  and  [24]). 

A  final  word.  Every  effort  has  been  made  to  include 
in  the  charts  a  truly  representative  range  of  materials; 
to  find  reliable  data  for  them;  and  io  draw  the 
envelopes  to  enclose  all  reasonably  common  members 
of  a  class  to  which  they  belong  (not  just  those 
specifically  listed).  I  am  aware  that  the  charts  must 
still  be  imperfect,  and  hope  that  anyone  with  better 
information  will  extend  them. 

XrJtmm/rt/xi-nn-mj— Many  colleagues  have  been  generous 
with  experience,  suggestion!  and  advice.  I  particularly  wish 
io  thank  Dr  L.  M.  Brown  and  Dr  J  Woodhousc  of 
Cambridge  University.  I  also  wish  io  acknowledge  the 
influence  of  Professor  A.  H.  Cornell,  whose  book  Sleeharu* 
cal  Properties  of  Mailer  (Wiley,  1964).  though  noi  refer¬ 
enced  here,  has  been  ihe  driving  force  behind  this  paper 
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Overview 

Materials 
selection  in 
conceptual 
design 


M.  F.  Ashby 


Infetnuttlan  an  material  properties  is  esienlial  to  engineering  design.  The  breutllh 
and  precisian  of  the  data  that  the  ileslgner  requires  depend  on  the  Slope  the 
design  has  reaehed;  at  the  start  (the  'conceptual' stage  1.  Ian'  teed  data  for  all 
materials:  at  the  finish  t  the  'detailed  design'  stage),  data  at  a  high  leret  of 
precisian  far  one  ar  a  few  materials.  In  this  paper,  a  procedure  far  materials 
selection  tn  meehanual  design  is  descrtheil  which  allows  the  identification,  from 
among  the  full  range  of  materials  available  to  the  engineer,  the  subset  moil  hi .  "i 
to  perform  best  in  a  given  application.  MST  1116  J 

i*  1969  The  Institute  of  Metals.  The  author  is  tn  the  Engineering  Department 
I'mrersuv  of  Cambridge,  This  /uiper  was  presented  at  the  Materials  "SX  conference 
'Materials  and  Engineering  Design',  held  in  tarndon  on  9-U  Mae  I’/XX  and 
organised  h\  The  Imtauie  a f  Metals. 


Introduction 


ll  »\  mu!  i!mi  (here  arc  more  itun  ?t)  000  materials  jtailaKc 
to  ihc  engineer  Materials  enter  all  aspects  of  engineering 
design,  from  the  mo>(  integrated  of  mieroeleeiromct  lo  Ihc 
most  massne  of  civil  engineering  structures,  The  eon  of 
materials  m  microelectronics  it  a  small  fraction  i  r,  J"_t  of 
the  cost  of  Ihc  product,  llv  contrast,  m  mechanical  anti  ctvtl 
engineering,  maicrtal  costs  often  evcceJ  50*.  of  the  privJuci 
cost  anti  ihe  volume  of  material  used  ts  very  large  Thus, 
this  overview  it  resincictl  lo  the  maicnals  of  mechanical 
and  civil  cngticering.  ll  is  here  that  ihc  com|ictiiton 
between  maieruls  is  greatest  and  opportunities  for  innova- 
non  arc  most  marked,  ll  is  convenient  to  catalogue  these 
materials  into  s»  broad  classes  (ire  Fig.  I);  mcials. 
polymers,  elastomers,  ceramics,  glasses,  and  composites. 
Within  each  class,  there  ts  some  commonality  in  properties, 
processing,  and  use  pattern,  e.g.  ceramics  have  high  moduli, 
polymers  hive  low  moduli:  metals  esn  be  shaped  by  casting 
and  forging,  composites  require  lay-up  or  special  moulding 
techniques.  However,  this  eompartmcnulisailon  has  us 
dangers:  ll  can  lead  to  specialisation  (ihc  metallurgist  who 
knows  nothing  of  polymers)  and  lo  conservative  thinking 
t'we  use  steel,  because  we  have  always  used  Jieel'j. 

There  was  a  lime  when  metals  so  dominated  mechanical 
design  that  ignorance  of  the  potential  of  other  materials 
was  hardly  a  handicap,  bui  that  has  changed  dramatically 
Thc  range  of  materials  available  10  ihc  engineer  is  larger, 
and  is  growing  faster,  than  ever  before  tree  also  Ref.  I).  New 
materials  create  opportunities  for  innovation,  for  new 
products,  and  for  (he  evolutionary  advance  of  existing 
products  lo  give  greater  performance  at  lower  cost. 
Markets  are  captured  by  the  innovative  use  of  new  mater¬ 
ials  and  lost  by  the  failure  lo  perceive  ihc  opportunities 
ihcy  present:  but  how  is  one  lo  find  one's  way  through  the 
enormous  catalogue,  narrowing  ii  down  io  a  single,  sensible 
choice?  Can  one  devise  a  rational  procedure  for  material 
selection?  To  answer  that  (he  design  process  must  first  be 
discussed  briefly. 


Materials  data  In  daaign  procaas 


In  the  central  column  of  the  flowchart  of  Fig.  2,  the  stages 
of  the  design  process*-*  are  shown  much  simplified.  A 
market  need  is  identified.  A  concept  for  a  product  which 
meets  that  need  is  devised.  If  approximate  calculations  (left- 
hand  columns)  show  that,  in  principle,  the  concept  will 
work,  the  design  proceeds  io  the  embodiment  stage:  a  more 
detailed  analysis,  leading  lo  a  set  of  working  drawings 
giving  the  size  and  layout  of  each  component  of  the 
product,  estimates  of  us  performance,  cost.  etc.  If  ihe 


outcome  is  successful,  ihc  designer  proceeds  10  ihc  detailed 
design  'lage  full  analysis  luting  computer  methods  if 
necessary]  or  critical  components,  preparation  ot  detailed 
production  drawings,  specification  of  tolerance,  precision, 
joining  methods,  finishing,  etc 

Materials  selection*  *  enters  ai  every  stage  of  ihc  design 
process,  but  the  nature  of  Ihc  dau  for  ihc  material  proper¬ 
ties  required  ai  each  stage  dilfcrs  greatly  in  us  level  of 
precision  and  breadth  (Fig.  2.  right-hand  columns).  Al  Ihc 
conceptual  design  stage,  ihc  designer  requires  approvimatc 
data  for  ihc  widest  possible  range  of  materials.  Alt  options 
arc  open:  a  polymer  may  be  ihe  best  choice  for  one  concept, 
a  mcial  for  another,  even  though  the  function  is  the  same 
Those  types  of  data  are  found  in  low  precision  tables  such 
as  ihose  of  the  Fulmer  Materials  Optimises,"  the  Materials 
Selector.*  or  in  materials  selection  charts  of  Ihe  type  shown 
below.  The  low  level  of  precision  is  not  a  problem;  it  is 
perfectly  adequate  for  this  task.  The  problem  is  access,  haw- 
can  the  data  be  presented  10  give  the  designer  the  gicatcsi 
ficcdom  in  considering  altcrnauvcs1  The  eharis  help  here 
and  examples  are  given  below 

Embodiment  design  requires  data  at  Ihc  second  level  of 
precision  and  detail.  The  more  detailed  calculations 
involved  in  deciding  on  ihc  scale  and  lay-out  of  the  design 
require  the  use  of  more  dciailcd  compilations,  mullivolumc 
handbooks  such  as  Refs.  8- 12  or  computer  databases  lhai 
contain  ihc  same  mformaiion.  These  list,  plot  and  compare 
properties  of  a  single  class  of  maicrials  and  allow  choice  al 
a  level  of  detail  not  possible  from  ihe  broader  compilations 
which  include  all  maicrials. 

The  final  stage  of  detailed  design  requires  a  still  higher 
level  of  precision  and  detail.  This  is  best  found  in  the 
datasheets  issued  by  the  material  producers.  A  given  mater¬ 
ial  (c-g.  low  density  polyethylene)  has  a  range  of  properties, 
which  derive  from  differences  in  ihe  methods  of  manufac¬ 
ture  of  the  various  producers.  At  the  detailed  design  stage,  a 
supplier  should  be  identified  and  ihe  properties  of  hiv 
product  used  in  ihe  design  calculation,  but  sometimes  even 
this  is  not  good  enough.  If  the  component  is  a  critical  one 
(meaning  that  us  failure  could,  in  some  sense  or  another,  be 
disastrous),  then  it  may  be  prudent  to  conduct  in-house 
tests,  measuring  ihe  critical  property  on  a  sample  of  the 
batch  of  material  that  will  be  used  io  make  the  actual 
product. 

This  overview  is  concerned  with  the  first  level  of  data 
the  broad,  low  precision  compilation  -  and  methods  of 
presentation  lo  simplify  the  task  of  selection. 


Material*  selection  in  conceptual  design 


ll  is  important,  as  is  staled  above,  to  siari  the  design 
process  with  ihe  full  menu  of  materials  in  mind,  failure  io 
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'Menu*  of  engineering  materials:  each  cist*  he* 
proeeftle*  which  occupy  particular  part  (or  field)  of 
aach  of  material*  selection  chart*  (a.g.  >m  Flgt.  3.  S. 
7.1.11) 


HMOi - 1 

—  I MODULUS'  DENSITY  I 


|  i 


DENSITY,  p  IH9n-)| 

Schematic  of  matarlalt  talactlon  chart  -  Young's 
modulus  f  It  plotted  against  density  y  on  log  teal** 
so  performance  criteria  (a.g.  Ilf  or  P'K'f)  can  be 
asamlnad  easily  -  aach  clast  of  malarial  (taa  Fig,  1) 
occupies  characteristic  part  of  chart 


do  to  may  mean  a  muted  opportunity  The  imtncniely  wide 
choice  it  narrowed,  tint,  by  primary  contmimt  dictated  by 
the  dctijn.  then  by  seeking  the  tubtet  of  materials  which 
maximise  the  performance  of  the  component.  One  way  of 
doing  this  quickly  and  effectively  is  by  using  materials 
selection  charts. 

The  idea  behind  the  charts  Is  illustrated  by  Fig.  1  One 
material  property  (the  modulus  in  this  instance)  is  planed 
against  another  (the  density)  on  logarithmic  scales.  When 
this  it  done,  it  is  found  that  data  for  a  given  class  of 
materials  (e.g.  engineering  polymers)  cluster  together,  they 
can  be  enclosed  In  a  single  ’balloon'.  The  balloon  is 
constructed  to  enclose  all  materials  in  the  class  -  even  those 
not  explicitly  listed  on  the  chart.  As  a  result,  data  for  £  and 


j>  for  all  materials,  arc  displayed  in  a  conveniently  access' 
ibte  way. 

Primary  constraints  in  materials  vclcclion  arc  impoved  by 
those  characteristics  of  the  design  of  a  component  that  arc 
non-ncgonable  the  tcmpcraiurc  and  environment  to  which 
it  is  exposed,  its  weight,  its  cost.  etc.  If  these  arc  spccilicJ.  all 
but  the  subset  of  materials  which  satisfy  these  constraints 
can  be  eliminated.  A  primary  constraint  corresponds  to  a 
horizontal  or  vcii-cal  line  on  the  diagram:  all  materials  to 
one  side  of  the  lint  can  oc  rejected. 

Further  narrowing  is  achieved  by  seeking  that  combina¬ 
tion  of  properties  which  maximises  the  performance  of  the 
component  For  most  common  load  bearing  components, 
performance  is  limited,  not  by  a  single  property,  but  by  a 
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U  3  fim'.ly  of  straight  pafalld  lines  of  unit  >U>pc  one  line  for 
each  value  of  the  conjunt  C. 

The  condiiion 

Z,  lO  -C 

girt*  another  ki.  in  thii  instance  haring  a  ilopc  of  1 

A  third  condition 

E'V-C 

give*  y«  another  Kt  of  dope  X 

It  it  now  caty  io  read  off  the  material*  which  are  Optimal 
for  each  loading  geometry  auummg.  of  coutK.  that  no 
other  factor*  [eg.  corrotion  rctmanoct  need  he  considered 
If  a  ttraight  edge  it  laid  parallel  to  the  line  £* !  p  *»  0.  all 
the  materials  which  tie  on  the  line  wit)  perform  equal!*  well 
a*  a  light  column  loaded  in  compression:  those  abore  the 
tine  arc  better.  thoK  below.  worse  If  the  straight  edge  i» 
traiulaied  toward*  the  top  (eft  corner  of  the  diagram,  the 
choice  narrow*.  At  any  giren  position  of  the  edge,  two 
material*  which  lie  on  ill  edge  arc  equally  good  and  only 
the  subsets  which  remain  abase  are  better  The  same  pro¬ 
cedure.  applied  to  the  tie  rod  l£.pl  or  plate  in  bending 
!£'  *».  lead  to  different  equivalences  and  optimal  subsets 
Of  material. 

In  mechanical  design,  there  arc  12  properties  which, 
singly  or  in  combination,  usually  limit  performance  and 
these  are  given  in  Tabic  2.  There  are  charts  for  all  these 
propcrtKt  in  the  combinations  which  occur  most 
frequently 1  *  Four  of  the  charts  arc  discussed  below  using 
brief  eaamples  of  how  each  chart  allows  materials  in  be 
selected  for  a  particular  application. 


Materials  ••laction  chart*  and  thair  usa* 


MATERIALS  FOR  TABLE  LEGS 
Luigi  Tavolino.  furniture  designer,  conceive*  of  a  light¬ 
weight  table  of  daring  simplicity;  a  flat  sheet  of  toughened 
glass  supported  on  slender,  unbraced,  cylindrical  legs 
(Fig.4).  The  legs  must  be  solid  (to  make  them  thin)  and  as 
light  as  possible  (to  make  the  table  easier  to  mote),  They 
must  support  the  load  imposed  on  them  by  the  table  top 
and  whatever  is  placed  upon  it.  without  buckling.  What 
materials  could  one  recommend? 

Slenderness  imposes  a  primary  constraint:  slender 
columns  must  be  stiff,  that  is.  they  must  be  made  of  a 
material  having  a  high  modulus  £.  Lightness,  while  still 
supporting  the  design  load,  puts  a  further  restriction  on  the 
material  choice;  reference  to  Table  I  (and  the  discussion  of 
the  previous  section)  suggests  that  the  choice  should  focus 
on  materials  having  high  values  of  £' s  p.  The  appropriate 
chart  is  shown  m  Fig.  So,  on  which  Young's  modulus  £  is 
plotted  against  density  p;  it  is  the  chart  of  w  hich  Fig.  3  is  a 
schematic.  Materials  of  a  given  class  cluster  together, 
metals  In  the  lop  nght.  composites  near  the  middle, 
polymers  near  the  bottom,  etc.  In  Fig.  56.  the  selection 
procedure  is  shown.  A  line  of  slope  J  is  drawn  on  the 


diagram;  this  line  links  materials  having  equal  value*  of 
E1  *  p.  Material*  above  the  line  art  better  choice*  for  this 
application  than  material*  on  the  line,  material*  below  arc 
wor*c.  The  (me  is  displaced  upwards  until  a  reasonably 
Small  Selection  of  material*  remains  above  it  Thejc  arc 
identified  on  Fig.5fr  woods,  composite*  (particularly 
CFRPk  and  certain  special  engineering  ceramics.  Metals 
arc  net  suitable  they  arc  far  too  heavy;  so  a!*o  ate 
polymer*,  because  they  arc  net  nearly  stitT  enough.  The 
choice  ts  further  narrowed  by  the  primary  constraint  that, 
for  slenderness.  £  must  be  targe  A  horizontal  line  on  the 
diagram  links  matenat*  having  equal  value*  Of  E.  thdK 
above  arc  suiter  It  can  be  seen  from  t  ig  'A  that  this  no* 
eliminates  wood*.  The  bc»t  choice  r*  CFRP-  using  which 
legs  of  the  same  weight  as,  but  thinner  than,  wooden  one* 
can  be  made  At  this  stage,  other  aspects  of  the  design  must 
be  eiammed:  strength,  cost,  etc,  for  which  there  arc  other 
chins,  but  discussion  t*  limited  to  those  presented  here 

MATERIALS  FOR  FORKS  OF  RACING 
BICYCLES 

The  first  consideration  m  bicycle  design  tFlg,  01 1*  Strength 
Stiffness  t*  a  factor,  of  course  but  the  initial  d  aign  criterion 
is  that  the  frame  and  forks  should  not  yield  or  fractutc  m 
normal  use.  The  loading  on  the  frame  is  not  obvious.  m 
practice,  it  it  a  combination  of  anal  loading  and  bendmg 
That  on  the  fork*  it  .simpler  ft  is  predominantly  bending  If 
the  bicycle  is  for  racing,  then  the  weight  i*  a  prmun 
consideration:  the  forks  should  be  a*  light  as  postible  so  a 
material  having  the  greatest  value  of  «r;  *  »>  should  be 
chosen  tier  Table  1 1 

The  appropriate  chart  w  *hown  in  Fig.  V  strength  |>i«M 
Strength  for  ductile  materials,  crushing  strength  for  brittlei 
plotted  sgamit  density  A*  m  the  ptevtou*  esamplc.  mater¬ 
ial*  of  the  same  class  duster  together  in  one  area  of  the 
chart:  metal*  near  the  top  right,  polymers  tn  the  middle. 
Structural  foams  tn  the  bottom  left.  In  Fig.  76  the  selection 
procedure  uahasy  n.  A  line  of  slope  J  ts  drawn  on  the  chart, 
it  links  materials  having  the  same  value  cf  «;  *  p.  t.e. 
materials  w  bich  tat  far  as  strength  is  concerned)  arc  equally 
good  for  makmg  the  forks  of  a  racing  bicycle.  All  materials 
above  the  hoc  arc  better,  those  below  are  worse. 

Four  ma'enals  arc  singled  out:  high  strength  aluminium 
t?075.  T6)  a.;:t  titanium  alloys  arc  equally  good.  Reynolds 
531  (a  high  stiength  steel  popular  for  bicycle  frames)  is  a 
little  less  good.  CFRP  is  definitely  better.  At  this  stage,  it  ts 
,-wecssary  .0  examine  other  aspects  of  the  matenat  choice 
still, v-us.  resistance  to  fracture,  etc.  (there  arc  charts  to  assist 
with  this),  and  to  examine  the  cost  of  fabrication  (though,  to 
the  committed  racing  cyclist,  cost  is  irrelevant).  Again. 
CFRP  emerge*  from  such  an  analysis  as  an  attractive, 
though  expensive,  choice;  and.  of  course.  11  is  used  in 
exactly  this  application. 

MATERIALS  FOR  SPRINGS 
Springs  can  be  of  many  shapes  tlig.  SI  and  have  many 
purposes.  Regardless  of  their  shape  or  use.  the  best  material 
for  a  spring  of  minimum  volume  (c.g.  for  a  watch)  is  that 
having  the  greatest  value  of  ej/E.  The  reasons  for  this  arc 
not  discussed  here,  but  the  result  is  used  to  introduce  the 
chart  shown  in  Fig.  9a:  modulus  F.  plotted  against  Strength 
a.  As  usual,  materials  duster  together  by  dais  although 
there  is  some  overlap.  This  diagram  h  .s  many  uses,  one  is 
the  identification  of  good  materials  for  springs. 

The  selection  procedure  is  shown  m  Fig.  96.  A  line  of 
slope  I  links  materials  having  the  same  value  of  0’  £.  As 
the  line  is  moved  to  the  right  (to  increasing  values  cf  0*  £)  a 
smaller  selection  of  materials  remains.  The  result  is  shown 
in  the  figure,  where  candidate  materials  are  identified.  The 
best  choices  are  a  high  strength  steel  (spring  steel,  m  fact! 
and  at  the  other  end  of  the  line,  rubber.  Certain  other 
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4  lightweight  table  with  cylindrical  legs  which  ere  required  (0  be  slender.  but  which  mult  not  buckle  elast¬ 
ically  whan  Ubla  Is  load  ad:  malarial  having  high  valuaa  of  £  and  P'Vp  li  therefore  required 


5  a  Matariaia  aalactlon  chart  1:  Young's  modulus  against  density  (balloons  anclosa  data  for  given  class  of  material); 
b  materials  for  light,  slandar  columns:  wood  Is  good  choice,  so  Is  composite  such  as  carbon  fibre  reinforced 
plastic  (CFRP),  which  (having  higher  modulus)  gives  column  that  is  both  light  and  slender 
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•  Racing  bicycle  having  fork#  that  ara  loaded  In  banding:  llghtaat  forks  which  will  not  collapse  plaitlcally  art 
mad#  with  matarla!  having  greatest  value  of  e*  */p 


7  a  Matariali  aaltetion  chart  2:  atrangth  (yield  atrangth  a,  for  ductlla  materials,  compraaaiva  crushing  atrangth  for 
brittla  solida)  plotted  agalnat  density  p:  b  matariale  for  forks  of  racing  bicycle:  Ti  alloy  or  7075  Al  alloy  perform 
batter  than  steal.  CFRP  batter  still,  but  other  aapacta  of  design  (stiffness,  raalatanca  to  fracture,  fabrication 
cotta,  etc.)  must  la  examined  before  final  choice  la  made 
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t  Springs:  bait  material  (or  any  spring.  regardless  ol  lit  shape  or  way  In  which  It  Is  loaded.  is  that  having  highest 
vslua  of  a  J/£ 


9  a  Matsrlals  selection  chart  7:  Young's  modulus  £  against  strangth  (yield  strangth  a,  for  ductila  matarials. 
comprassiva  crushing  strangth  for  brittle  solids):  b  matarials  for  springs:  rubber,  of  couraa.  Is  good,  high  strength 
('spring')  ataal  Is  good,  but  both  glass  and  CFRP  under  correct  conditions,  alto  make  excellent  springs 
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10  Preeeure  vmhI  containing  a  (law;  sate  design  require*  (hat  praaaura  vaaaala  should  Ink  before  (hay  braek 
and  therefore  baat  malarial  la  that  having  graataat  valua  of  K,!*, 
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11  t  Materials  aalactlon  chart  8:  fracture  toughnaaa  K,  againat  strength  b  matarlalf  for  praaaura  vaaaala;  steal, 
Cu  alloys,  and  Al  alloys  baat  satisfy  ‘yield  bafora  break*  criterion  and  high  yield  strength  allows  high  working 
pressure  -  materials  In  remaining  triangle  are  bast  choice 
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materials  are  alio  suggested:  CFRP  (now  uicd  for  iruck 
sprints),  titanium  alloys  (good  but  expensive),  glass  (used  in 
galvanometers),  and  nylon  (children’s  toys  often  have  nylon 
springs).  Note  how  the  procedure  has  identified  the  best 
candidates  from  almost  every  class:  metals,  glasses, 
polymers,  and  c.  nposites, 

SAFE  PRESSURE  VESSELS 
Pressure  vessels,  from  the  simplest  aerosol  can  to  the 
biggest  boiler,  are  designed,  for  safety,  to  yield  before  they 
break.  The  details  of  this  design  method  vary.  Small  pres* 
sure  vessels  are  usually  designed  to  allow  general  yield  at  a 
pressure  still  too  low  to  propagate  any  crack  the  vessel  may 
contain  fyield  before  break’),  then  materials  having  the 
largest  possible  value  of  Kua,  are  the  best  choice  -  they 
will  tolerate  the  biggest  (law*.  With  large  pressure  vessels 
this  may  not  be  possible;  instead,  safe  design  is  achieved  by 
ensuring  that  the  smallest  crack  that  will  propagate 
unstably  has  a  length  greater  than  the  thickness  of  the 
vessel  wall  (leak  before  break’.  Fig.  10),  and  the  best  choice 
of  material  is  one  having  a  large  value  of  Kfva,.  That 
covers  safety;  the  actual  pressure  that  the  vessel  can  hold  is 
proportional  to  a,,  so  the  designer  also  seeks  to  maximise 
that  property. 

These  selection  criteria  are  most  easily  applied  by  using 
the  chart  shown  in  Fig.  I  to  on  which  the  fracture  toughness 
Ku  is  plotted  against  strength  a.  Strong,  tough,  materials 
lie  towards  the  top  right;  hard,  brittle  materials  in  the 
bottom  right,  etc.  The  three  criteria  appear  as  lines  of  slopes 
I  and  I  and  as  lines  that  are  vertical.  Taking  yield  before 
break  as  an  example  (Fig.  Il/ik  a  diagonal  line  corres¬ 
ponding  to  KtJa  -  C  links  materials  of  equal  performance; 
those  above  the  line  are  better.  The  line  shown  on  Fig.  I  lb 
excludes  everything  but  the  toughest  steels,  copper,  and 
aluminium  alloys,  although  some  polymers  are  only  just 
excluded  (pressurised  lemonade  and  beer  containers  are 
made  of  these  polymers). 

The  pressure  which  the  vessel  can  hold  depends  also  on 
the  magnitude  of  ar  The  vertical  line  excludes  all  materials 
of  yield  strength  <  100  MN  m‘\  leaving  only  tough  steels 
and  copper  alloys.  Large  pressure  vessels  are  alway  s  made 
of  steel.  Those  for  models  (e.g.  model  steam  traction  engine) 
are  of  copper  which  is  favoured  in  the  small  scale  applies* 
tion.  because  of  its  greater  resistance  to  corrosion. 


Conclusions 


Materials  are  being  evolved  faster  than  ever  before.  New 
and  improved  materials  create  opportunities  for  innova¬ 
tion.  The  opportunities  can  be  missed  unless  a  rational 
procedure  for  material  selection  is  followed. 

At  the  conceptual  stage,  while  the  design  is  still  ’fluid’,  the 
designer  must  consider  the  full  menu  of  materials:  metals, 
polymers,  elastomers,  ceramics,  glasses,  and  numerous  com¬ 
posites.  Material  data  for  a  single  class  or  subgroup  of 
materials  (suitable  for  the  embodiment  stage)  are  available 
in  handbooks  and  computerised  databases;  and  the  precise, 
full  data  for  a  single  material  (required  at  the  detailed 
design  stage)  are  available  from  the  supplier  of  the  material. 


or  can  be  generated  by  in-house  tests. 

The  difficult  step  is  the  first:  choosing  from  the  vast  range 
of  engineering  materials  an  initial  subset  on  which  design 
calculations  can  be  based.  One  approach  to  this  problem  is 
described  in  this  paper.  Data  for  the  mechanical  and 
thermal  properties  of  all  materials  are  presented  as  a  set  of 
materials  selection  charts.  The  axes  arc  chosen  to  display 
the  common  performance  limiting  properties:  modulus, 
strength,  toughness,  density,  thermal  conductivity,  wear 
rate,  etc.  The  logarithmic  scales  allow  performance  limiting 
combinations  of  properties  (such  as  £' s  p  or  aj'El  to  be 
examined  and  compared. 

The  examples  given  in  the  text  show  how  the  charts  give 
a  broad  overview  of  material  performance  in  a  given 
application  and  allow  a  subset  of  materials  (often  drawn 
from  several  classes)  to  be  identified  quickly  and  easily  The 
uses  arc  much  wider  than  those  shown  here;  charts  evisi 
which  help  with  problems  of  dynamics,  heat  transfer, 
thermal  stress,  wear,  and  cost  They  help.  too.  in  finding  a 
niche  for  new  materials:  plotted  on  the  charts,  the  applica¬ 
tions  in  which  the  new  material  oilers  superior  performance 
become  apparent. 

At  present,  the  charts  exist  as  hand  drawn  diagrams  such 
as  those  shown  here,  but  it  is  an  attractive  (and  attainable! 
goal  to  store  the  data  from  which  they  are  constructed  in  a 
database  coupled  to  an  appropriate  graphics  display  to 
allow  charts  w  ith  any  combination  of  axes  to  be  presented, 
and  to  construct  on  them  lines  which  isolate  materials  with 
attractive  values  of  performance  limiting  properties  gust  as 
in  the  examples)  leading  to  a  printout  of  candidate  mater¬ 
ials  with  their  properties.  A  microcomputer  based  system  of 
this  type  is  at  present  under  development  in  the  Engineer¬ 
ing  Department  at  the  University  of  Cambridge. 
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